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Another Tract of the ſame author, intitled, Analogia inter Lineam Meridianam 
Planiſpherii Nautici et Tangentes Artificiales, Geometric? demonſtrata : ſeu, Budd 
Secantium Naturalium Additio efficiat Tangentes Artificiales : Item, Quùd Tangen- 
tium Naturalium Additio efficiat Secantes Artificiales : Item, Quadratura Concho- 
Gidis, ei atura Cifſo-tidis : taken from the ſame collection of tracts, in- 
ntled, Exercitationes Geometrice. In pages 6—1 5. 


III. 


A third Tract of the ſame author, intitled, Methodus componendi Tabulas Tan- 
gentium et Secantium Artificialium ex Tabulis Tangentium et Secantium Natura- 
lium, exattiffim? et minimo cum Labore: taken from the ſame collection of 

tracts, intitled, Exercitationes Geometricæ. In pages "ip 8. 
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An Extract from a Letter of the ſame author to Mr. John Collins, formerly 
Secretary to the Royal Society of London: dated on the 15th day of Fe- 
bruary in the year 1670-1, and firſt publiſhed in the Commercium Epiſtolicum 
Domini Johannis Collins et aliorum de Analyſi prometd, in the year 1712; con- 
taining ſome infinite ſerieſes relating to the tangents and ſecants of circular 
arcs, and to the Logarithms of the ratios of tuch tangents and ſecants to 
the Radius. In pages 18 and 19. 
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An Extract from Mr. Iſaac Newton's firſt Epiſtle to Mr. Henry Oldenburgh, 
Secretary to the Royal Society of London; with a direction to communi- 
cate the contents of it to Mr. Godfrey William Leibnitz: dated on the 
13th of June, in the year 1676, from Cambridge, where Mr. Newton 
(who was afterwards Sir Iſaac Newton, knight) was at that time Profeſſor 
of the Mathematicks upon Dr. Lucas's foundation : containing a diſcovery 
relating to Logarithms. | In page 20. 


VI. 


An Extract from an Epiſtle of Mr. Godfrey William Leibnitz, of Hanover, 
to Mr. Henry Oldenburgh, Secretary of the Royal Society of London; 
with a direction to communicate the contents of it to Mr. Iſaac Newton: 
dated the 27th day of Auguſt, in the year 1676: containing a paſlage re- 
lating to Logarithms. | In pages 21, 22. 
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An Extract from Mr. Iſaac Newton's Second Epiſtle to Mr. Henry Olden- 
burgh, Secretary of the Royal Society of London; with a direction to 
communicate the contents of it to Mr. Godfrey William Leibnitz : dated 
on the 24th day of October, in the year 1676: containing ſome diſcove- 
ries relating to Logarithms. In pages 22—26. 
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The twelfth Chapter of Dr. John Wallis's Treatiſe of Algebra, intitled, 

Of Logarithms, their Invention and Uſe, Publiſhed in the year 1685. 

e In pages 2 
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A Letter from the Reverend Dr. Wallis, Profeſſor of Geometry in the Uni- 
verſity of Oxford, and Fellow of the Royal Society of London, to Mr. 
Richard Norris; concerning the Collection of Secants, and the true Di- 
viſion of the Meridians in the Sea Chart. Publiſhed in the Philoſophical 
Tranſactions of the year 1686, Number 176. In pages 35—41. 
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and certainty. By Euclid Speidell, Philomath. Publiſhed at London 
in the year 1688. In pages 44—75. 
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puting the ſame to the utmoſt exactneſs. By Dr. Edmund Halley. Pub- 
liſhed in the Philoſophical Tranſactions for the year 1694; Number 219. 

| | In pages 76—84. 


XIT. 


A moſt compendious and facile Method of conſtructing the Logarithms, 
exemplified and demonſtrated from the nature of Numbers, without any 
regard to the Hyperbola : with a ſpeedy method for finding the number 
from the Logarithm given. In pages 84—91. 

By Dr. Edmund Halley. Publiſhed in the Philoſophical Tranſactions 
for the year 1695, Number 215. | 
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Notes on ſome of the more difficult Paſſages of the ' foregoing Diſcourſe of 
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By Francis Maſeres, Eſq. F. R. S. Curſitor Baron of the Court of Ex- 
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An Appendix to the foregoing Tract of Dr. Edmund Halley upon Loga- 
rithms, being a direct method gf computing the logarithms of ratios, 
eher in Briggs's ſyſtem, or any other that may be propoſed, by the help 
of Sir Iſaac Newton's Binomial Theorem, without the intervention of the 
. Hyperbola, or the Logarithmick Curve, or any other geometrical figure, 
and likewiſe without having recourſe to the method of Indiviſibles or the 

Arithmetick of Infinites. In pages 123—1 52, 

By the ſame, 


XV. 


A Demonſtration of Sir Iſaac Newton's Binomial Theorem in the Caſe of 

Integral Powers, or Powers of which the Indexes are whole Numbers; to- 

her with an extenſion of the ſaid demonſtration to Sir Iſaac Newton's 

Reſidual Theorem, relating to the powers of a reſidual quantity as @ — 86, 

in the caſe of the integral powers of ſuch quantity, or when the indexes of 

the ſaid powers are whole numbers. In pages 153—16g 
By the ſame, 


XVI. 


A Demonſtration of Sir Iſaac Newton's Binomial Theorem, in the caſes of 
roots. and the powers of roots, as well as in the caſe of integral powers; 


publiſhed by Mr. John Landen in the year 1758. In pages 170—1 75. 


XVII. 


An Explanation of the foregoing Demonſtration of the Binomial Theorem, 
in the caſe of the fractional index = invented by Mr. John Landen. 

In pages 176—193. 

By Francis Maſeres, Eſq. F. R. S. Curſitor Baron of the Court of Ex- 
chequer. | 


XVIII. 


A Diſcourſe concerning the Binomial Theorem, in the caſe of fractional 
powers, or powers of which the indexes are fractions; containing a demon- 
ſtration of the ſaid theorem in that cale of it. In pages 194—344. 


By the ſame. 
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xix. 


A Diſcourſe concerning Sir Iſaac Newton's Reſidual Theorem, or Theorem 
for raiſing the powers of the Reſidihl. Quantity 1 — x, in the caſe of frac- 
tional powers, or powers of which the indexes are fractions; containing a 
demonſtration of the ſaid theorem in that caſe of it. In pages 345—378. 

By the ſame. , 


XX. 
A Method of extending Cardan's Rule for reſolving the Cubick Equation 
Y +9y =r, orgy T = 7, to the reſolution of the Cubick Equation 
gy — r, when 2 is of any magnitude leſs than =, or than = ** 25 


or when r is leſs than /2 Xx £2; by the help of Sir Iſaac Newton's 


binomial and reſidual theorems, which have been demonſtrated in the 
two preceeding diſcourſes. | In pages 381—440. 
By the ſame. 


XXI. 
A Method of extending Cardan's Rule for reſolving the Cubick Equation 
5-90 =7, in the firſt caſe of it, or when r is equal to, or greater than, 


2217, or 7 is equal to, or greater than, 2 to the other caſe of the ſame 


equation, in which r is leſs than A, or yy is leſs than — and which the 
ſaid rule is not naturally fitted to reſolve ; provided that the abſolute term : 
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leſs than ==) be greater than — X 2, or than ry In pages 443=—57 5» 


| 27 
By the ſame. ; 
N. B. This Tract was firſt publiſhed in the Philoſophical Tranſactions, 
for the year 1778 ; but is here very much enlarged. 


XXII. 


A Conjecture concerning the Method by which Cardan's Rules for reſolv- 
ing the Cubick Equation x* + gx = 7 in all caſes (or in all magnitudes 
of the known quantities and 7) and the Cubick Equation &“ — gx = r in 


the firſt caſe of it (or when r is greater than 22%, or f is greater than C) 
34/3 4 27 
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were probably diſcovered by Scipio Ferreus of Bononia, and Nicholas Tar- 
talea, or whoever elſe were the firſt inventors of them. In pages 579—586. 
By the ſame, 


N. B. This Tract was firft-publiſhed in the Philoſophical Tranſactions for 
the year 1780. 
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|] XXIII. 

| An Appendix to the Tract contained in the foregoing part of this ſecond 
volume of Mathematical Tracts, in pages 153, 154, 155, &c, to page 169, 
intitled A Demonſtration of Sir Iſaac Newton's Binomial Theorem in 
« the caſe of Integral Powers, or powers of which the Indexes are whole 
« Numbers :” containing an Inveſtigation of the Law by which the co- 
efficients of the third and fourth and other following terms of the ſeries 
which is equal to any integral power of a binomial quantity, are derived 
from the co-efficient of the ſecond term of the ſaid ſeries ; grounded on a 
probable induction from particular examples. In pages 587—591. 

By the ſame, 44258 2 
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In the figure in page 3 the line XZ ought to paſs through the point T. 
In page 4, line 6, inſtead of NC DH,“ read NODH.” “? 
In the ſame page 4, line 9g, inſtead of * infinitas,” read © infinitis,”* 
In the ſame page 4, line 15, inſtead of . equalis,” read © zquales,” 

In page 55, lines 9, 13, 14, 15, 16, inſtead of © zrapezia,” read fragen,. 

In page 67, line 17, inſtead of “ to his dbctrine, read © arcording to his dofirine,"”* * 
In page 84, line 17 from the bottom, inſtead of © conntryman,” read count. 
In page 85, the laſt line, inſtead of © infinite infinite,” read . ;nfinitd infinite,” 
In page 88, line 10 from the bottom, inſtead of . demogſfratiou, read . demonſtration,” 
In page 100, line 11, inſtead of © the ratio of 22 x 4, read © the ratio of 22 x 24.” 
In page 105, line 8 from the bottom, inſtead of © Suppoſe b to be, read © Suppoſe k to be.” 


In page 110, line 6, inſtead of © „read —— 


A's ef ug icy teh Gigs nt AGES 


Dc,“ read © the ſeries bI — — L Ge 


bene e — 


In page 112, line 4, inſtead of ·.—, read © — - 


— word EEG. 


I”, 


And in the ſame page 112, line 15, inſtead of n n - 
—_—_<- oy 


And in the ſame page 112, line 10 from the bottom, inſtead of "read 6m, 
And in the ſame page ua, Kee 3 from the baten ile the mark Yor HO 


2 
In page 154 line 2, inſtead of or to — * — X =, read orte * — * at 
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In the ſame page 154, line 3, inſtead of © ſewaral,” read © ſeveral.” 

In the ſame page, line 14, inſtead of © 1 x am,” read * 1 x . 

In page 156, line 11 from the bottom, inſtead of . or aw” read * or a.” 

In page 157, line 5, inſtead of © 2 + Fm,” read © a + J. 

In the ſame page 157, line 7, inſtead of © 1 + Ihen,“ read © 1 + 115. 55 

In page 158, line 5, after the words © to-do which” place a comma. 

In page 164, line 7 from the bottom, inſtead of L, read « —3,” 

In page 190, line 7th from the bottom, after “ G, H. L. K. I., des inſert the word © equal.” 

And in the ſame page „„ 
of a parentheſis,). 

In page 197, line 8th rpm the pation, after the NEE" * reſpeRively,” inſert the mark of a paren- 
theſis, ). 

In page 202, ate 11, line fl. inflexd of * 1 #” read * x + x.” 1 


In page 226, Ens 8, infteed of · Ty read 6 Lg, 
In page 322, line 4th from the bottom, in the numerator of the laſt fraction in the ſaid line, inſtead of 
« 48,000” read . 48,000 x”. 
In page 341, line 6, inſtead of & x e read 6 — 72 
ö I 


In page 363, line 10th from the bottom, inſtead of © I = 27” read « 1 + 2 

In page 388, article , line 6, inſtead of * other K read C other following even terms. 
In page 396, line 3d from the bottom, after — 2 &c, dele the word avhich. 

In page 418, the laſt line, inſtead of . the ſign” read © the Gign +. 

In page 439, the laſt line, inſtead of © ,/3ſa— ,/6Þ” read & ,/3'2 — / = 3b,” 


In page 449, in the running title, inſtead of uE xes0LUTION or CUBICK EQUATIONS,” read 
& RESOLVING THE CUBICK EQUATION.” 


In page 584, line 11; infleadof © 22,» read a 5 
And in the ſame page 584, line 20, inſtead of, * if x3 — er, or r, read cc if — 2x, or 7.“ 
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EE KCATORILS 
QUADRATURA HYPERBOLES 


GEOMETRICE DEMONSTRATA. 


PROP. I. 


fuerint quantitates continue proportionales A, B, c, b, E, r, &c, numero 
infinitz, quarum prima & maxima a; erit A — B ad A ut a ad ſummam 
omnium ; hoc enim paſſim demonſtratur apud geometras. 


PROP, II. 


Eiſdem poſitis quæ antecedente; dico a + B eſſe ad A ut 4 eſt ad exceſſum 
omnium 4, c, E, e, &c, in locis imparibns, ſupra omnes s, o, r, &c, in locis 
paribus: eſt enim dictus exceſſus ſumma ſerie infinitz continue proportionalium 
in ratione A ad c, nempe A—B, c p, E — x, &c, & ideo (ex præcedente) 
ut 4 — c ad 4 vel Al — * ad a*, ita A — B ad ſummam dicte ſerièi, quam 
vocamus 2; & priores analogiæ terminos applicando ad a — B, A + 53 eſt ad 


u- ad 2, & ideo az + 52 = 47 & proinde 4 +3 eſt ad a ut 4 ad 


z exceſſum omnium a, c, E, 6, &c, ſupra omnes 3, D, r, &c. Quod demon- 
ſtrare oportuit, 


PROP, 
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PROP, III. 


Sit hyperbola sB3, cujus vertex 8, 
aſymptotæ AR, A4, aſymptotæ RA du- 
catur parallela Bx, & altera ad libitum 
inter rectas BK, RA, utrique parallela 
vo; dico vo eſſe ſummam infinite 
ſeriei continue proportionalium, cujus 
primus terminus BK = KA & ſecundus 
KD; eſt enim BK — KD = AD ad BK 
ut BK ad DY ; & 1deo ex hujus prima 
patet propoſitum. | 

Eiſdem rectis RA, BK, ultra punc- 
tum k fiat parallela 34; dico rectam 
34 æqualem eſſe exceſſui omnium ter- . 
minorum imparium ſupra omnes terminos pares infinite ſerici cujus primus ter- 
minus KB, & ſecundus K4 : eſt enim xB + K4 = 44 ad Bk ut Bk ad 34; & 
ideo ex hujus 2 patet propoſitum. | | 


PR OP. IV 


Sit sax j ſpatium hyperbolicum, contentum à curva hypetbolica ss, aſymptotæ 
portione HK, & rectis sn, BK, alteri aſymptotæ parallelis, poſito 3 hyperbolæ ver- 
tice: fit parallelogrammum Bxns, et producatur 35 in x, jungaturque KR que 
5n ſecet in 6: deinde continuetur ſeries infinita continue proportionalium nempe 
u, 6H, LH, NH, & fic deinceps; ſitque 55 KEH parallelogrammum, x trian- 
gulum «LH trilineum quadraticum, kx trilineum cubicum, & ita deinceps in 
infinitum. Dico ſpatium hyperbolicum, Bx us æquale eſſe dicto parallelogrammo, 
dicto triangulo, unà cum infinitis illis trilineis, quorum omnium ſummam vo- 
camus w. Si figura BKns & non ſunt æquales, fit inter illas differentia a & 
dividatur recta HK in tot partes æquales à rectis aſymptotæ RA parallelis, ut rec- 
tangula (ab illis & portionibus rectæ x contenta) figure BKus circumſcripta, 
nempe vn, 20, differant à rectangulis figure sxns inſcriptis, nempè YH, BD, 
minore intervallo quam « ; hoc enim fieri poteſt ab indefinita diviſione rectæ x R. 
Quoniam 3 eſt hyperbolæ vertex, parallelogrammum »x A eſt æquilaterum; 
& proinde recta H ad libitum eſt æqualis rectæ aux, cùmque zu, 6H, LH, NH, 
&c, ſint continue proportionales in infinitum, ex hujus 3 erit rea sn æqualis 
ſummæ omnium, & parallelogrammum sp æquale ſummæ omnium parallels 
grammorum 50, 6D, LD, ND, &c, in infinitum ; atque ſumma omnium parallelo- 
grammorum 5D, 6D, LD, ND, &c, in infinitum, major eſt parallelogrammo 5 una 
cum portione trianguli 6FDH una cum portione trilinei quadratici LH uni cum 
portione trilinei cubici NCDH, &c, in infinitum, quoniam predictæ portiones dictis 
parallelogrammis inſcribuntur, & ideo parallelogrammum sp majus eſt parallelo- 
grammo 5 uni cum dictis portionibus ; eodem modo demonſtratur parallelo- 
grammum x majus eſſe rectangulo 7x una cum infinitis numero portionibus 


FKD, CKD, OKD, &c, & proinde rectilineum sv YZKH majus eſt quam . De- 
B 2 inde 
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inde recta yp eſt æqualis rectæ Dx; atque 7D, FD, op, op, &c ſunt rea 
continue proportionales in infinitum, & igitur recta yp eſt æqualis ipſarum 
ſummæ, & 1 xo æquale parallelogrammis 7H, FDH, pn, ODH, 
&c, at ſumma parallelogrammorum 7H, FED, eDH, oDH, &c minor eſt quim 
reftangulum 7H una cur, portione trianguli 6 DE una cum portione trilinei qua- 
dratici LDH una cum, partione trilinei cubici NncDH#, &e, quoniam dicta paral- 
lelogramma dictis portionibus inſcribuntur, & ideo parallelogrammum H minus 

parallelogrammo 7H una cum dictis portionibus; eodem modo demonſtratur 
parallelogrammum p minus eſſe parallelogrammo gp una cum infinitas nu- 
mero portionibus Px D, eko, ox b, & ideo rectilineum xvy RH minus eſt 
quam @ + quatuor igitur ſunt quantitates, quarum maxima & minima ſunt rec- 
tilinea SVYZKH, XYJBKH, intermediæ autem & & ſpatium hyperbolicum sBxn ; 
& ideo differentia intermediarum, nempe . minor eſt quam differentia extrema- 
rum, quod eſt abſurdum, ponitur enim major; nulla igitur eſt differentia inter 
figuram $BKH & , & ideo æqualis ſunt, quod demonſtrandum erat. 

Conſ. 1. Et proinde ſi fuerit ſeries infinita quantitatum continuè proportiona- 
lium in ratione xn ad xH = 6K, cujus primus terminus eſt parallelogrammum 
1; erit primus terminus + + ſecundi + + tertii + 4 quarti + quinti + &c 
in infinitum = ſpatio hyperbolico s8KHn, hoc enim evidenter ſequitur ex qua- 
dratura trilineorum. 

Conf. 2. Si autem ultra x fumatur ſpatium 34x, poſità 34 parallela rectæ 
BX, & (it ſeries infinita quantitatum in continua ratione 3x ad k4, cujus primus 
terminus eſt parallelogrammum x q erit primus terminus — + ſecundi -þ + tertii 
— + quarti + &c in infinitum = ſpatio hyperbolico 334K : poterit hoc conſec- 
tarium eodem fere modo demonſtrari geometrice ex ſecunda concluſione hujus 
tertiæ, quo antecedens ex ejuſdem concluſione priore ; utrumque'autem ex me- 
thodo indiviſibilium Cavalleriana nullo negotio demonſtratur ; ſed quoniam 
magni ſunt momenti, placuit methodum rigorolam adhibere. 

Conf. 3. Quod fi x4 = xn, & fuerit ſeries infinita quantitatum in continua 
ratione BK ad K4 = KH, cujus primus terminus eſt 3H = B; erit exceſſus ſpatii 
$BKH ſupra ſpatium B34Kx = toti ſecundo termino + + quarti ＋ 4 ſexti + + 
octavi + &c in infinitum : nam ex primo conſectario, ſpatium ssxH = primo. 
termino + + ſecundi + + tertii + 4 quarti + &c in infinitum : & ex ſecundo- 
conſectario ſpatium 334K = primo termino — + ſecundi + & tertii — 4. quarti 
+ &c; at manifeſtum eſt horum differentiam = toti ſeeundo + ; quarti + 4 
ſexti + + octavi + &c; & ideo patet propoſitum. | 

Conf. 4. Eiſdem poſitis quæ in antecedente conſectario, manifeſtum eſt ſpatium 
hyperbolicum sx43 = duplo primi termini + 5 teriui + quinti + + ſeptimi 
+ 2 noni + &c in infinitum, 


PROP. V. 


Sit hyperbola cx, cujus vertex E, & aſymptotæ AB, ar ; in qua ſumantur. 
duo ſpatia hyperbolica ad libitum nirr, «£LYv, contenta a curva hyperbolica, 
una aſymptota & rectis alteri aſymptote parallelis : dividantur rectæ xr, vx, 
bifariam in s & x punctis. Dico ſpatium HTR eſſe ad ſpatium kV, ut 
us * 40 8 X AO , 8s X 40 867 „ AO vx * 40 


+ ar a ea + &c in infinitum ad — "+ 
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Gn + LL + = + &c in infinitum. Aſymptotæ A fiat recta 
parallela xo; ſitque ut as ad AR ita 40 = road AM; & ut as ad AT ita A0 ad 
AQ; ſimiliter, fit ut Ax ad Av ita ao ad an, & ao ad ay ut AX ad Ar; mani- 
feſtum eſt mo = oq & no = or. Ductis rectis Mc, ND, PF, Qs, evidens eſt (ex 


hyperbolz proprietatibus) ſpatium c eſſe _ {patio nitx & ſpatium DFPN 


ſpatio KLYvV ; at patet (ex conſectario 4 ante is) ſpatium co a eſſe ad ſpa- 

. \ M03 Mo M07 Nos No5 

tium DFPN, ut MO + 3 + . + 70 + e ad no þ = == + 
7 . 

— + &c, quæ analogia eadem eſt cum propoſita, quod demonſtrandum erat. 
Conſ. Hinc manifeſtum eſt (ob analogiam inter ſpatia hyperbolica N A 

& logarithmos) differentiam inter logarithmos numerorum a, s, efle c B 

ad differentiam inter logarithmos numerorum p, E, (poſito c medio 

arithmetico inter a, B, & F medio arithmetico inter p, E, item N diffe- oO D 

, ; ES 3 

rentia inter c & a, & o differentia inter F & v) ut ＋ 2 ＋ 5 * 0 
** o 0? 1 & 5 a 

+ = + &c ad — + 2. N + e, & ideo f ponatura =D = 1, 


hinc patet methodus inveniendi logarithmum quemcunque ex uno dato, abſque 


ulla hyperbolæ conſideratione, ſed calculo plerumque nimis laborioſo. Quod fi 
ponatur A = 999, B = 1001, cum datis logarithmis, item p, E, numer dati 
majores, unitate vel parvo aliquo intervallo differentes, nullo negotio invenietur 
differentia logarithmorum numeris p, E, debitorum; hac methodo non difficulter 
computatur integra logarithmorum tabula ad quotvis notas. 

Facilè quoque deducitur (ex 3 conſect. antecedentis prop.) differen- G 
tiam ſecundam logarithmorum numerorum in ratione arithmetica e, H,1, P H 
eſſe ad differentiam ſecundam logarithmorum numerorum in ratione arith- I 
metica x, L, M, (poſito  differentia inter 6, n, & qdifferentia inter x, 1) 


p® * 0 * * — "I; | K 
ut ＋ + = + 3% + &c ad r + = + =; + kee, non diflimilifere 3 
methodo determinantur differentiæ logarithmorum tertiæ, quartæ, quintæ, M 


& ſic deinceps ; ſed non eſt operæ pretium illas proſequi: prime enim differentias 
compoſition logarithmorum abunde ſufficiunt. 
ANALOGIA 


DDr ———————————— — 
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LINEAM MERIDIANAM PLANISPHERII NAU TICI, 
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TANGENTES ARTIFICIALES, 


GEOMETRICE DEMONSTRATA, &c. 


PROP, I. THEOREMA. 


IT circuli quadrans 1, cujus pars fit arcus qi: A B 
8 ſuper arcu qQ1 imaginetur portio ſuperficiei cylindrici 
recti talis nature, ut (ſumpto in arcu ai quolibet puncto 
o) perpendicularis ad planum rz ex puncto o ad ſum- 
mitatem portionis ſuperficiei cylindricæ excitata ſemper : 
fiat æqualis ſecanti arcus og, Deinde fit mixtilineum by DE 
 ArYTe talis nature, ut (ducta in eo recta xo radio QT | 
lela & arcum quadrantis ſecante in puncto ad li- 
itum o) recta Dx, ſecans arcus oa, & radius Ta ſint 
continue proportionales. Dico mixtilineum Avr & eſſe 2 
æquale dictæ portioni ſuperficiei cylindricæ: fi præ- 1 
dictz figure non ſunt æquales, fit inter illas differentia a, 
& dividatur recta YT in tot partes æquales à rectis Bx, 
EV, radio QT parallelis, ut (completis rectangulis ax, | 
DV, GT, ex, rv, AT,) differentia rectilineorum AaBDEG 
HTY, CDFGAQTY, fit minor quam ; manifeſtum eſt | 
enim hoc fieri poſſe ab indefinita diviſione recte vr. 
Ducatur in puncto o recta tangens op, ſitque in rectam —— 


N 


* 


—— 
mu 
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xv perpendicularis os: triangula ops, TMo, rectangula ad s & o ſunt ſimilia ob 
#qualitatem angulorum ros, oTM ; nam ab angulis zqualibus nempe rectis por, 
sox, auferendo eundem angulum sor, relinquuntur anguli æquales pos, xor, 
atque ob parallelas ox, QT, angulus xor zqualis eſt angulo or, & ideo 
æqualis ſunt anguli pos, or; & proinde ut os ad op, ita or ad TM, ut autem 
or ad TM ita TM ad xD, & igitur rectangulum os in xD, nempe rectangulum pv, 
æquale eſt rectangulo TM in or, ſed rectangulum TM in or majus eſt portione 
ſuperficiei cylindricæ rectæ inſiſtente curve ox, quoniam (TM exiſtente maxima 
ejuſdem portionis altitudine) recta vo major eſt quam curva xo, ut patet ex prop. 
1. Geomet. part. univerſalis; & proinde rectangulum o majus eſt quam portio 
fuperficiei cylindricæ rectæ inſiſtens curvæ on : eodem modo demonſtratur or 
majus portione ejuſdem ſuperficiei inſiſtente curve x & Ax majus portione ſuper 
curva 10, & ideo rectilineum ABDEGHTY majus eſt integra propofita portione 
fuperficiei cylindrice ; idem quoque rectilineum majus eſt mixtilineo Av. 
Tangens in puncto x ducatur LNK, à parallelis proximis utrinque terminata in 
I, k; ex prop. 1. Geomet. part. univer. patet rectam Lx ſeu vx minorem eſſe 
arcu ox, ſed (ut hactenus) demonſtratur rectangulum or vel rv æquale eſſe rect- 
angulo nx vel NL in KT; atque rectangulum NL in KT minus eſt portione ſu- 
perficiei cylindricæ rectæ inſiſtente curvæ ox, 1 (rx exiſtente minima 
ejuſdem portionis altitudine) recta Ln minor eſt curva on : & proinde rect- 
angulum rv minus etiam eſt quàm prædicta portio : eodem modo demon- 
ſtratur rectangulum AT minus eſſe portione ſuper curva x rectangulum cx 
minus portione ſuper curva 10, & ideo rectilineum cDFGAQTY minus eſt in- 
tegrà propoſita ſuperficiei cylindricæ rectæ portione, idem quoque rectilineum 
minus eſt mixtilineo AqQTY : ex prædictis ergo manifeſtum eſt quatuor eſſe 
quantitates, quarum maxima & minima ſunt rectilinea ABDEGHTY, CDFGAQTY, 
intermediæ autem ſuperficiet cylindricæ portio propoſita & mixtilineum Ar; 
& ideo differentia intermediarum minor eſt quam differentia maximæ & minimæ, 
differentia autem maximæ & minimæ ex conſtructione minor eſt quam , & pro- 
inde differentia intermediarum nempe ſuperficiei cylindricæ & mixtilinei Ac v 
multo minor eſt quàm æ, quod eſt abſurdum, ponitur enim a, non igitur differunt 
mixtilineum aQTY & propoſita ſuperficiei cylindricæ portio; & ideo æqualia ſunt, 
quod demonſtrare oportuit. 


PRO P. II. THEOREMA. 


Sit circuli quadrans QML, ſitque mixtilineum AHLQM talis nature, ut (ducta 
recta ad libitum xn radio Le parallela & quadrantis arcum ſecante in x) recta 
x 2qualis fit ſecanti arcus Lx, fitque mixtilineum ALMA talis nature, ut 
(productà arbitraria x in B) rectæ L, NH, NB, ſint continue proportionales: 
deinde fit ſemihyperbola 1 cujus axis MA, vertex 1 & aſymptoton ME: 
ducatur ad libitum radio La parallela recta xn, curvas LK Md, LHA, LBA, ſecans 

in punctis k, H, 3; & per punctum n ducatur radio M recta parallela ur hy- 
perbolæ occurrens in puncto v. Dico ſectorem hyperbolicum d æqualem efle 

ſemiſſi figuræ BL, que figura (ut in antecedente demonſtratum kt) æqualis 
| | eſt 


GREGORIS ANALOGIA 


AA A 


i 


* | . 
M N * ;% 


-eſt ſuperficiei cylindrice -conflate- ex omnibus ſecantibus arcuum infinitorum os 
plano Lin debitis ſuis punctis o normaliter inſiſtentibus. Ex  Gregoris à S. 
Vincentio doctrina ductuum, truncus cylindrici recti ſuper figura Lang reſectus à 
plano baſin ſeminormaliter ſecante in recta au, æqualis eſt ſemiſſi cylindrici 
recti cujus baſis eſt figura LH & altitudo recta L, quoniam ro ſemper eſt ad 
NH ut v ad NB : manifeſtum autem eſt eundem truncum oriri ex ductu trianguli 
rectanguli iſoſcelis T6M in figuram Inν , hoc eſt ex ductu trianguli rectanguli 
iſoſcelis i in rectangulum vLan & ex ductutrapezii r 1 in figuram ALV; atque 
ſolidum factum ex ductu trianguli rectanguli N in rectangulum vr a æquale 
eſt priſmati cujus altitudo La, & baſis triangulum 1AM, quod fic probo ; Me? : 
NMI“ :: M1* : KN, & per converſionem rationis Me“: MG* — Mi“ = GD* :: Mi“: 
MI* — KN* AN, & ideo MG : p:: MI : NQ, ut autem MG ad po, ita quæ- 
libet Mp = PR ad ductam ys ipſi op parallelam, & ideo ut ek ad ps ita M1 ad 
ne, cumque hoc ſemper fiat, manifeſtum eſt priſma cujus baſis iM & altitudo 
1M quale eſſe ſolido ex ductu trianguli w1M in rectangulum vLay : item ſoli- 
dum factum ex ductu trapezii TG1 & in figuram RV æquale eſt cylindrico cujus 
baſis eſt figura 1D A & altitudo 1M, quod fic probo; : G:: Mi: , & 
per converſionem rationis GM : DF :: MI : GH; ducatur recta ad libitum y 
radio d parallela & curvas ſecans ut in figura, eritque u: D:: xu: F, & 
ideo XM = XY ::: MI: GH xz, & ideo XY X XZ = MI X A] ut autem 
ante demonſtratum eſt cM efle ad DF ut Mi ad n, eodem modo nunc demon- 
ſtrari poteſt x = xv eſſe ad a ut Mu ad x0, & ideo xy X x8 = MIX g, 
cumque XY. X XZ = MI Xx ¼, ſi ab æqualibus æqualia auferantur, xy x 20 = 
» MI X &y, cumque hee æqualitas ſemper contingat, manifeſtum eſt trapezium roi 
6 ductum in figuram HLv efficere ſolidum æquale cylindrico cujus baſis 1DA & alti- 
tudo 1M ;-& proinde totus truncus ſuper figura n ortus ex ductu trianguli ron 
| 2 in 
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in eandem figuram H x eſt zqualis cylindrico cujus baſis eſt ſector hyperbolicus 
Mp & altitudo u, atque idem truncus æqualis eft dimidio cylindrici cujus baſis 
eſt figura LN & altitudo eadem 1M, & ideo ſemiſſis cylindrici ſuper figura BL 

cum altitudine 14 æqualis eſt cylindrico cujus baſis 19 & altitudo eadem 1, 
K igitur figura n L dupla ſectoris hyperbolici 1D, quod demonſtrare oportuit. 


CONSECTARIUM, 


Hinc ſequitur, quòd figura BLqy ſemper fit dupla logarithmi differentiæ inter 
tangentem & ſecantem arcus x, poſito radio Li loco unitatis, quod fic probo. 
Ex punctis 1, D, in aſymptoton mz demittantur perpendiculares 1s, b; ex de- 
monſtratis in Circ. & Hyperb, Quad. manifeſtum ell ſectorem io eſſe æqualem 
figuræ 1D, item figuram 1p eſſe logarithmum rectæ o poſits 10 unitate; 
ut autem 1c ad Dy ita 11 radius ad Dy differentiam inter tangentem & ſecantem, 
& ideo poſita 11 unitate erit idem ſector i logarithmus rectæ or, nempe 
exceſſus quo ſecans arcus x L ſuperat ejuſdem tangentem. 


PROP, 111, THEOREMA. 


Linea Meridiana Planiſpherii Nautici ef Scala Logarithmorum Exceſſuug, quibus 
Secantes Latitudinum ſuperant earundem Tangentes, poſits Radio Loco Unitatis. 
Suppono ex ſcriptoribus nauticis in eorum planiſphærio arcum LK in æquatore 

eſſe ad eundem Lx in latitudine, ut rectangulum ex Lq_in x ad portionem ſu- 

perficiei cylindrice conflatz ex omnibus ſecantibus arcuum infinitorum or. 


AA A 


Vox. II. 


o GREGORIL ANALOGIA 


plano . in debitis ſuis punctis o normaliter inſiſtentibus, ſeu figuram Br ox ; 
demonſtratum autem eſt in antecedente ſectorem hyperbolicum m1D ſeu loga- 
rithmum rectæ pr Naga QL unitate) differentiæ inter tangentem & ſecantem 
arcus xl eſſe ſemiſſem figure BLqy, patet quoque ſectorem circularem QxL 
eſſe ſemiſſem rectanguli 1 in xr; & ideo LK in æquatore eſt ad Lx in latitu- 
dine ut ſector ax l ad ithmum exceſſus quo ſecans arcus xl ſuperat ejuſdem 
tangentem; & ideo ſolidum ex Lx in logarithmum dicti exceſſus æquale eſt 
ſolido ex Lx in latitudine in ſectorem QxL, & utrumque ſolidum applicando 
ad Lx, logarithmus dicti exceſſus æqualis eſt rectangulo ex Lx in latitudine 


=; eodem modo demonſtratur logarithmum exceſſus, quo ſecans arcus cujuſ- 
cunque ol excedit ejuſdem tangentem, æqualem eſſe rectangulo ex or in latitu- 
dine in =; & proinde logarithmus exceſſus quo ſecans arcus xL ſuperat 


ejuſdem tangentem, eſt ad rectangulum ex x in latitudine in A, ut logarith h- 
mus exceſſus quo ſecansarcus or ſuperat ejuſdem tangentem ad rectangulum ex ol in 
latitudine in =, & permutando, & utrumque rectangulum applicando ad = : 
logarithmus exceſſus quo ſecans arcus KL ſuperat ejuſdem tangentem, eſt ad 
logarithmum exceſſus quo ſecans arcus o ſuperat ſuam tangentem, ut arcus 
KL in latitudine ad arcum o in latitudine ab æquatore planiſphærii nautici in 
linea recta computatis; et ideo linea meridiana planiſphærii nautici analoga eſt. 
logarithmis exceſſuum, quibus ſecantes latitudinum ſuperant ſuas tangentes, 
quod demonſtrare oportuit. | 


sn. 


Ex hoc theoremate evidens eſt methodus deſcribendi integram meridianam, 
etiam ignota arcus dati in æquatore menſura; quam menſuram ex hujus 2 tali 
praxe invenimus. Sit QL radius 10000000000, DF Io000000000, & proinde 
ex noſtra Circl. & Hyper. Quadratura prop. 32 invenietur ſector hyperbolicus 
MID I151292546497022812008, qui eandem habet rationem ad ſectorem & ' 
quam arcus KL in latitudine ad eundem in æquatore, & dividendo utrumque 
ſectorem per =, erit ut 2302585092994 945624 ad arcum «4 ita XL in latitu- 
dine ad eundem in æquatore; qualis autem fit arcus KL ita invęnimus, ut DF 
exceſſus ſecantis arcus x L ſupra ejuſdem tangentem ad Lq radium, ita Le ad 
100000000000 ſummam tangentis & ſecantis ejuſdem arcus Kl, erit ergo xc 
tangens arcus KL 49500000000, . ejuſdem ſecans 50500000000, & x 
ejuldem ſinus 9801980198, & quibus non difficile erit invenire ipſum arcum 
ope noſtræ Quadr. Circ. & Hyp. prop. 30, vel (ſi quis rudiore calculo contentus 
fuerit) è tabula ſinuum. Ad datam autem arcũs dati in æquatore menſuram, 
meridianam nauticam conſtruere, praxis eſſet hujus inverſa, quæ nullo negotio 
ex hac colligitur. | 

Ex predictis manifefte patet lineam meridianam planiſphærii nautici eſſe 
ſcalam tangentium artificialium arcuum, qui ſunt ſemiſſes complementorum 

4 latitudinum, 


GE 4 * 


* 
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latitudinum, poſito radio loco unitatis, iam (ut patet ex trigonometria) 
predictæ differentiæ ſunt eædem cum dictis tibus. Si autem comple- 
mentorum ſecan: es radio inſiſtant, Pact «a ex illis conflata nempe AHLQMA 
ad quadratum radu ut quadrans circumferentiz ad radium, ut patet ex n 
Geom. part. univerſali prop. 2d. | 


PROP. IV. 'THEORE MA. 


Sit circuli quadrans vo, cuyus fit pars 6w : ſuper arcu 6% imaginetur ſuper- 
ficies cylindrici recti talis nature, ut (ſumpto in arcu 6 quolibet puncto o) 
dicularis ad planum vax ex puncto o ad ſummitatem ſuperficiei cylin- 

dricz excitata ſemper fiat æqualis tangenti arcus oa. Sit hyperbola e cujus 
vertex c (nempe ſuppoſità ac parallela & æquali radio xv) & aſymptotæ xa, 
xv; ducantur rectæ pur, 267, radio vx parallelz : dico ſpatium hyperbolicum 
2777 æquale eſſe dictæ ſuperficiei cylindricz ; fi dictæ figurz non ſint æquales, 
ft inter illas differentia , & dividatur recta 7 in tot partes æquales à planis 


rect v perpendicularibus & ſpatium hyperbolicum in rectis xy, o, ſecantibus, 
item ſuperficiem cylindricam in diverſas portiones dividentibus, ut omnia rect - 

angula cylindrica ſimul hiſce portionibus inſeripta differant ab omnibus rect- 

angulis cylindricis ſimul eiſdem circumſcriptis minore quantitate quam a, hoc 

enim abſque dubio fieri poteſt ab indefinita diviſione rectæ 31 intelligo autem 

rectangulum cylindricum portioni 9— eſſe ſuperficiem cylindricam rectam 

a 6 cus 
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32 SES OoRII ANALOGIA 
cujus eadem eſt baſis cum portione cui infcribitur, & altitudo ubique eadem cum 
minima altitudine portionis, item circumſcriptum cui eadem etiam eſt baſis cum 
portione, & altitudo eadem cum portionis altitudine maxima. Compleantur rect- 
la 27, By, EZ, FZ, GY, NY ; & ducatur in puncto « tangens Lx, fitque in 
am Lz perpendicularis xu. Triangula LKM, kx, rectangula ad K & * 
ſunt ſimilia ob angulos æquales xZx, LKM ; & ideo ut KM ad KL, ita x, ad xt, & 
ideo KL X KF KM X xt, atque 5E eſt æqualis rectæ xꝭ;, quod fic probo; 
xx eſt ad xk vel ac, ut xk ad xF, ſed ob hyperbolam xy eſt ad ac ut ac ad 
E, ſunt ergo æquales yt, x#, & ideo rectangulum ex KL in kę æquale eſt 
rectangulo ex x in E/ nempe EZ, atque rectangulum ex x L in K& majus eſt rect- 
angulo cylindrico inſcripto portioni ſuper xo, quoniam eandem cum illo habens al- 
titudinem nempe x baſem habet majorem (eſt enim recta x major quam curva 
xo) & ideo rectangulum EZz majus eſt rectangulo cylindrico inſcripto portioni 
ſuper xo; eodem modo probatur rectangulum 6 majus eſſe rectangulo cylin- 
drico inferipto portioni 1 * ow, & rectangulum 27 majus eſſe rectangulo cylin- 
drico inſeripto portioni ſuper .6x ; & proinde rectilineum 72DEHGRY majus 
eſt omnibus rectangulis cylindricis inſcriptis fimul ſumptis, & ideo ſpatium hy- 


| 28 2217 eiſdem rectangulis cylindricis multò majus eſt. In puncto o 
u 


catur tangens 30s; demonſtratur ut ante rectangulum os vel or in 03 æquale 
eſſe rectangulo cr ſeu z, atque rectangulum og in 01 minus eſt rectangulo cy- 
lindrico circumſcripto portionĩ ſuper xo, quoniam eandem cum illo habens alti- 
tudinem, baſem habet minorem (eſt enim recta or minor quam curva ko) & 
ge rectangulum xz minus eſt rectangulo cylindrico circumſcripto portioni 
ſuper xo; eodem modo rectangulum ny minus eſſe rectangulo cylin- 
drico portioni ſuper ow circumſcripto, & rectangulum By minus eſſe rectangulo 
cylindrico portioni ſuper 6x circumſcripto; & ideo rectilineum 7B RTT 
minus eſt omnibus is cylindricis circumſeriptis ſimul ſumptis; & ideo 
ſpatium hyperbolicum 2 v) eiſdem rectangulis cylindricis multo minus eſt. 

atuor igitur ſunt quantitates, quarum maxima & minima ſunt 
cylindrica circumſcripta ſimul ſumpta, & rectangula cylindrica inſcripta ſimul 


ſumpta, intermediæ autem ſpatium hyperbolicum 227 & ſuperficies cylin- 


drica ſuper curva 6, & ideo differentia intermediarum minor eſt quam diffe- 
rentia maximæ & minimæ; at differentia maximæ & minime ex conſtructione 
minor eſt quam a, & ideo differentia intermediarum ne ſpatii hyperbolici 
& ſuperficiei cylindricæ eſt multo minor quam æ, e ponitur 
enim ; non igitur differunt quantitates intermediæ, & ideo æquales ſunt, 
demonſtrandum erat. | | 

Quod fi ſuperficies cylindriea producatur uſque ad terminum quadrantis A: 
dico adhuc illam eſſe æqualem ſpatio hyperbolico correſpondenti vA; fi non 
ſunt æquales, fit ſuperficies cylindrica ſuper aw major ſpatio hyperbolico cy ya, 
& abſcindatur plano 367 rectæ ax normal portio ſuperficiei cylindricæ, ita ut 
relicta nempe ſuperficies cylindrica ſuper curva 6 fit æqualis ſpatio hy perbolico 
rA, atque ſuperficies ſuper 6w æqualis eſt ſpatio hyperbolico 22 v7, ex hac- 
tenus demonſtratis; ſpatia igitur hyperbolica er vA, 27 , ſunt æqualia, quod 
eſt abſurdum ; ſuperficies ergo cylindrica ſuper aw non eſt major ſpatio hyper- 
bolico cdYA ; fit (fi fieri poteſt) minor & à ſpatio hyperbolico ce ya auferatur 
retti 27 iph ca parallels ſpatium c27a, ita ut relictum ar v7 fiat æquale —_ 
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ficiei cylindricæ ſuper aw, atque ſpatium hyperbolicum ar vy quale eſt ſuper - 
ficiei cylindricæ ſuper 6; & ĩideo ſuperficies cylindricæ ſuper 6 & ſuper Aw 
inter ſe ſunt æquales, quod eſt abſurdum; & ideo ſuperficies cylindrica ſuper 4 
non eſt minor {patio hyperbolico e vA, ſed (ut ante demonſtratum eſt) nec. eſt 
major; reſtat igitur, ut illi fit æqualis, quod demonſtrandum erat. 1 


donxszgœTA RIU. 


Hine mene 1 
(v. g. ſuper curva aw) eſſe ſecantem artificialem ejuſdem arcus Aw, poſito radio 

loco unitatis ; nam (ut demonſtratur in noſtra Circuli & Hyp. Quadr.) poſita ca 
ſeu radio loco unitatis, erit ſpatium hyperbolicum acey i rectæ vr 
ſecantis arcus Aw. 


PROP, V. THEOREMA. 


Sit circuli quadrans ag bifariam diviſus in puncto Dd, Sit arcus DM minor 
quam Dc, ſuper quo imaginetur ſuperficies cylindrici recti talis nature, ut 
(ſumpto in arcu pM quolibet puncto 6) perpendicularis ad planum ago ex 

cto 6 ad ſummitatem ſuperficiet cylindrice excitata ſemper fiat æqualis 
focant arcus 6c, In radium ag demittantur rectæ perpendiculares pv, Ms, 


* * 


F 6 Fa 


quæ producantur in 2 & 8; fiatque mixtilineum v2 gx talis naturæ, ut (duds 
rectà quiacunque org rectæ pv parallela) tangentes arcuum oc, c, ſimul, 
nempe recta Ao, æquales ſint rectæ 15. Dico mixtilineum vag æquale eſſe 
ſuperſiciei cylindricz ſuper curva o: ſi predictæ figuræ nan fint æquales, fit 

Inter 


14 6 REOORII ANALOGIA 


inter illas differentia a, & dividatur recta vx in tot partes æquales planis recta 
VR dicularibus, & mixtilineum vzgx in rectis 15, 88, ſecantibus & ſu- 

ciem cylindricam in diverſas portiones dividentibus, ut omnia rectangula 
eylindrica fimul, hiſce portionibus inſcripta, differant ab omnibus rectangulis cy- 
lindricis ſimul, eiſdem circumſcriptis minore quantitate quam ; hoc enim 
abſque dubio fieri poteſt ab indefinita diviſione rectæ va. Compleantur rect- 
angula v4, V5, T7, T8, 5g, sg, & ducatur in puncto 6 tangens Ado, ſitque in 
rectam Ls perpendicularis 6x. Triangula 16x, od, ſunt ſimilia, & ideo ut 6x 
vel vr ad or vel GE, ita Qa ad ao ſeu T5, & proinde rectangulum vr in 25 
nempe Vs quale eſt rectangulo E in aq, atque rectangulum EG in aq_ minus 
eſt rectangulo cylindrico circumſcripto portioni ſuper 6D, quoniam eandem cum 
illo habens —— nempe Ad, baſem habet minorem; & ideo rectangulum 
vs minus eſt gulo cylindrico circumſcripto 2 ſuper o; eodem 
modo demonſtratur rectangulum T8 minus eſſe rectangulo cylindrico circum- 
ſcripto portioni ſuper 61, & rectangulum sg minus eſſe rectangulo cylindrico 
circumſcripto portioni ſuper LM ; & ideo rectilineum v3 56878 minus eſt om- 
nibus rectangulis cylindricis circumſcriptis ſimul ſumptis, & igitur mixtilineum 
ven eiſdem rectangulis cylindricis multo minus eſt. Ob ſimilia triangula pn, 
rd on vel vr eſt ad or ut Bq ad By vel va, & ideo rectangulum v4 æquale 
eſt rectangulo DF in 30 at rectangulum DF in zd. majus eſt rectangulo cylin- 
drico portioni fuper ds inſcripto, quoniam eandem cum illo habens altitudinem 
By, baſem habet majorem ; & ideo rectangulum v4 majus eſt rectangulo cylin- 
drico inſcripto portioni ſuper o; eodem modo probatur rectangulum T7 majus 
eſſe rectangulo cylindrico inſcripto portioni ſuper 6L, & rectangulum $9 majus 
eſſe rectangulo cylindrico inſcripto portioni ſuper 1M, & ideo rectilineum 
v245789R majus eſt omnibus rectangulis cylindricis inſcriptis ſimul ſumptis; eſt 


ergo mixtilineum vag eiſdem rectangulis cylindricis multo majus. Quatuor 


igitur ſunt quantitates, quarum maxima & minima ſunt rectangula cylindrica 
circumſcripta ſimul, & rectangula cylindrica inſcripta ſimul; intermediæ autem 
mixtilineum vrgR & ſuperficies cylindrica ſuper curva DM, & ideo differentia 
maxime & minimæ eſt major differentia intermediarum, differentia autem 
maximæ & minimæ ex conſtructione eſt minor quam a, & ideo differentia in- 
termediarum eſt multo minor quam æ, quod eſt abſurdum, ponitur enim æ; non 
igitur differunt quantitates intermediæ & ideo æquales ſunt, quod, xc. Quod 
ſi arcus pM ſumeretur verſus e, adhuc ſtaret prop. demonſtratio autem eſſet paulo 
diverſa, quæ tamen nullo negotio ex priore colligeretur. Si punctum x in ipſo 

c caderet, verum etiam eſſet zbeorema, ſed negative per duas poſitiones demon- 

ſtrandum, ficut in fine antecedentis. 

Sit mixtilineum vxzx talis naturæ, ut (ducta recta quacunque or rectæ Dx 
parallela) recta TY ſemper æqualis fiat tangenti oo; manifeſtum eſt (ex Geomet, 
part. univer. prop. 4.) mixtilineum vxzx æquale eſſe * trunci cylindrici 

recti reſectæ à plano baſem ſeminormaliter ſecante in recta vd, atque (ex Geom. 
part. uni verſ. prop. 3.) evidens eſt eandem trunci ſuperficiem æqualem eſſe ręct- 
angulo xt in c, & ideo mixtilineum vxzRx eidem rectangulo eſt æquale. 

Ex prædictis r eſt mixtilineum x22 talis eſſe naturæ ut v5; ſemper fit 


equals tangenti oA; & proinde mixtilineum x2(3z una cum portione qua- 


drantis DVRM quale eſt ſpatio conchoidali reſecto A rectis p, un, an oo 
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INTER LINEAM MERIDIANAM, &c. I; 


choidis vertex eſt o, norma pd, polus x, cq_ = q: ex hac prop. & hujus 2 
evidens eſt ſequens conſectarium ſpatio conchoidali quadrando ſatis expedi 


CONSECTARIUM, 

Si in prædicta conchoide accipiatur ſpatium contentum à curva conchoidali & 
rectis r, T6 ; erit predictum ſpatium equale duplo ſpatii hyperbolici (cujus 
aſymptotæ d, , ſemiaxis gg) contenti A curva hyperbolica una aſymptotã & 
rectis ag, QA = GA, alteri aſymptotæ parallelis, una cum ſemiſegmento circu- 
lari cor dempto rectangulo dꝙ in r. Aliarum conchoideon ſpatia (nempe 


d tex & polus non æqualiter diſtant à normali) paſſunt 
Rnatogiam 3 57 No in Epil. Com. pag." 171 eee e 


PROP. VI. THEOREMA, 


Sit ciſſois KLM cq;us aſymptoton cM, 
ſemicirculus 6px. 'Diametro ex fit nor- 
malis DIL, & jungantur rectæ px, GL; 
dico ſpatium ciffoidale Gx L triplum eſſe 
ſegmenti circularis pt. Ducatur curva | 
KCB talis nature, ut (ductà ad libitum à 
uno recta oA que tangenti occurrat 
in A) cD1 perpendicularis rectæ 6x, fiat 
æqualis rectæ KA. Recta- D ö. 4 
lum tangat in puncto p, & ideo æquales 
ſunt rectæ FD, rx ; cũmque angulus x D 
fit rectus, patet FA, FD, eſſe zquales ; 
cümque c1 ſemper fit æqualis duplæ ipſius 


DF, manifeſtum eſt (ex Geom. part. univer. prop. 4) mixtilineum! ex eſſe 
duplum ſuperficiei trunci cylindrici recti ſuper curva Nx reſtctæ à plano baſern 
ſeminormaliter ſecante in recta x A; atque eadem ſuperficies trunci 2qualis eſt 
rectangulo ex curva Dx E in radium KH ablato rectangulo ex i in n (ut ſatis 
patet verſatis in ſuperficierum ſtudio) hoc eſt duplo ſegmenti circulatis Dx x; eſt 
igitur mixtilineum ex quadruplum ſegmenti circularis DN. Ut Di ad 1x ita 
IK vel DE ad zA vel cD, & proinde æquales ſunt, rectæ db, 11, cümque hoc 
ſemper fiat, patet ſpatium ciſſoidale 1x1, quale eſſe mixtilineo buxe, & idem 
utrinque addendo nempe ſemiſegmentum circulare Dix x, mixtilineum cx1, ſew 
quadruplum ſegmenti circularis PR, æquale eſt mixtilineo pNxL, & utrinque 
auferendo ſegmentum circulare px; triplum ſegmenti circularis pw x: æquale 
eſt mixtilineo pox r, ſeu (ob æqualitatem triangulorum pkr, 01) ipfi. ſpatio 
2 propoſito ox L, quod demonſtrandum erat. i anc 
ic lupponitur arcus PNK quadrante minor, quod ſi quadrante t major, 
nullo EE Ara e ut illi in erviat: at KND — — — 
circumferentia, multò facilior eſſet demonſtratio, ne dd; ſpatium ciſſoidale 
infinitè extenſum æquetur n wn plo. 222 — 
METHOD US 
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Tabulas Tangentium & Secantium Artifieialium 
EX 


—_— Tangentium & Secantium Naturalium 


. AMT 


- EXACTISSIME ET MINIMO CUM LABORE. 


Swe ar N 
extenſus, ſuque figura AH conflata ex 
tangentibus naturalibus ſingulorum arcuum 
à puncto 4, in debitis ſuis punctis, rectis ar 
normaliter inſiſtentibus: fit Ay pars minima, 
in cui quale: dividitur quadrans, nempe 
vs vel +5 gradus, fintque illi 14 PO, 
on, NM, &c, & ducantur rectæ A1 
diculares yz, oc, p, ME, &c, | 
eſt ex conſeftario 4 hujus, figuram ae eſſe 
ſecantem artificialem arcus ay item figuram 
aco eſſe ſecantem artificialem arcus ao (poſits cyphri loco radii artificialis), 
&, manifeſtum eſt r BO, CN, DM, &c, inveniri ex multiplicatione 
minime partis quadrantis ay in fingulas —— naturales; at in menſurandis 
ABP, sex, CDV, paulè major eſt difficultas; primo igitur fi tangentes 
conveniant in differentiis non differunt lineæ AB, BC, CD, &c, à rectis, & 
idee figure anr, Bcx, coy, &c, erunt triangula rectangula, & proinde, e. g. 
GHQ 
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GREGORIT METHODUS COMPONENDI TABULAS TANGENTIUM, &c. 17 


or = ===: quod ß differentiz ſecunde fuerint æquales, erunt diQte fi- 
guræ portiones trilineorum quadraticorum, e. g. erit en portio trilinei quadra- 
tici, cujus axi facet parallela, differentiæ illæ inter ſe æquales ſint 2; & pro- 
inde erit GHQ, = = = {i autem differentiæ tertiæ fuerint æquales, 


erunt dictæ figuræ Pactzonce trilineorum cubicorum, - eritque e. g. on = 


— — — 2 — . — A quando differentiæ quartæ ſun 


æquales, erunt dictæ figuræ portiones trilineorum q-quadraticorum, & diffe- 
rentiz quartæ erunt æquales 24"?! N. quadrati ipſius e diviſo per cubum lateris 
recti, item quando differentiæ quintæ ſunt zyuales, erunt dictæ figuræ portiones 
trilineorum ſurſolidorum, & differentiæ quintæ erunt æquales 120 ſurſolidi 
ipfius d diviſo per e:quadratum lateris recti, & fic in infinitum. Que hic 
diximus de compoſitione ſecantium artificialium ex tangentibus naturalibus 
codem modo intelligi velim de compoſitione tangentium artificialium ex ſe- 
cantibus naturalibus ſecundum hujus tertiam. Animadvertendum tangentes & 
ſecantes artificiales ſupra computari, poſito o logarithmo unitatis, roo0000000000 
radio, & 2302 58 509 29940456240 17870 logarithmo denaru : facilius autem (ni- 
mirum ſola additione) poſito e grad. == AP = 1, computabimus tan- 
gentes & ſecantes artificiales ad 791 5704467897819 denarii logarithmum ; nam 


hac ratione * = 6HQ.= = item === === oug, = > 
2 + & 4 " F 
ya: aſs - 2 . — —.— — == = H . 8 


=): & tandem unica ſola divifone invenimus tangentes & ſecantes artifi- 

4 ad logarithmum denarii 1000000000000000, poſito ſemper radio unitatis 
loco, que ſunt differentiæ tangentium & ſecantium artificialium in tabula ab 
ipſo radio artificiali; & proinde diviſoris multiplices, ad facilitandam opera- 
tionem, in tabella ſubſdiaria hie reponimus. Quod fi +5» grad. o, tan- 
gentes & ſecantes artificiales debentur logarithmo denarii 13192840779829703, 
cujus etiam multiplices in ſubjecta tabella notantur. Quod, fi quis velit hos 
numeros potius repræſentare radium artificialem quam denarii logarithmum, 
addatur cyphra & habebit intentum. Notandum hos numeros convenire radio 
naturali 1000000000000, hinc enim patebit numerus notarum in adſeriptis 
if ialib cnn I | th. | | + 
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7915704467899819-| 132924778227 
1583140893579 638 | 26385681559659406 
| 23747113403693457 | 39578522339489109 
31662817871591276 52771363119318812 
8 | 65964203899148515- 
47494226807 386914 | 79157044678978218 
5340993 1275284733 | 9234988 5458807921 
63325635743182552 | 105542726238637624 | | 
7124134021 1080371 118735567018467 327 | 


” TTY ROY 


D > Y. "> ” . COEUR | wat” * Ss SY 
* 


eee 


* FLARES EET PE > 


þ wi 


1 33 Tieren SI 


Ex Epifol D. Jacobi Greg od D. Collins, 15 Feb, — 1674 date, ae. 
buabetur Autographon. #4 © 


AX quo epiſtclam ad te ded, tres a te accepi, mam De seg Die: 


24, tertiam 21 Januarii nuper elapſi datam. 
od attinet New#oni methodum univerfalem, aliqua ex parte, ut opinor, 
mihi innoteſcit, tam quoad geometricas quam mechanicas curvas. Nihilo tamen 


minus ob ſeries ad me miſſas gratias habeo, 2 * . 
quuntur. 


Sit radius = 7, areus = @, 8 u Sete weh. nt + 
87 0 7: 
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Sit nunc ſecans artificialis 45 gr. 12 ade 5s + 1 ſecans artificialis ad li- 
bitum, erit ejus arcus = = 47 r 25 4 2 kee, 
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LOGARITHMICE, 19 


Hic animadvertendum eſt radium artificialem eſſe o; & ubi inveneris 9 
majorem quam 26; Hve artificialem Tecantem-24. 4£r-tnajorem ele data. Tecante, 
mutanda eſſe ſigna, & pergendum ſecundum vulgaris algebræ præcepta. 

Sit ellipſis cujus alter ſemiaxium = r, alter = c ; ex quolibet curvæ ellipticæ 
puncto demittatur in ſemiaxem r icularis = @: erit curva elliptica 


perpendiculari @ adjacens = 2487 = + EET + 
r 


Tre | 
Si FROM... ellipſeos ſpecies, _ hec fimplicior eradet. Ut ſi c = 21, 


forer curva predifta = 8 + 55 + 5: + og © + 2; Kc. 


7472 
Reliquis vero manentibus, ſi curva e. : hyperbo perbola, | predict quoque 
ſeries & inſerviret; fi modo omnium terminorum partes affirmentur, & _ 


totus terminus tertius, totus quintus, ſeptimus, & c, in Jocis mparibus. | | 
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25 | FROM 


COLLINS'S COMMERCIUM EPESTOLICUM; 


8 


RELATING TO 


L O GO AR IT. H M S. 


— ͤ—...— 


we 


1. An Extras from Mr. Jſaac- Newton's Firft Epiſtle to Mr. Henry Oldenburgh, 
Secretary to the Royal Society of London; with a Direction to communicate the 
Contents of it to Mr. Godfrey William Leibnitz; dated on the 1 3th Day of June, 
in the Year 1676, from Cambridge, where Mr. Newton (who was afterwards Sir 
Jaac Newton, Knight) was at that Time Profeſſor of the Mathematicks upon 
Dr. Lucas's Foundation : containing a Diſcovery relating to Logarithms. 


RATEREA, fi fit cx hyperbola, cujus 7 
P aſymptoti AD, AF, rectum angulum FAD con- 

tuant ; & ad AD erigantur utcunque perpendi- 
cula Bc, DE occurentia hyperbolz in c & ER: & 
AB dicatur a, sch, & area BCED ; crit BD = 


2 ZZ x3 x+ * 
coefficientium denominatores prodeunt multipli- 
cando terminos hujus arithmeticæ progreſſionis, 
1, 2, 3, 4, 5, &c, in ſe continuo. Et hinc ex 
logarithmo dato poteſt numerus ei competens inveniri. 
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ABCD, & + + 37 + Trs &c, aream hyperbole 


JOHANNIS COLLINS, &c. 21 


2. An Extract from an Epiſtle of My. Godfrey William Leibnitz to Mr. Henry 
Oldenburgh, Secretary of the Royal _— of London; with a Direction to com- 
municate the Contents of it to Mr. Iſaac Newton ; dated the 27th Day of Auguſt, 
in the Year 1676: containing a Paſſage relating to Logarithms. a 


MNIUM vers poſſibilium circuli, & ſectoris conici 
centrum habentis cujuſlibet, per ſeries infinitas quadra- 
turarum, ſimpliciſſimam hanc eſſe dicere auſim quam nunc 
fubjicio. | 
Sit QAF ſector, duabus rectis in centro q_concurrentibus & 
curva conic ar, ad verticem A five axis extremum perye- 
niente, comprehenfus, Tangenti verticis aT occurrat tangens 
rr. Ipſum Ar vocemus ; & rectangulum ſub femi-latere 
recto in ſemi-latus tranſverſum ſit unitas. Erit ſector hyperbolæ, circulj 


vel ellipſeos, per ſemi-latus tranſverſum diviſus, = = == . 


Signo ambiguo + valente + in hyperbola, — in circulo vel elliph. Unde, 
poſito quadrato circumſcripto 1, erit circulus — — 7 + = — — &. Que 
expreſſio, jam triennio abhinc & ultra a me communicata amicis, haud dubie 
omnium poſſibilium ſimpliciſſima eſt maximeque afficiens mentem.. 


Unde duco harmonium ſequentem * ; | a . 
I titer tox+txr tar +or+twwt Ke 
T ** Fs. .4 &r ©... &e= 2 

„ „ m8 755 e = 
x * IT * & 
I IT __ NR 


Ubi Z + 4 &c, exprimit aream circuli 


æquilateræ BCEF, cum fit Bc dupla ipfius Er, & 
quadratum inſcriptum = . Numer 3, 8, 15, 
24, &c, ſunt quadrati unitate minuti. , 

Viſſicim, +ex ſeriebus regreſſuum pro hyperbola 
hanc inveni. Si fit numerus aliquis unitate minor 


1 — m, ejuſque logarithmus hyperbolicus J. Erit .. 
> :-.Þ 
8 — &c. Si 


| r IX2 IX2X3 1727377 
numerus fit major unitate, ut 1 + #; tunc pro eo | | 
inveniendo mihi etiam + produit regula, quæ in Newtoni Epiſtola expreſſa eſt; 


* Vide Acta Lipfics Pe, 168. | | 

}N. B. Methodum perveniendi ad has ſeries Leibnitius a Newtono jam modo acceperat, idque 
„ . mon |. a Newtono una cum methodo perveniendi ad eaſdem — 1 — 
ceperat, & pro hyperbola fignum tantum mutavit; pro circulo ſinum verſum 3 Newtono 
ſu t à radio, ut haberet finum complementi. p 7 N 
ſcilicet, 
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4 1 * 


ſcilicet, erit * = 7 = + 22 * NN NN nc | Prior tamen cele- 


. rius appropimguat. Tdeoque efficio ut ea poſſim uti, etiam 8 unitate 


numerus 1 ＋ . TORIES tang e - Unde, ſi 
. , Fraps * . . 
1 + # fit major unitate, erit —— minor unitate, Fiat ergo. I—n= N 


OI eee eee 2 any th; þ 


1 


„* — Cs 


— — — — — _- — — 2 
* „** 223 — —_ 


3. An Extraft from Mr. Jaac Newton's Second Epiſtle to Mr. Henry Oldenburgh, 
Secretary of the Royal Society of Landon; with a Directian to communicate the Con- 
tents of it to Mr, Godfrey 77 lliem Leibnits 3 dated the 244þ Day of AT iu 
the Year 1676: containing ſome Diſcoveries relative to Logarithms. 


O tempore peſtis ingrnens (quz contigit amis 166 5, 1666), coegit me hine 
— 2 & alia cogitare. Addidi tamen ſubinde condituram quandam lo- 


Zarithmorum ex area hyperbole, quam hic ſubjungo. 


Sit drp hyperbola, cujus centrum c, vertex 
r, & quadratum interjectum CAFE = 1. In ac 
cape AB, Ah hinc inde = x; ſeu o. 1: Et, erectis 
perpendiculis aD, d ad hyperbolam terminatis, 
erit ſemi-fumma +, pr AD & ad == 0.1 + 
2 &c, & ſemi-diffe- 


4 + 6 8 
reductæ fic ſe habent, 
o. 1000000000000 o. oo 50000000000 
2 50000000 
2 7 | 57666666 
142857 a 12500 
1111 100 
9 1 


0. 1003353477310 0.0050251679267 Ne 
Horum fumma 0.10536051 6577 eſt ad; & differentia 0.0953101798043 eſt 
AD. Et eadem ratione poſitis AB, AG hinc inde = o. z, obtinebitur ad = 
0. 2231435513142, & AD = o. 1823215567939 Habitis ſic logarithmis by- 
cis numerorum quatuor decimalium ©o.8, 0.9, 1.1, & 1.2; cum fit 


— X==2; & 0.8 & 0.9, ſint minores unitate : adde logarithmos eorum 
ad duplum logarithmi * & habebis o. 693 1471805597 logarihmum hyper- 
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bolicum numeri 2. Cujus triplo adde log. 0.8 (fiquidem fit — - = 10) & 
habebis 2.3025850929933 logarithmum numeri 10: Indeque per additionem 
ſimul prodeunt Ks ne numerorum 9 & 11: adeoque ommum primorum 
horum 2, 3, 5, 11 logarithmi in promptu ſunt. Inſuper, ex ſola depreſſione nu- 
merorum ſuperioris computi per loca decimalia & additione, obtinentur logarithm 
decimalium 0.98, 0.99, 1.01, 1.02; ut & horum 0.998, 0.999, 1.001, 1. oo. 
Et inde per additionem & ſubductionem prodeunt logarithmi primorum 7, 13, 
77, 37, &c. Qui un cum ſuperioribus, ee numert 10 diviſi, eva» 
dunt veri logarithmi in tabulam inſerendi. hos poſtea propius obtinui. 
Pudet dicere ad quot figurarum loca has computationes, otiofus eo tempore, 
produxi. Nam tunc ſane nimis delectabar inventis hiſee. Sed ubi produt in- 
genioſa illa * Nicolas Mercatoris 323 — (quem ſuppono ſua primum 
inveniſſe), cœpi ea minus curare; ſuſpicatus, vel eum noſſe extractionem radicum 
æque ac diviſionem fractionum; vel alios ſaltem, divifione patefacta, inventuros 
reliqua, 7 — quam ego #tatis eſſem maturæ ad ſeribendum. 2 

Eo ipſo tamem tempore quo liber iſte prodiit, communicatum eſt per amicum 
D. Barrow (tunc Matheſeos Profeſſorem Cantab.) cum D. Collinio, + compendium 
quoddam methodi harum ſerierum; in quo ſignificaveram areas & longitudines 
curvarum omnium, & ſolidorum ſuperficies & contenta, ex datis rectis; & vice 
verſa, ex his datis rectas determinari poſſe: & methodum ibi indicatum illuſtra- 
veram diverſis ſeriebus. 1 | | 
Suborta deinde inter nos epiſtolari confuetudine; D. Collinius, vir in rem ma- 
thematicam promovendam natus, non. deſtitit ſuggerere ut hæc publict juris 
facerem, Et ante annos quinque (1671) cum —— amicis conſilium 
ceperam edendi tractatum de Refractione Lucis, & Coloribus, quem tunc in 
promptu habebam ; ccepi de his ſeriebus iterum cogitare; & } tractatum de-ns 
etiam conſcripſi, ut utrumque ſimul ederem. 
Sed, ex occaſione teleſcopii catadioptrici, epiſtola ad te miffJ qua breviter 
explicui conceptus meos de natura lucis, inopinatum quiddam effecit ut mei 
intereſſe ſentirem ad te feſtinanter ſeribere de impreſſione iſtius epiſtolæ. Et 
ſubortæ ſtatim per diverſorum epiſtolas (objectionibus aliiſque refertas) crebræ 
interpellationes me prorſus a confilio deterruerunt; & efſecerunt ut me arguerem 
imprudentiæ, quod umbram captando, eatenus petchdetam quietem meam, rem 
prorſus ſubſtantialem. X | | 
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* Mathematici priores invenerunt hoc theorema, quod ſumma. terminorum progreſſionis geometric 
in infinitum pergentis et ad terminorum primum & maximum, ut hie terminus ad differentiam duorum ter- 
minorum primorum. Idem demonſtratur arithmetice multiplicando extrema & media. Demonſtravit 
Wallifius dividendo rectangulum ſub mediis per extremum ultimum. Vide Wallifi opus arithme- 
ticum anno 1657 editum, cap. 33 8 68. Per Wallif; ivifonem Mercator demonſtravit & auxit 
quadraturam hyperbolz 2 D. Bronner prius inventam. Gregorius idem demonſtravit geome- 
trice, Sed horum nemo methodum generalem quadrandi eurvas per divifionem invenit. ator 
hoc nunquam profeffus eſt. Gregorius ejufmodi methagdum, licet vir acutiſſimus & literis Colliaii 
admonitus, vix tandem-inyenit, Newwronus invenit per interpolationem ſerierum, & poſtea divi- 
fionibus & extractionibus radicum, ut notioribus, uſus eſt. * 8 

Analyſin intelligit per æquationes infinitas. | 
! jus tractatus meminit D. Collins in epiſtolis duabus impreſlis, pag. 101, 302, Commere. 
Et Newtonus in epiſt. impreſſa, p. 205 ibid. 0 
| u 


* 
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Sub eo tempore Jacobus Gregorius, ex unica quadam ſerie e meis, quam D. 

Collinius ad eum tranſmiſerat, poſt multam conſiderationem (ut ad Collinium 

reſcripſit) pervenit ad eandem inethodum, & tractatum de ei reliquit quem 

fperamus ab amicis ejus editum iri. Siquidem, pro ingenio quo polfebat, non 

potuit non adjicere de ſuo nova multa, quæ rei mathematicæ intereſt ut non 
reant. 

Ipſe autem tractatum meum non penitus abſolveram, ubi deſtiti a propoſito; 
neque in hunc diem mens rediit ad reliqua adjicienda. Deerat quippe pars ea 
qua decreveram explicare modum ſolvendi problemata, que ad quadraturas re- 
duci nequeunt; licet aliquid de fundamentis ejus poſuiſſem. Cæterum in trac- 
tatu iſto, ſeries infinitæ non magnam partem obtinebant. 

Neque majori labore eruitur area totius circuli ex ſegmento cujus ſagitta eſt 
quadrans diametri. Ejus computi ſpecimen, ſiquidem ad manus eſt, viſum fuit 
apponere; & una adjungere aream hyperbolæ quæ eodem calculo prodit. 

Poſito axe tranſverſo 1, & ſinu verſo ſeu 3 ſagitta = x; erit ſemi- 

: ** . 
ſegmentum 2 S in 2x = 7 = 7F = 755 &c. Hæc autem ſeries 
fic in infinitum producitur, fit 2x* = a, 7 2 7 = =, = = 2, = 
4 


PA R . » i bole a % c 4 p 
=, &c, Et ent ſemi-ſegmentum Ai i n 


=L &c. Eorumque ſemi-ſumma 2 —7 — 2 — &, & ſemi-differentia - 


* + £ + &c. His ita preparatis, ſuppono x = 4, quadrantem nempe 
axis; & prodit à (= Y = 0-25; 3 (= == ==) = 0-03I25; «£ (= == 
D = 0001953825: 4 (= F = 8D) = 0.000244140625. Et 
fic procedo uſque dum venero ad terminum depreſſiſſimum, qui poteſt i i 


opus. Deinde hos terminos per 3, 5, 7, 9, 11, &c, reſpective diviſos diſpono 
in duas tabulas: ambiguos cum primo in unam; & 2 an aliam; & addo 


ut hic vides, 
| 0.0833333333333333, 9-0002790178571429 
62500000000000 3467906601 
271267361111 834465027 * 
5135169396 | 26285354 
144628917 961296 
4954581 38676 
190948 1663 
7963 | 75 
3 16 2 4 
| 2 o. ooo 2825719389575 
o. o8 9 10988 5646618 5 
Tune 
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Tunc à priori ſumma aufero poſteriorem, & reſtat 0.0893284166257043 area 
ſemi-ſegmenti hyperbolici. Addo etiam eas ſummas, & aggregatum auferd a 
primo termitio duplicato o. 1656666666666666, & reftat o. 076773 1001030473 
area ſemi - ſegmenti circularis. Huic-addo triangulum iſtud quo completur i 
ſectorem, hoc eſt ,,, ſeu o. o541265877365274, & habeo ſectorem 60 
graduum, 898379574), cujus ſextuplum 0.785398 1633974482 eſt 
area totius circuli : que diviſa per + five quadrantem diametri, dat totam pe- 
ripheriam 3.1415926535897928. .. Si alias artes adhibuiſſem, potui per eundem 
numerum terminorum ſeriei perveniſſe ad multo plura loca figurarum, puta vi- 
inti quinque aut amplius : ſed animus fuit hic oſtendere, quid per ſimplex 
eriei computum præſtari poſſet. Quod ſane haud difficile eſt, cum in omni 
opere multiplicatores ac diviſores- magna ex parte non majores quam 11, 8 


1 1 2 > | . K , 1 * * W 1 
W 


* 


nunquam majores quam 41 adhibere opus ſit. 


Neque obſervaſſe videtur [clarifſimus Leibnitius] 
morem meum generaliter uſurpandi literas pro quan- 
- titatibus cum ſignis ſuis + & - affectis, dum dividit 


„ 2% * 
banc ſeriem TT? ae Nam. ©: 5 


** * 5 a . 
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3 
RA 
* 
3 g = 
1 
9.5 
4B 
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* = 
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cum area hyperbolica BE, hic ſignificata per z, 2 
affirmativa vel negativa, prout jaceat ex una vel al 
tera parte ordinatim applicatæ Bc; ſi area illa in nu- 

meris data fit I, & / ſubſtituatur in ſerie pro z, orie- 

1 FT 1¹ 15 , [4 1 TEL 'N9 } p 3 N 3 
urvey 0 e Er, ET. 
= — _ + He bor prout /. ſit afirmativa vel nn Hoc et Polit 
a = 1 = 6, & | logarithmo hyperbolico; numerus ei correſpondens rt + 
I 1 Fl * 1 I 1 * 
a 2 N + 7505 © 7 fic aliematvus;_ & 1 — + i — 


&c, fi I fit negativus. Hoc modo fugio multiplicationem theorematum, que 
alias in nimiam molem creſcerent. Nam v. g. illud unicum theorema, quod 
ſupra poſui pro quadratura curvarum, reſolvendum effet in 32 theoremata, ſi pro 
ſignorum varietate multiplicaretur. 


Preterea, que habet vir clariſſimus de inventione numeri unitate majoris per 


: : 6d l a 4 
tum logarit hyper 2 * 
da garithmum hype bolicum, ope V I, IX IX2X3 IX2X3X4 


5 + 8 + &c, non- 
: 1X2 ' 1X3X3 " 21X3X9X4 
dum percipio. Nam fi unus terminus adjiciatur amplius ad ſeriem poſteriorem 
quam ad priorem, poſterior magis appropinquabit. Et certe minor eſt labor com- 
putare unam vel duas primas figuras adjecti hujus termini, quam dividere unitatem 
per numerum prodeuntem ex logarithmo hyperbolico ad multa figurarum loca 
extenſum, ut inde habeatur numerus quæſitus unitate major. Utraque igitur 


ſeries (fi duas dicere fas fit) officio ſuo fungatur. Poteſt tamen - om + 


— 2 * — PR. — ME. . 
E e ” . or. A 
TOs TP DEL. Tre: . 8 ey Og * Ay 0 


aa 


1 Rn as N 4, 
WAITE TT Aga. = * is . = 
IDE Be. be ITY A 


+ &c, potius quam ope ſeriei = + ee, . 


* 1 * 7 
2% + = 
7 o 4 . - 2 


1 * 2 X 3 

* 15 „ . 1 * * 8 . bt . 
l Ke, ſeries, ex dimidia parte terminorum conſtans, optime adhiberi; 
Vol. II. E ſiquidem 
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ſiquidem hæc dabit ſemi - differentiam duorum numerorum, ex qua et rectangulo 


dato uterque datur. Sic & ex ſerie 1 + — + = _—_ a &c, datur ſemi- 


ſumma numerorum, indeque etiam numeri. Unde prodit relatio ſerierum inter 


ſe, qua ex una data dabitur altera. k 

Conſtructionem logarithmorum non we debere credetis forte, ex hoc 
ſimplici proceſſu qui ab iſtis pendet. Per methodum ſupra traditam quærantur 
logarithmi hyperbolici numerorum 10, 0.98, o. 99, 1.01, 1.02 : id quod fit 
ſpatio unius & alterius horæ. Dein diviſis logarithmis quatuor poſteriorum per 
logarithmum numeri 10, & addito indice 2, prodibunt veri logarithmi nume- 
rorum 89, 99, 100, 101, 102, in tabulam referendi. Hi per dena intervalla 
interpolandi ſunt, & exibunt logarithmi omnium numerorum inter 980 & 1020 : 
& omnibus inter 980 & 1000 iterum per dena intervalla interpolatis, habebitur 
tabula eatenus conſtructa. Tunc ex his colligendi erunt logarithmi omnium 


primorum numerorum & eorum multiplicium, minorum quam 100: ad quod 
nihil requiritur præter additionem & ſubtractionem. Siquidem fit EE — 


= 25 =. 2 5. VS=7, S il, 13, = 1, 
988 1 86 _ _ > YiPap 1 93 . 
ET 195 TE 23, 7755 = 29s 35 1. 2 =37, Et =41, 2 * 
N EDS 9911 — : 9971 ay. 9 3 99 1 — 
43» 2 = 47, 11717 33 13 * 1 95 "FT 67, . 14 * 


2228 — 9984 — bs. 2258 — 9894 — 3 
73, g 79, E 63, Pg 98, 22 = 97. Et habitis ſic 
logarithmis omnium numerorum minorum quam 100, reſtat tantum hos etiam 


ſemel atque iterum per dena intervalla interpolare. 
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TWELFTH CHAPTER 


OP 


DR. WALLIS'S TREATISE OF ALGEBRA. 


Of Logarithms : Their Invention and Uſe. 


other improvement which 1 mentioned (as added to the algoriſme of 
the Arabs ſince we borrowed it from them), is that of Loganthms ; an 
improvement of our own age and nation. | 
his was firſt of all invented (without any example of any before him, that I 
know of) by John Neper, Baron of Merchiſton in Scotland; and by him firſt 
publiſhed at Edinburgh, in the year 1614 : and ſoon after by himſelf (with the 
aſſiſtance of Henry Brigges, Profeſſor of N, at London, in Greſham 
College, and afterwards at Oxford) reduced to a better form, and | 

The invention was greedily embraced (and deſervedly) by learned men. 

Mr. Brigges, upon the oY of it, was ſo pleaſed with it, that he 
preſently repaired into Scotland, to conſult the author, adviſe with him, and be 
aſſiſtant to him in the perfecting of it, and in calculating tables for it; which 
was a work of great labour, as well as ſubtile invention. | 

And it was embraced and promoted abroad by Benjamin Urſinus, John 
Kepler, Adrian Ulack, Petrus Crugerus, and others. . 

And at home by Henry Gellebrand, who perfected the Trigonometria Bri- 


 tannica, which Mr. Brigges began, but died before it was perfected. 


So that, in a ſhort time, it became generally known, and greedily embraced in 
all parts, as of unſpeakable advantage; eſpecially for eaſe and expedition in 
trigonometrical calculations, 1 * 

a 128 c 
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The foundation of it is this : 
If to a rank of continual proportionals in a geometrical progreſſion from 1: 


ſuppoſe 
. 3. 4. 8. 16. 32. 64. &. 


We accommodate a rank of exponents in an arithmetical progreſſion, from o: 


ſuppoſe 
FEY o. 1. 8. 3. 4. 5. 6. &c. 


It is manifeſt, that for every. multiplication or diviſion of thoſe terms one by 
another, there is an anſwerable addition or ſubduction of the exponents. 

For as (in the terms) 4 multiplied by 8 makes 32, ſo (in the exponents) if to 
2 we add 3, it makes 5; and as 32 divided by 8, gives 4: ſo if from 5 we ſub- 
duct 3, there remains 2: and fo every where. 


Aa on 35a 4 SY; 1raw cn 
| oy Ex ponents. ©. I. 2. J. 4. 5. ann 


* | 4 * 8 2 32. 4. 
3 2. + 3 — Zo | Lo =. 2. * 


(Not much unlike to what we before ſhewed out of Archimedes's Arenarius, 
concerning his &, g, , 3, &c, in continual progreſſion geometrical from 1, at- 
tended by a ſeries of exponents in arichmetical progreſſion; the foundation of 


that and this being all one.) 
And the ſame holds, if between any two of thoſe terms, interpoſe one or more 


means proportional; and between their exponents, as. many arithmetical means. 
As if between 4 and 8 (or between 2 and 16) we interpoſe a mean propor- 
tional 32, that is 42; and between 2 and 3 (or 1 and 4) an arithmetical 
mean, 2; then as 41/2 by 8 makes 324/2 (a mean proportional between 
32 and 64): ſo adding their exponents. 2 and 3, makes 5, an arithmeticat 
mean between 5 and 6; and ſo every where. hh ee Wg 
And univerſally, (whatever be the values of 7. e.) ſuppoſing 


The terms, 1. 7. rr. rrr. 4, V. V. &c. 


| 2 | Exponents, o. e. 26. Ze. 4e. 5e. be. &. e ee en 

Then, as rr , and rrVr x rr Vr; 

| So 26 ＋ ge S ze, and 246 + 3e . Fe. 4 
And ſo every where. , ons” uh 


And conſequently whatever term we interpoſe between any of thoſe continual 
proportionals ; if we alſo interpoſe between their exponents, a like arithmetical 
mean, as that is a proportional mean (as if that be the firſt or ſecond of two 
means proportional, this accordingly is the firſt or ſecond of two means arith- 


metical; if that the ſecond of five means proportional, this the ſecond of as 


many 
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many arithmetical means, &c) then to every addition or ſubduction of theſe 
one with another, will anſwer a like multiplication or diviſion of thoſe. 
And if for o, e, 2c, ze, &c, (taking e = 1) we put o, 1, 2, 3, &c, then doth 
this exponent always give us the number of rations or dimenſions in the term to 
which it belongs. | 

| | In... V. . . &c. 
o. 1. 2. 3. 4. 5. 6. &c. 


(as 3 in , 6 in r', and fo every where) or ſhews how many fold (quam multi- 
plicata) the proportion (for inſtance) of 7* to 1 is of 7 to 1. That is, how man 
rations or proportions of r to 1 are compounded in to 1, to wit 6; to hic 
the name Logarithmus fitly anſwers, that is Av'ywv wpfuog, the number or propor- 
tions ſo compounded. 8 | | | 

Now this foundation being laid, their deſign in the logarithms is this: 
Having ſelected (as moſt convenient) a rank of continual proportionals, in a 
decuple- progreſſion ; to wit, 


1. 10. 100. 1000. 10000. 100000. 1000000, &c. 
they fit hereunto (as their exponents) in arithmetical progreſſion, 
| O Rant iv; 22 Be? nt G 5:01:/1 Gai+ 11d 


(And conſequently the logarithm of any fraQtions leſs than 1 is to be a negative 
number.). And then for each of the numbers interpoſed between 1 and 10, 
between 10 and 100, and ſo of the reſt (as 2, 3, 4, &c, 11, 12, 13, &c); 
they ſeek out (between o and 1, between 1 and 2, &c) an exponent (to be 
expreſſed in decimal parts), which is ſuch a mean arithmetical as the other 
15.4 mean proportional, on | 

And theſe exponents they call logarithms, which are artificial numbers, ſo 
anſwering to the natural numbers, as that the addition and ſubduction of theſe 
anſwers to the multiplication and diviſion of the natural numbers. 

By this means (the tables being once made) the work of multiplication 
and diviſion is performed by addition and ſubduction; and conſequently that 
of ſquaring and cubing, by duplation and triplation, and that of extracting the 
ſquare and cubick root, by biſection and triſection; and the like in higher 

wers. 

Of theſe logarithms we have printed tables, for all numbers as far as one 
hundred thouſand „ ſo that if any two numbers (not exceeding 100,000) be 
propoſed to be multiplied or divided one by the other, the logarithms of thoſe 
numbers (to be found in thoſe printed tables) being accordingly added or 
ſubducted, will give the logarithm of that natural number (to be found by 
thoſe tables), which is the product or quotient of ſuch multiplication or diviſion. 
And the double or treble of ſuch logarithm, is the logarithm of its ſquare or 
cube. And the half or third part of it, is the logarithm of its quadratick or 
cubick root ; and the like of higher powers, which, in large numbers, is 
matter of great expedition, . | 

And 
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And (becauſe a main end of this deſign was to facilitate aſtronomical and 
other trigonometrical calculations) beſide thoſe logarithms for numbers in their 
natural order, we have alſo tables of artificial or logarithmical fines, tangents, 
and ſecants ; the addition and ſubduction of which anſwers to the multiplication 
and diviſion of the natural fines, tangents, and ſecants: which is a very com- 
pendious advantage for expediting ſuch calculations, and is not leſs accurate 


than the operation by tables of natural fines, tangents, and ſecants. 


Thus in a plain triangle ; ſuppoſing the angles 
given, 4 60 degrees, B 50 degrees (and conſe- 
quently c 70 degrees), and the fide 43 31323 
paces : for finding the ſides ac, or Bc, we have 
this proportion : 


As the ſine of e, 70 degrees, 9396926 
To the fine of 3, 50 degrees, 7660444 


So is the ſide AB, 31323 hpaces. 
To the ſide ac. 2 5 53 5—PACES, 


For finding which, we are to multiply 7660444 by 31323, and then divide 


by 9396926 ; which gives for the ſide ac (almoſt) 25535 paces. 


And, as the fine of c, 70 degrees, 9396926 
To the fine of a, 60 degrees, 3560254 
So is the ſide AB, 1323 paces, 
To the fide ge. 288674 paces. 


For finding which, we are to multiply 86602 54 by. 31323, and divide by 


9396926, which gives for the ſide nc, 288674 paces, proxim?. 


Now (to prevent theſe tedious multiplications and diviſions) by logarithms, 


we proceed thus : 


Log. fine c, 70 degrees, — 9.97298 58 
Log. ſine 3, 50 degrees, + 9.8842540 
Log. AB, num. 31323, + 4.408633 
Log. Ac, num. 25535, = 44071315 


where ſubducting the firſt logarithm from the ſum of the ſecond and third, 
gives the fourth, which (the tables tell us) anſwers to the number 2553 5, fert. 


many paces therefore is the ſide ac. 


Again, Log. fine c, 70 degrees, — 9.9729858 
Log. fine a, 60 degrees, + 9.9375306 
Log. AB, num. 31323 + 4.49586 
Log, ze, num. 28867 + 4.400408 1 
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Where ſubducting the firſt logarithm from the ſum of the ſecond and third, 
gives the fourth; which (the table tells us) anſwers to the number 288674, 
proxime. So many paces therefore is the fide 3c; which operations are much 
more expeditious than multiplying and dividing ſuch large numbers. 

And in like manner, in ſpherical triangles, ſave that there all the logarithms 
are to be taken out of the tables of fines, tangents, and ſecants; which in this 
example are taken partly from thence, partly from the table of numbers; but 
the expedition is alike in both. . 

This was firſt publiſhed by the Lord Neper (the firſt inventor of it), in the 
year 1614, under the title of Mirificus Logarithmorum Canon, with its deſcription 
and uſe ; . but reſerving the manner of conſtruction, and its demonſtration, to 
be after publiſhed ; this being but an effay ſet forth to ſee the judgment of 
learned men concerning this deſign, and how it was like to be received. 

In this we have a canon or table of natural and logarithmical fines for each 
degree and minute of the quadrant. 

And whereas it was at his choice to give to what number he pleaſed the 
logarithm o, and whether to proceed by way of increaſe or decreaſe, he choſe 
to make © the logarithm of the whole fine 10000000, that ſo the multiplication 
or diviſion by the whole fine (frequent in trigonometrical calculation) might 
be diſpat without trouble, requiring here but the addition or ſubduction 
re” 

And becauſe the uſe of leſſer ſines and numbers, leſs than the radius or whole 
fine, were likely to be of more frequent uſe than of tangents, ſecants, and 
other numbers greater than the radius, he choſe to give to thoſe leſſer numbers 
affirmative logarithms (increaſing the logarithms from o, as the fines decreaſe), 
which he calls abundantes: and conſequently negative logarithms (which he 
calls defectives) to greater numbers. Defigning thoſe by +, theſe by —. 

And, by this means, he directs how this table of fines (with the differences 
there inſerted) may ſerve alſo for a table of tangents and of ſecants : ſo that this 
canon is a complete canon of natural fines, and of logarithmical fines, tangents, 
and ſecants. 

He ſhews alſo how this table may be applied to the logarithms of abſolute 
numbers : but becauſe with ſome trouble, he reſerves the fuller account hereof 
to a farther treatiſe. | X 

In the year 1619, the Lord Neper being then dead, the ſame was again 
publiſhed by his ſon, Robert Neper, with ſome poſthumous treatiſes of his father, 
concerning the conſtruction of this Logarithmical Canon, and concerning his 
deſign (after communication had with Mr. Brigges) of changing the form of 
logarithms, making o to be the logarithm of 1 (of which he had before given 
notice in the preface to his Rabdologia, publiſhed in the year 1617), and con- 
cerning ſome things pertaining to trigonometry ; with ſome lucubrations of 
Mr. Brigges on the ſame ſubject. 

But, the Lord Neper being dead, the whole work was devolved on Mr. 
Brigges, who (according to their joint advice) making the logarithm of 1 to be 
o, and of 10, 100, 1000, &c, to be 1, 2, 3, &c, which he calls indices, or 
characteriſtics, and which we may repute as integer numbers, with fourteen 
ciphers annexed, which we may repute as ſo many places of decimal fractions 

; 7 below 
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below the place of units, or of the characteriſtick: and between theſe he fits 
the intermediate logarithms for the intermediate numbers. 

And conſequently the logarithm of 1 being o, the logarithm of fractions 
leſs than 1, or of numbers intermediate between 1 and o, muſt be negative 
numbers, or numbers leſs than o (which he calls defective logarithms), denoted 


by — (the note of negation). prefixed. 


; "Now theſe defective logarithms may be two ways expreſſed; either io. as 
that the note of negation ſhall affect the whole logarithm, or ſo as to affect 


only the characteriſtick (leaving the reſt of the logarithm to be underſtood as 
affirmative). 
As, for example, the fraction 3, or (which is equivalent) 0.375. This 
fraction ſuppoſeth the numerator 3 to be divided 
by the denominator 8, which in logarithms is to Log. 3. 4771212 
be performed by ſubtracting the logarithm of 8 Log. 8. o. 9030890 
from that of 3, and the remainder will be the loga- . +. — 0.4259687 
rithm of 4, which will then be the negative num- | | 
ber, —0.42 59687. | 
Or thus; for as much as the logarithm of 375 (ſuppoſin it to be a an x integer 
number) is 2.57403 12. And the depreſſing this to the fr, ſecond, or third, 
or further place of decimal fraction, doth (without altering the figures) divide 
the value by 10, 100, 1000, &c ; which in logarithms is done by ſubtracting 
I, 2, 3, &c, from the W or 50 of 
integers (1, 2, 3, &c, in that place, being the lo- 1 ; 
— of — 100, 1000, &c). Such 37 Las of —— — 
Log 
Log 


ation of the value (the figures remaini . 
done by altering the characteriſtick of the og | ; _ bai 
rithm, without varying the other figures in Log. o[375- 1.740312 


manner. 
Which two forms, though they ſeem different, Lg. 910375 2-5740312 

and ſome may rather chooſe the one, ſome the 

other; or in ſome caſes the one, in ſome caſes the other; yet they are in 


nee or value the ſame. For 


— 1. 0000000 


4 + o. 5740312 + 


is = 0.4259687 


And every one is left to his deny, whether of the two ways (or what other 
equivalent thereunto) he ſhall pleaſe to uſe. 

In this method Mr. Brigges hath calculated a table of logarithms (publiſhed i i 
the year 1624) for twenty chiliads of abſolute numbers (from 1 to 20, ooo); an; 
again for 10 more (from 90, ooo to 100,000), and one chiliad ii Br 
(to wit, the hundred and firſt chiliad), that is 31 chiliads in all. 

Before which is prefixed, a large account of the nature and conſtruction 


of this een Canon, and the uſes thereof; and direction how to r 
the 
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the intermediate chiliads which are here wanting. The whole intituled 4ri/b- 
metica Logarithmica, | ; 
The ſame is again publiſhed in the year 1628, by Adrian Vlacq (or Flack), 


with a ſupplement (as Mr. Brigges directed) of the chiliads before omitted; 


that is, in all, of 100 chiliads, with one ſupernumerary. But in ſhorter num- 
bers, extending but to 10 places below that of the integers, or the characteriſtick. 
And he ſubjoins alſo a logarithmical canon of fines, tangents, and lecants (for 
degrees and minutes of the quadrant) of as many places. or 
Mr. Brigges proceeded to calculate a trigonometrical canon logarithmical, 
ſuited to that for abſolute numbers, to the logarithms extending (as in that 
other) to 14 places, beſide the characteriſtick. And having before calculated 


a table of natural fines, tangents, and ſecants (for degrees and centeſmes of 


degrees) in numbers extending to 15 places, he fitted thereunto a canon of loga- 
rithmical fines and tangents (becauſe thoſe of ſecants might be ſpared); and a 
treatiſe prefixed concerning the conſtruction thereof, with other things pertinent 
thereunto ; intending a farther treatiſe concerning the ule of it. : 

But dying before this laſt was finiſhed, or the reſt publiſhed, Mr. Henry 
Gellibrand ſupplied this latter, and publiſhed the whole, with the title of 
Trigonometria Britannica, in the year 1633. To which is ſubjoined another 
canon of logarithmical fines and tangents, by Adrian Vlacq, for degrees, 
minutes, and tenth ſeconds, extending (as his former did) to 10 places, 
beſide the characteriftick ; and Mr. Brigges's 20 chiliads for logarithms of 
abſolute numbers. 

So that the whole doctrine of logarithms was by this time ſufficiently per- 
feed, with convenient canons or tables fitted thereunto, in large numbers: 
of which alſo Petrus Crugerus gives an, account in the preface to his Trigono- 
metria Logarithmica, printed in the year 1634, with his logarithmical tables, 
but in ſhorter numbers, 

And the tables of logarithms above mentioned (for 100 chiliads of abſolute 
numbers, and for fines and tangents to degrees and centeſmes) were the ſame 
year, 1633, contracted into a leſſer form, and more manageable (but in ſhorter 
numbers, the former not extending to above ſeven places, befide the charac- 
teriſtick, but the latter to 10); by Nathaniel Roe; with directions for the uſe 
of them (in trigonometry, geometry, aſtronomy, geography, and navigation), 
by Edmund Wingate. | N 

In the mean time, Benjamin Urſinus did alſo publiſh tables of logarithms in 
the year 1618, and again in the year 1625, in his Trigonometria; and Johannes 
Keplerus alſo in the year 1624, in his Chilias Logarithmorum (which he applies 
alſo to his Rudolpbine Tables, publiſhed in 1627), and Claudius Batſchius about 
the ſame time, or ſoon after ; and Georgius Ludovicus Frobenius, in the year 
1634, and perhaps ſome others. But all, or moſt of them, in ſhort numbers, 
and conformable to the Lord Neper's firſt deſign ; not to that form, which, 
upon ſecond thoughts, he and Mr. Brigges agreed upon as moſt eligible, and 
which hath fince been received in common practice. 

Since which time, much hath not been added to the doctrine of logarithms ; 
nor was it neceſſary, that work having obtained ſuflicient perfection. 
Vol. II. F But 
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But in caſe logarithms on any emergent occaſion be deſirable with greater 
exactneſs, and in larger numbers than thoſe printed tables do afford, Mr. 
Nicholas Mercator, in a ſmall treatiſe, called Logarithmotechnia, printed in the 
year 1668, ſhews (with great ſubtilty) how it may be effected, in numbers of 
whatever length deſirable, with much more eaſe than heretofore.” 

Nor ſhall I need to add more concerning logarithms : thoſe who deſire 
farther, may find it in the authors above mentioned; eſpecially Mr. Brigges's 
Arithmetica Logarithmica and Trigonometria Britannica, with Adrian Vlac's ad- 
ditions to both. | 

Without farther inſiſting, therefore, on the algoriſm by numeral figures (with 
the improvements thereof ſince we had them from the Arabs), I ſhall return to 
what doth more immediately concern Algebra. 


IND OF THE TWELFTH CHAPTER OF WALLIS'S ALGEBRA, 
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FROM THE 


PHILOSOPHICAL TRANSACTIONS; 


A Letter from the Reverend Dr. Wallis, Profeſſor of Geometry in the Univerſity of 
Oxford, and Fellow of the Royal Society, London, to Mr. Richard Norris ; con- 


cerning the Collection of Secants, and the true Diviſion of the Meridians in the 
Sea Chart. | 


N old inquiry (about the ſum or aggregate of ſecants) having been of late 

moved anew, I have thought fit to trace it from its original, with ſuch . 
ſolution as ſeems proper to it; beginning firſt with the general preparation, and 
then applying it to the particular caſe. 


GENERAL PREPARATION, 


1. Becauſe curve lines are not ſo eaſily managed 
as ſtraight lines: the ancients, when they, were to =P 
conſider of figures terminated (at leaſt on one fide) 
by a curve line (convex or concave), as AFKE, did | 


oft make uſe of ſome, ſuch expedient as this fol- : 1 
lowing (but diverſely varied as occaſion required), L 
namely, 2 nh e 


F 2 2. By 
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2. By parallel ſtraight lines, as Ar, Bs, cn, &c (at F 
equal or unequal diftances, as there was occaſion), Wt 
they parted it into ſo many ſegments as they thought 
fit; or ſuppoſed it to be ſo parted. | 

3. Thele ſegments were /o many wanting one, as was 
the number of thoſe parallels. 

4. To each of theſe parallels wanting one, they 
fitted parallelograms, of ſuch breadths as were the 
intervals (equal or unequal) between each of them 
reſpectively, and the next following; which formed an adſcribed figure made 
up of thoſe parallelograms. _ | , 

5. And if they began with the greateſt (and therefore neglected the leaſt) 
ſuch figure was circumſcribed (as fig. 1), and therefore bigger than the curvi- 
linear propoſed. 

6, If with the leaſt (neglecting the greateſt), the figure was inſcribed (as 
fig. 2), therefore leſs than that propoſed. 

7. But, as the number of ſegments was increaſed (and thereby their breadths 
diminiſhed), the difference of the circumſcribed from the inſcribed (and there- 
fore of either from that propoſed) did continually decreaſe, ſo as at laſt to be 
leſs than any aſſigned. 

8. On which they grounded their method of exhauſtions. 

9. In caſes wherein the breadth of the parallelograms, or intervals of the pa- 
rallels, is not to be conſidered, but their length only; or, which is much the 
ſame, where the intervals are all the ſame, and each reputed = 1; Archimedes 


(inſtead of .inſcribed and circumſcribed figures) uſed to ſay, All except the 


greateſt, and all except the leaſt :” as prop. 11 Lin, Spiral. 


, 


PARTICULAR CASE, 


10, Though it be well known, that, in the 
terreſtrial globe, all the meridians meet at the 
pole, as EP, EP, whereby the parallels to the 
equator, as they be nearer to the pole, do con- 
tinually decreaſe. 

11. And hereby a degree of longitude in ſuch 
parallels, is leſs than a degree of longitude in 
the equator, or a degree of latitude. 

12. And that, in ſuch proportion, as is the 
co- ſine of latitude (which is the ſemidiameter of 


ſuch parallel), to the radius of the globe, or of the equator, 
13. Yet hath it been thought fit (for ſome reaſons) to repreſent theſe me- 
ridians, in the ſea chart, by parallel ſtraight lines, as Er, xy. | | 
14. \Wherel y each parallel to the equator (as LA) was repreſented in the ſea. 
chart (as Ia) as equi to the equator EE, and a degree of longitude therein as 
large as in the equator, 


15. By 
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15. By this means each degree of longitude in ſuch parallels was increaſed 
beyond its juſt proportion, at ſuch rate as the equator, or its radius, is greater 
than ſuch parallel, or the radius thereof, 

16. But in the old ſea charts, the degrees of latitude were yet repreſented 
(as they are in themſelves) equal to each other, and to thoſe of the equator. - 

17. Hereby, amongſt many other inconveniencies (as Mr. Edward Wright 
obſerves, in his Correction of Errors in Navigation, firſt publiſhed in the year 
1599), the repreſentation of places remote from the equator was fo diſtorted 
in thoſe charts, as that, for inſtance, an iſland in the latitude of 60 degrees (where. 
the radius of the parallel is but half ſo great as that of the equator) would have 
its length, from Eaſt to Welt, in compariſon of its breadth, from North to South, 
repreſented in a double proportion of what indeed it is. 

18, For rectifying this in ſome meaſure (and of ſome other inconveniencies), 
Mr. Wright adviſeth, that (the meridians remaining parallel, as before) the 
degrees of latitude remote from the equator, ſhould, at each parallel, be pro- 
tracted in like proportion with thoſe of longitude. | 

19. That is, as the co-fine of latitude (which is the ſemi-diameter of the 
parallel) to the radius of the globe (which is that of the equator), ſo ſhould be 
a degree of latitude (which is every where equal to a degree of longitude in the 
equator) to ſuch a degree of latitude ſo protracted (at ſuch diftance from thg 
equator), and fo to be repreſented in the chart. 


20. That is, every where in ſuch proportion as is the 
reſpective ſecant (for ſuch latitude) to the radius. For 
as the co- ſine to the radius, ſo is the radius to the ſecant 
(of the ſame arch or angle), as Z. R:: R. 

21. So that, by this means, the poſition of each parallel 
in the chart ſhould be at ſuch diſtance from the equator, 
compared with ſo many equinoctial degrees or minutes (as 
are thoſe of latitude), as are all the ſecants (taken at equal 
diſtances in the arch) to ſo many times the radius. 

22. Which is equivalent (as Mr. Wright there notes) 
to the projection of the ſpherical ſurface (ſuppoſing the eye 
at the center) on the concave ſurface of a cylinder, erected 
at right angles to the plain of the equator. 


23. And the diviſion of meridians, repreſented by the 
ſurface of a cylinder erected (on the arch of latitude) at 
right angles, to the plain of the meridian, or a portion 
thereof. The altitude of ſuch projection, or portion of 
ſuch cylindrick ſurface, being, at each point of fuch cir- 
cular baſe, equal to the ſecant of latitude anſwering to 
ſuch point. 
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24. This projection (or portion of the cylindrick ſur- 
face) if expanded into a plain, will be the ſame with a 
plain figure, whoſe baſe is equal to a quadrantal arch ex- 
tended, or a portion thereof, on which, as ordinates, are 
erected perpendiculars equal to the ſecants, anſwering to 
the reſpective points of the arch ſo extended; the leaſt of 
which (anſwering to the equinoctial) is equal to the radius, 
and the reſt continually increaſing till, at the pole, it be 
infinite. Mis 

- 25. So that as ERSL (a figure of ſecants erected at right 
angles on EL, the arch of latitude extended) to ER RL (a rectangle on the ſame 
baſe, whoſe altitude ER is equal to the radius), ſo is EL (an arch of the equator 
equal to that of latitude) to the diſtance of ſuch parallel (in the chart) from the 
equator. . 

ES: For finding this diſtance anſwering to each degree and minute of lati- 
tude, Mr. Wright (as the moſt obvious way) adds all the ſecants (as they are 
found calculated in the Trigonometrical Canon) from the beginning, to the 
degree or minute of latitude propoſed. , 

27. The ſum of all which, except the greateſt (anſwering to the figure in- 
ſeribed), is too little; the ſum of all, except the leaſt (anſwering to the circum- 
ſcribed), is too great (which is that he follows; and it would be nearer to the 
MSuth than either, if (omitting all theſe) we take the intermediates ; for min. 2, 
14, 243, 3+, &c, or (the doubles of theſe) min. 1, 3, 5, 7, &c : which yet (be- 
cauſe on the convex ſide of the curve) would be ſomewhat too little. 

28. But any of theſe ways are exact enough for the uſe intended, as creating 
no ſenſible difference in the chart. T 

29. If we would be more exact, Mr. Oughtred directs (and ſo had Mr. 
Wright done before him) to divide the arch into parts yet ſmaller than minutes, 
and calculate ſecants ſuiting thereunto. | | 

30. Since the arithmetick of infinites introduced, and, in purſuance thereof, 
the doctrine of infinite ſeries (for ſuch caſes as would not, without them, come 
to a determinate proportion), methods have been found for ſquaring ſome ſuch 


figures, and particularly the exterior hyperbola (in a way of continual approach), 


by the help of an infinite ſeries. As in the Philoſophical Tranſactions, Numb. 


38, for the month of Auguſt, 1668 and my book, De Motu, cap. 5, 


Prop. 31. 
31. In imitation whereof, it hath been deſired (I find) by ſome, that a like 


quadrature for this figure of ſecants (by an infinite ſeries fitted thereunto) 


might be found. | | 4 Io 
32. In order to which, put we for the radius of a circle, x; the right fine of 


an arch or angle, s; the verſed fine, v; the co- ſine (or ſign of the complement) | 


2 R- =V/:Rq—5$q* the ſecant, /; the tangent r. Fig. 4. 
33. Then is B. K:: K. , chat is, Z) n* (s ; the ſecant. 
34. And Z. s:: R. r, that is, Z) sR (T = =; the tangent, 
4 35. Now 


of SECANTS, &c. TY 


- 35. Now if we ſuppoſe the radius o divided into 2 
equal parts (and each of them = +5 KR), and on theſe to G 8 
be erected the co- ſines of latitude LA: [> = 
4 36. Then are the fines of latitude in arithmetick pro- = 
| greſſion. X K 


37. And the ſecants anſwering thereunto, L/ = — | 

Þ 38. But theſe ſecants (anſwering to right fines in arith- 

3 : metical progreſſion) are not thoſe that ſtand at equal diſ- 

3 tance on the quadrantal arch extended. Fig. 6. | . 7 
39. But ſtanding at unequal diſtances on the ſame 

4 extended arch; namely, on thoſe points thereof whoſe | 

3 | right fines (whilſt it was a curve) are in arithmetical ” 


progreſſion. | | 

40. To find therefore the magnitude of REI fig. 2 

6, which is the ſame with this (ſuppoſing EL. of the 

ſame length in both, however the number of ſecants 
therein may be unequal), we are to conſider the ſe- 
cants, though at unequal diſtances here, to be the 
ſame with thoſe at equal diſtances in the preceding E 1 
figure, anſwering to ſines in arithmetical progreſſion. 7% 

41. Now theſe intervals, or portions of the baſe, are _ 
the ſame with the intercepted arches, or portions of the 
arch, -in the preceding figure ; for this baſe is but that 
arch extended. FJ * cata” 

42. And theſe arches, in parts infinitely ſmall, are. 
to be reputed equivalent to the portions: of their reſpec- 
tive tangents intercepted between the ſame ordinates. As 
in fig. 7 and g. . a 

43. That is, equivalent to the portions of the tangents 
of latitude. 

44. And theſe 'portions of tangents are to the equal 
YN intervals in the baſe, as the tangent of latitude to its 
1 ſine. 


* 


YA 45. To find therefore the true magnitude of the paral- hs od 

= | lelograms, or ſegments of the figure, we mult either pro- 

1 track the equal ſegments of the baſe (fig. 7), in ſuch proportion as is the reſpec- 

3 tive tangent to the fine, to make them equal to thoſe of fig. 8. | 

7 46. Or elſe, which is equivalent, retaining the equal intervals of fig. 7, pro- 
tract the ſecants in the ſame proportion; for either way the intercepted rect- 
angles or parallelograms will be equally increaſed; as LM, fig. 9. 


3 47. Namely ; as the fine of latitude to its tangent, ſo is the ſecant to a 
4 fourth ; which is to ſtand on the radius equally divided, inſtead of that ſecant. 
SR .* * * 4 ** — 
8. —(:: L. R) * ＋ 3 LM, fig. 9. 


48. Which therefore are as the ordinates in (what I call Arith. Infin. prop. 


104) Reciproca Secundinorum, ſuppoſing Z* to be ſquares in the order of 
ſecundanes. | 


49. This 
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88 WS. 850 R (n + ey PS. 4 
R R3 

49. This becauſe of T* = r* — $®, and R —$*R 
the fines s, in arithmetical progreſſion, T 
is reduced by diviſion into this infinite 4 34 
ſeries : * 

93 $+ 85 DO 87 
R + 2 2 = — * — &c. + _ 

50. That is (putting R = 1), Ru 1 Ct 
1+ +$5+58 &c. "I 15 

51. Then (according to the arithme- 3 FU 
tick of infinites) we are to interpret s, 5 


ſucceſſively, by 1s, 2s, 3s, &c, till we 
come to s, the greateſt ; which therefore repreſents the number of all. 

52. And becauſe the firſt member doth repreſent a ſeries of equals, the ſe- 
cond of ſecundans, the third of quartans, &c ; therefore the firſt member is to 
be multiplied by s, the ſecond by 4s, the third by 3s, the fourth by s, &c. 

53. Which makes the aggregate 

s + 353 + 35 + 38' + 38? &c = ECLM, fig. 9. | 

54. This (becauſe s is always leſs than x = 1) may be ſo far continued, till 
ſome power of s become ſc ſmall as that it, and all which follow it, may be 
ſafely neglected. | | 
55. Now (to fit this to the ſea chart, according to Mr. Wright's deſign) 
having the propoſed parallel of latitude given, we are to find, by the Trigono- 
metrical Canon, the ſine of ſuch latitude, and take, equal to it, cl Ss. 
And, by this, find the magnitude of zcLM, fig. 9; that is, of REV fig. 8; 
that is, of RE, fig. 6. And then, as RRLE, or ſo many times the radius, 
to RR / (the aggregate of all the ſecants), ſo muſt be a like arch of the equator 
(equal to the latitude propoſed) to the diſtance of ſuch parallel (repreſenting the 
latitude in the chart) from the equator ; which is the thing required. | 

56. The ſame may be obtained, in like manner, by taking the verſed fines 
in arithmetical progreſſion, For if the right fines, as here, beginning at the 
equator, be in arithmetical progreſſion, as 1, 2, 3, &c, then will the verſed fines 
beginning at the pole (as being their complements to the radius) be ſo alſo, 


THE COLLECTION OF TANGENTS., 


57. The ſame may be applied in like manner (though that be not the preſent 
buſineſs) to the aggregate of tangents, anſwering to the arch divided into equal 


parts. | 
58. For thoſe anſwering to the radius ſo divided, are 


arithmetical progreſſion. 


_ taking s in 


59. And 


k 
* 
þ 
þ 
w - 
* 
=—_ 
2 Ri 
23 4 
= 
8 
"= - 
—_ 
= * 
WS 
= 
by 
1 1 05 
= 
7 
1 E 
= 
= 8 
KL 
2 _ 
—=—= 
- c 42 
_— 
_—_— 
N 8 
7 i 
_ _— 
"NF 9 by 
2 3 
= d. 
bs 0 
1 
= 
YN y pol 
__» === 
> g 
be. 9 7 
x 
_— 
1 6 i 
x _ 4 
of 
+8 " 
l =. 
x 
= 
„ J 
= 
- Mi 
> 
A 22 
=o 
—— 
be” 
1 1 bf 
—_— 
zz 
*Y £ 
es 
4 \- 
. = 
.* _- 
Ty 
+2 
4 
4 
"= 
= 
No 4Y 
1 
_ p 
* 7 
i= 
4 y oy 
:_ 
1 
4 c 
1 
=— 
= 
2 L 
q - 
_— 
% 
_ 
133 
Fr == 
__ —— 
IS xz 
9 
1 
8 y 
_ 
= \ 
9 
" _ 
br 
= 
= 
—= 
* 0 
3 
b 4 
_— 
—_— 
= 2 
xz 
_ 
__—_ 
1 
= 
= 
4 < 
= 
= 
9 1 
. 
== 
0 
= 
FE, 
* 
_— - 
- { 
4s ” 
L 27 * 
0 
= 
x 
-—— 
af -B 
Iv 
= p 
1 
=” * 
- 2 
= 
FE x 
- 
_ 
9 0 
bh 
== 
= * 
= 
4 Ef 
- 
Po. 
== . 
= 
4 *y 
_— 
v4 
_ I * 
3 © 
* P 
9 * 4 
_ 
= 
* —_ 
_ 4 
9 
= 
4 
.Y | 
"= 
xz 
.* 
2 1 
= 
> 
9 
q 4 H 
f 
3 * 
3 ro 
* 
wy 
* 
— 
* 


Tn 
Ha 


«JET 


OP SECANTS, &. 


the proportion of the tangent to the ſine, 


3. J (:: L. x) 


60. We have by diviſion this ſeries, 
'g3 g5 87 g9 
Co Ton Pur Bog &c. 
61. That is (putting x = 1), 
s ＋ S3 ＋ s“ ＋ 57 + s &c. 
62. Which (multiplying the reſpec- 
tive members by 28, 48, s, 35, Nos, 
&c) becomes 
Ke ros“ &c. 
ich is the e of tangents to 
the arch, — Ac fine is 8. 
63. And this method may be a pattern 
like nature, 
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59. And then enlarging the baſe (as in fig. 8), or the tangent (as in fig. 9), in 
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for the like proceſs in other caſes of 
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10 TWENTY-FIVE PLACES, 
FROM A 


GEOMETRIC-AL FIGURE 


_— 


WITH SPEED, EASE, AND CERTAINTY; 


By EUCLID SPEIDELL, ParitLomaTay 


PRINTED AT LONDON, IN THE YEAR 1688, 


* 


TO THE READER 


* ING for ſome years paſt ſhewn to ſeveral perſons the praxis of 
the following Treatiſe, and alſo communicated to them ſomewhat 
of the doctrine leading thereunto, I was often deſired not to let them 
ſleep in oblivion, but to publiſh the ſame ; which was firſt promoted by 
my honoured friend Mr. Peter Hoot, merchant, and ſeconded by my 
loving friend Mr. Reeve Williams; or elſe they had not ſeen the publick. 
What I. have done therein I deſire thee to, take in good part, being alſo 
at proportional charges myſelf, beſides my compoſing thereof, to make it 
communicable to thee, rather than ſuch an eaſy and certain way to make 
logarithm numbers (to ſo many places) ſhould not be known in our 
native tongue. I have called them Geometrical Logarithms, for that 
the firſt inventors of thoſe numbers had not adapted geometrical figures 
to them. But the ſcheme. hereunto annexed having ſuch properties and 
affections as logarithm numbers have, hath made me ſo ſtyle them. What 
I have done herein is to gratify ſuch who have a curioſity to examine lo- 
garithm tables, and to make logarithm numbers to ſo ſmall radiuſes as 
are ſo often printed for common uſes with brevity and exactneſs. Two 
ſheets of the praxis hereof were printed ſome time before the reſt ; - 
which having found kind acceptance with divers, induced me alſo to let 
the remainder be publiſhed. And before the printing thereof, one was 
writing upon thoſe two ſheets, and was ſo fair to deſire my conſent to 
publiſh. it; which L readily gave; for that I knew him able enough to do- 
it and when to be at leiſure myſelf to attend the publiſhing of the re- 
ſidue, I knew not. But that not being performed by him, I deſire thee 
to accept of what is done herein. as time and leiſure. hath. permitted. I 
| ſhall not need to write how needful logarithm numbers are in thoſe great 
and uſeful arts of Navigation, Aſtronomy, Dialling, Fortification and 
Gunnery, Surveying, Gauging, Intereſt, and Annuities, &c, when, as 
there are ſo many books written and publiſhed thereof, not only in our 
own language but in many others. And truly the firſt inventors thereof 
are not a little to be had in reverence for making and perfecting thoſe 
numbers with ſo much. labour. as thoſe methods by which they derived 
them did require, Here thou mayſt make a logarithm to 7 or 8 places 
readily and eaſily; but to 25 places would have been very difficult, if not 
impoſſible, for the firſt inventors to have produced after their ways. If 
- any thing herein ſhall offer whereby thou mayſt make farther improve- 
ment, let the publick ſhare of the benefit thereof. Thus wiſhing thee 
good ſucceſs in all thy ſtudies, is moſt earneſtly deſired by 
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A BoO vx the year 1673, being in company with Michael Dairy, à citizen 


| of London (who had for moſt part of his life-time addicted himſelf to 
mathematical ſtudies, and hath publiſhed divers practical pieces of ſeveral parts 
of the mathematicks, of uſe and delight); and diſcourſing about making 
byperbolical logarithms, I deſired him to give me a rule to make the hyper- 
bolical logarithm of 10, from the conſideration of an hyperbola inſcribed within 
a right-angled cone, who gave me this rule following. 

To the number propoſed, viz.. 10, add an unit, and ſubtract from it an unit, 
and there will be a reſult of 4%; then divide 1, or 100000000; &c, by Fr, which 
is 818181818 &c, which cube in infinitum, and divide every one of them (which 


will be a rank of proportional numbers) by the proper indices of their reſpective 


powers, that is to ſay, by 3, 5, 7, 9, 11, &c, then the addition of thoſe quotes 
will make the logarithm of 10. 

Finding, then, that 10 divided by r maketh 81818181818181 &c; and to 
cube it in inſinitum, was very difficult, I rejected the rule, and thought it then 
not much more eaſy than Briggs's way: neither did he tell any reaſon or de- 
monſtration for the ſaid rule; and becauſe in this example I found it ſo intricate, 
did not much care to proſecute it, but neglected itz Not long after he de- 
parted this lite, and fince his death reſuming the ſaid thing, and trying if it 
were ſerviceable in any other part of the hyperbola, I ſoon found it a jewel, 
and could make the hyperbolical logarithm of 10 at twice, that is to ſay, from 
two parts numbered in any aſymptote, whoſe fact is 10, with eaſe, certainty, and 


| 2 ht, and have made the hyperbolical logarithm of 2 to 25 places, in order to 
ee 


the learned and laborious Henry Briggs's logarithms were true to 15 places, 
which were made after a moſt laborious and difficult way of extracting ſquare 
roots, and, as I have heard, was the work of eight perſons a whole year, and that 
without any proof but only if any two or more agreed in their extractions, line 


by 
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by line, ſtep by ſtep, it was taken de bene eſe; which was a work of very great 
pains and uncertainty. However, they did effect it; and I do find they made 
ahe logarithm of 2 to 15 places very true, as by operation, hereafter fol- 
lowing, will appear, being done to 25 places, and afterwards from theſe hyper- 
bolical logarithms deduced Briggs's logarithms ; both which figurative operations 
were performed and examined by me in 8 hours' time. I took this pains to 
make the hyperbolical logarithm to 25 places, in order, alſo, to ſee if the moſt 
ingemous' and laborious James Gregory's kyperbolical logarithm would agree 
with this of mine, which he hath, in his Quadratura Circuli & Hyperbolæ, printed 
at Padua; but I find that his logarithm of 2 correſponds with mine but to 17 
places. I muſt confeſs, I did not take the pains to raiſe the logarithm of 2 to 
24 places, according to the doctrine he hath delivered in that moſt learned 
piece, but am contented that this eaſy and certain way I deliver here, and by 
the operation thereof the hyperbolical logarithm of 2 to 25 places, is as true in 
the laſt as in any where, and may be examined in a few hours; ſo that any body, 
if e may be his own examiner and judge, if this way be not eaſy, certain, 
and ſpeedy. 
— made ſeveral logarithms for digit numbers, and mixt numbers, as for 
12, 1+, Which are hereafter inſerted, I find the rule delivered by Michael Dairy 
is of admirable uſe and benefit in ſquaring the hyperbola, and making loga- 
rithms from it. | | 
Some time ſince the death of the ſaid Michael Dairy, I ſhewed unto Mr. 
John Collins, who I knew had been a great familiar and friend to the ſaid 
Michael Dairy, the figurative work of my making the hyperbolical logarithms, 
according to the ſaid Dairy's rule; who ſeemed very well pleaſed with it, ac- 
knowledging it to be the ſpeedieſt way could poſſibly be of ſquaring the hyper- 
bola, and making the logarithms from it ; and, after a little pauſing on it, re- 
plied, © That Dairy muſt have had this rule out of the ſaid James Gregory's 
works.” I made anſwer, © Not from his faid Quadratura Circuli & Hyperbolæ.“ 
He anſwered «© No, from his Exercitationes Geometrice, printed at London, 
1668. -A book I had not ſeen or heard of till then. And as he the ſaid Mr. 


Collins had been always very frank and free to communicate any mathematical 


thing to me, ſo I held myſelf obliged to acquaint him firſt with this work. He 
ſeemed to admire that Michael Dairy ſhould keep ſuch a thing from him, who 
had been ſo great a familiar with him in theſe fludies. Not long after my diſcovery 
hereof to the ſaid Mr. Collins, he alſo departed this life ; whoſe death, all that 
were mathematical, and knew him, lamented not a little: for he was not only 
excellent in mathematicab-arts and fciences, but of a very good, affable, and 
frank nature to communicate any thing he knew to any lover and inquirer of 
thoſe things; and hath left behind him thoſe mathematical works which will 
continue his fame amongſt the lovers and ſtudents therein. He alſo, in his life- 
time, promoted the publiſhing of other men's mathematical works, -as the 
elaborate Algebra of the learned John Kerſy, who was my father's diſciple 
about 164+ ; and alſo of the learned Baker's Algebra, and ſeveral others. He 
was a man of great correſpondence with mathematical perſons in foreign parts, 
and thereby could give information of any new or old mathematical book; 


and, till my acquaintance with him, I was ignorant of foreign authors; being 
C but 
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but young when my father died, and not then having taken any pains in theſe 


ſtudies : ſo that, by the ſaid Collins's information and means, I have heard of, 


and ſeen, ſome mathematical authors of note and eſteem. 
After the ſaid Mr. Collins had told me of James Gregory's ſaid Exercitationes 


| Geometric, fold by Moſes Pitts, in St. Paul's Church-yard, I bought there one 


of them; and do find, that Michael Dairy had deduced this rule from the ſaid 
book : wherein the ſaid James Gregory hath made the — of the hyper- 
bola, an exerciſe geometrically demonſtrating the quadrature of the hyperbola, 
ſome time before publiſhed by the induſtrious and lucky Nicholas Mercator; 
who, by the happy diſcovery of ſome properties in the hyperbola, hath made 
all the ways of ſquaring the hyperbola flowing from the fame, very eaſy, cer- 
tain and delightful: and becauſe neither of them have exemplified their doctrine 
and rules with figurative work, ſo large as to 25 places. I have here, to illuſ- 
trate their admirable works, inſerted divers figurative operations, whereby the 
reader and ſtudent may ſee, and have that ſatisfaction in fact and operation, 
which is ſo pleaſing and deſirable by every one. 4 
I ſhall not here trouble the reader with any ſections of the cone, whereby: he 
may ſee the riſe and geniture of an hyperbola from that body, but content my- 
ſelf to ſhew him from a ſquare and an infinite company of oblongs on a ſu- 
perficies, each equal to that ſquare, how a curve is otten which ſhall have 
the ſame properties and affections of an hyperbola inſcribed within a right- 
angled cone: and ſeeing a curve made after this manner following doth be- 
come ſuch an hyperbola, the doctrines and analogies delivered and diſcovered 
by thoſe two ingenious artiſts, Mercator and Gregory, may be applied to this 
curve as often as need and occaſion doth require. 
And, not to detain the reader any longer from knowing how to make this 
curve, we proceed to deſcribe the ſame accordingly. | 
There is a ſquare aBcD, whoſe fide or root is 10; let ps be prolonged in 


_ #nfinitum, and continually divided equally by the root, or Ds, and thoſe equal 


diviſions numbered by 10, 20, 30, 40, 50, 60, 70, &c, in infinitum : upon theſe: 


numbers let e eee be erected, which call ordinates, and each of thoſe 


perpendiculars of that length, that perpendiculars let fall from the aforeſaict 
perpendiculars to the fide or baſe cÞ (which call complement ordinates), the 
oblongs made of the ordinate perpendiculars, and complement ordinate perpen- 
diculars, may be ever equal to the ſquare Ab, which may eaſily be done thus; 
for it is , +22, 429, 292 &c, produces the length of the ordinate perpendicu- 
lars; for 100 divided by 20, maketh 5 for the length of the ordinate perpendi- 
cular 208. And 100 divided by 3o, giveth 3333333 &c for the ordinate 
perpendicular 3oF ; and 100 divided by 40, produceth 25 for the ordinate 406, 
and fo of the reſt. And, geometrically, it is as 20D is to BD, ſo is A8 to An 
equal to 20E, as before; for that the angle Ack is equal to c20D, and ſo of 
the reſt, And, for the _ of the next ordinate, you ſay, as 30p to Bb, 
ſo AB to Ak, which is equal to 3oF. And, for the ordinate 406, ſay, as 400 to: 
BD, ſo AB to AM, which will be equal to 400, and fo of all the reſt ; whereby 
you have all the perpendiculars upon the prolonged fide Bp, both geometrically 
and arithmetically, The ſame proportion is to be obſerved. for any interme- 


diate parts, 


Now, 
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Now, for all the perpendiculars which are let fall from the aforeſaid 2 | 
S E 


diculars or ordinates to the baſe cp, which call complement ordinates, 

metrical proportion for nz, equal 220 is as HA to AC, fo p to CL20 —2 
NE; and for the complement ordinate or equal p30, it is as KA to AC, ſo op to 
D3o equal or, and ſo of the reſt, Now, for xE arithmetically, ſay, as 5 to 10, 
ſo 10 to 20 equal to xx, equal to D20 ; and for or, ſay, as 33333333 to 10, ſo 10 
to 3o equal or, which is equal to c go, and for P equal to 240, ſay, as 25 is 
to 10, ſo 10 to 40 equal to pc, equal to 540; and fo for all the reſt of the com- 
plement ordinates ſtanding upon the baſe cp, whereby it doth appear, that all 


the oblongs made of the ordinates, and complement ordinates, are each of them 


equal to the ſquare An, which is here 100 ; for the oblong xD being made of 
£20 and Dao, is by the 13 of the 6 Euclide, equal to the ſquare ap; for d20 is 
a mean proportional between 220, and 20, and ez0o is found to be equal AB, 
fo is the oblong or parallelogram En equal to the ſquare ap, and the like de- 
monſtration ſerves for all the 3 1 ſtanding upon the baſe 

op, by the tips or angular points of thoſe parallelograms, or from the ends of 


all the ordinates ftanding upon 20, 30, 40, 50, 60, 70, in infinitum, draw the 


curve line from a towards x, ſo ſhall you deſcribe the curve AE s, which 
curve you ſee is begotten without any conſideration or reſpect to the ſection of 
4 cone, and yet becomes the ſame in all reſpects, to have the ſame affe&ions 
and properties of an hyperbola derived from the interſecting of a right-angled 
cone, as ſhall be ſhewed in the next chapter. | 

You may obſerve the complement ordinate nx, being equal to Dao, is equal 
fo twice radius. And if cp be made the radius of a circle, then is nz equal to 
©20, equal to the tangent of twice radius; for D20 becometh the tangent of 
twice radius. Alſo, it is manifeſt that the complement of the tangent equal to 
twice radius is alſo equal to half the radius; that is, the tangent complement 
of pa is 20E equal to 5. And ſeeing the radius is ever a mean proportion 
between the tangent and the tangent complement, therefore each oblong is 
equal to the ſquare ap. 
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C H AP. II. 
I. the former chapter, we have ſhewed the begetting of a curve, without any 


to the ſection of any fold body; and now it remaineth to prove that 
is curve hath the ſame properties and affections that an. hyperbola, deduced 
from the ſection of a right-angled cone. 

LI remember ſoine time before the death of John Collins, he told me, it was a 
great work of the learned Vincent, or Magnan, to prove, that diſtances reckoned: 
in the aſymptote of an hyperbola, in a, geometrical progreſſion, and the ſpaces 
that the perpendiculars thereon erected, made in the hyperbola, were equal the 
one to the other. This property is now very well known; the hyperbola hath, 
and this curve hath the ſame property; which is diſcernible — cs In 
the hyperbola, they call the prolonged line ps in infinitum, from the point , 
an aſymptote. And here in this prolonged line from 3, on 20, 40, 80, 160, 

"IM 320, 
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320, 640, &c, let the ordinates touch the curve in Eros &c; I ſay, that thoſe 
trapezias with the curve line (or hyperbolical ſpaces) are all equal the one to the 
other. In the right-lined trapezias thereon, it is manifeſt, they are all equal the 
one to the other, by ſeveral propoſitions of the 6th book of Enchd : for in the 
right-lined trapezia z RAB, the fide AB is twice EZ; and, by the former chapter, 
it was found, that cy is half EZ, by ſaying, as AB to xz, ſo xz to oy, And the 
right-lined trapezia zEAa3 ſhall be therefore equal to 75. Now, foraſmuch as in 
the right-lined trapezia voRZz, the baſe of that yz is double to 25, but the per- 
pendiculars are in the ratio of as to EZ; for, as before, it is as A8 : BZ :: EZ :; 
GY ; therefore the right-lined trapezia LE equal to the right-lined trapezia 
ZEAB, and ſo will all right-lined trapezias, ſo baſed and perpendiculared, be 
equal the one to the other. The trapezia LYEZ is equal to the ſquare av, 
becauſe z X ZE is equal to AB X AB, as in the foregoing chapter, the oblong 
oz is half the parallelogram LZ, and the triangle EI half the parallelogram Lt. 
Now the parallelogram oz + the triangle 6x1 (half the parallelogram t) is 
equal to the right-lined trapezia zz as, for in numbers 20 x 25 = 50 + half 
go equal to 5 | ; F | 

Thus you ſee the right-lined trapezias, numbered upon the prolonged fide in 
geometrical proportion, are equal the one to the other. It remaineth now to 
prove the mixed trapezias; that is, the trapezias ſtandingwupon the ſame baſis, 
but joined aloft with this curve, are alſo equal the one to the other. 

_ Firſt, let it be obſerved, that theſe curvilined trapezias (or hyperbolical 
ſpaces) are ever leſs than the right-lined trapezias, becauſe all the points in the 
curvilined trapezias fall within the right line that joins the right-lined trapezias ; 
and is thus proved in the right-lined trapezia BZEA : let there be in the baſe 2 
upon the point 5 erected a perpendicular to touch xA in r, then is T5 equal to 
AB leſs r, which is half E, that is, 10 leſs 2, 5 equal 7, 5 = Ts, But, by 
the wd chapter, if a perpendicular be erected upon the ſaid point 5 to v 
(to touch the curve in v) ſo that the parallelogram vp ſhall be equal to ap, as 
in the former chapter; then will it be ap divided by dv = zv, which is 100 
divided by 15; produceth 6,666666 for the true length of '5v ; whereas before 
5r is 7,5. By the ſame means may all the intermediate points in this curve 
line Eva be found to fall within the right line Ar, that is, between the line za 
and zB; and therefore the oy trapezia ZETAB greater than the curvi- 
lined trapezia (or hyperbolical ſpace) zEvAB. | 
No, foraſmuch as we have proved that the aforeſaid right-lined trapezias 
are ever equal the one to the other, it will now follow, that ſeeing the curve 
paſſing by all thoſe points which are extremities of the right-lined trapezia 
(as well as the curvilined ſpaces, being upon the ſame baſis always), and this 
curve being generated continually by one and the ſame ratio, as in the former 
chapter. That therefore the curvilined trapezias ſtanding upon geome- 
trical No ger baſes, ſhall be alſo equal the one to the other; which is 
the affection and property of the hyperbola. And fo the doctrines and pre- 
cepts delivered by thoſe two famous Geometers, Mercator and Gregory, for 
the ſquaring of the hyperbola, be applied to this geometrical curvilined 
figure, and from it derived logarithms, which may be called hyperbolical 
logarithms. * *_ n | 


The way and means to find the hyperbolical ſpaces in numbers ſhall be 


Ahewed in the following chapters, 


. 1 CHAP. 
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SG. IX. 


N this chapter we will conſider that moſt admirable diſcovery (I ſuppoſe 
Mercator made) upon drawing the diagonal on, which, by conſtruction, 
cutteth all the perpendiculars ſtanding upon the baſe cp at equal angles, and in 
ſuch diſtances from the baſe cp as doth unravel the myſtery of his infinite ſeries, 
and make the quadrature of the hyperbola more eaſy and certain than any 1 
ever ſaw or heard of. ; 

The diagonal cs being drawn, doth give the firſt term of a geometrical pro- 
greſſion, or infinite ſeries, between 10 and 20, or 30, 40, 50, 60, 70, 80, 
9o, &c. | 

| That is to ſay, would you know the firſt term of an infinite ſeries. (or num- 
bers geometrical proportional continued) between 10 and 20, the ſum of all 
which ſhall be juſt 20. Having from 2 drawn the line ze, to cut BA into R, 
which taken off and applied to op, from c-to x equal ns, becauſe the angle 
BCN is equal to the angle cg; I ſay, that ws is the firſt term of an infinite 
feries between eo equal ac, and the perpendicular xz equal pz; which may be 
done by ſquaring ac, and dividing it by the fide or number given, the comple- 
ment whereof to 10 is the firſt mean or term of that infinite ſeries, ſo ſhall 
the firſt term of the infinite ſeries between 10 and 20 be found 5. Thus in 
numbers, 10 X 10 = 100, „ = 5, the complement whereof to 10 is 5, equal 
ex, equal Ns for the firſt term of an infinite ſeries between 10 and 20, whoſe, 
fum is 20, as by the arithmetical work in the margin, 
where a, 6, c, 4 e, V, &c are a rank of geometrical pro- a. 10 
greſſional numbers, whoſe infinite ſum would make but . . 5 


— 


n 4 


2 


* 
1 
= 
9 
A 
2 
* 


= 100 by zo, the quotient will be found 3333333, whoſe .. 390625 
complement to 10 is 6666666 ; I ſay, that 6666666 is 2. 1953125 
the firſt term of an infinite ſeries between 10 and 3o, as m...... 9765625 
by the arithmetical operation in the margin; and briefly — 
thus, as 10 :: 3333333 = 6666666 : 10 :: 10: 30, ſo is 19. . 99. 0234375 
zo the whole ſum of all thoſe infinite progreſſional num- 

bers between 10 and 30. In the figure you draw the line 2. 10 

de, which cutteth Ba in k; I ſay, that Bx transferred .. 6. 666666666 
from e to o equal or is the firſt term of an infinite ſeries c. . 4. 444444444 
between ac and oF equal o. And ys be the firſt term d.. 2. 962962962 
equal 7,5, equal ye between ac and r equal pY = 40 e. . 1. 975308641 
between 10 and 40; for, as before, 10 — 7,5 = 2,5: F<. 1. 316872427 
10 :: 10 = 40, ſo is 40 the whole ſum of an infinite 5. —. 677914950 
feries between 10 and 40, whoſe firſt term is 7, 5, and — . . 585276634 
ſo of all the reſt. On this great myſtery depends much i. 390184422 
the following ſquaring of the hyperbola, and hath made it 

ſo intelligible and eaſy. | 

| 7 Hence 


20, and is demonſtrated by the 7th and 8th of Euclid. 6. , 6 
And in numbers, thus: as 10 leſs 5 is to 10, what ro? 4. . 1. 25 
the quotient will be found 20 for the whole ſum of that e. . 625 I 
infinite ſeries between 10 and 20 whoſe firſt term is 5. F....z125 q 
In like manner, would you know the firſt term of an in- b.... 15625 q 
finite ſeries between 10 and 30, divide the ſquare of ac 1 78125 | 


LOGARITHMOTECHNIA, 5t 


Hence you may note, that if you would know the firſt mean of an infinite 
ſeries between any other number, and that number doubled, tripled, qua- 
drupled, &c, you may from this root 10 deduce it; as, for example, let cb 
be 12, and I would know the firſt term of an infinite ſeries between 12 and 
24, the double of 12, I ſay, as 10 is to 5 what 12 facit 6; for, ſuppoſing cp 
= 10 it was before found 5. Therefore between 12 and 24 you ſay 10:5 :: 
12 : = 6 for the firſt mean of an infinite geometrical progreſſion een 12 
and 24; and is thus, by the former analogy, proved by ſaying, as 12 — 6 
= 6 : 12 :: 12: = 24, ſo is 24 found to be the total ſum of an infinite ſeries 
between 12 and 24, as by the operation in the margin will appear. 

Alſo, if it were required to find the firſt mean between | 
12 and three times that number, viz. 36, ſay, as 10: 4. 12 
6666666 :: 12 : 8. And fo, by tabulating or working 5. . 6 
this example as you do the former, the total ſum of that c.. 3 
infinite ſeries between 12 and 36 (the firſt term being d.. 1. 5 
found 8), will amount to 36; and, for proof, you ſay, e.. 75 
12 — 8 = 4:12 :: 12 : = 36, ſo is 36 the whole ſum . 375 
of that infinite ſeries, or geometrical progreſſion, . between # eee 1875 
12 and 36, the firſt term being 8, as was deſired. 

If it ſhall be required to know an infinite ſeries between 46875 
to and any other number; as, to know the firſt term be- k. «234375 
tween 10 and 15, that is, between Dc and Ds, draw 5c, 1 . k. 1171875 


and it cutteth Ba in =; I ſay, that mz is the firſt term m...... 5859375 
of an infinite ſeries between 10 and 15, as by the opera- . — 
tion in the margin, and as before taught, 1 = 6666666 ; 23,994 140625 


which ſubtract from 10, leaveth 3333333 for the firſt term. 
And by the former rule is proved thus: as 10 = 3333333 5 n 


= 6666666 : 10 :: 10: = 15. Thus may you find the 
firſt of any term of an infinite ſeries between 10 and any rinnt 


other number. | | | d... 370379370 
And if it ſhould be deſired to know the firſt term of an 123436723 
infinite ſeries between any two other numbers; as, for ex- _ fe « + 41152264 
ample, I would know the firſt term of an infinite ſeries $ "£28 2 


between 12 and 16: to do it geometrically, you muſt 1 | 
ſuppoſe Ba = 12 ; and then counting 16 from o in the . ey 12357 
line DB, prolonged by that point, and c draw a line which 20 391.30 76 O52 
will cut the line Ba (now repreſenting 12) in a point, ba tb 
which taken from B, will be the length of that line geo- nn BD OY 56450 


metrically; and arithmetically, it will be found by ſay- I 1774 

ing, as 16D to pe, ſo 16 = 4 to BK in the line BA, Wan 

numbered from B to A when BA is 1 In numbers the proportion ſtands 
; a 2 a 


thus : 
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thus: 16 : 12 :: 4: = 3, which 3 is the firſt 4. 12 
term of an infinite ſeries between 12 and 16, 5. . 3 

as was required, and is manifeſt by the opera- . 75 
tion in the margin; which to prove by the fore- d. . 1875 


going rules, you ſay, as 12 — 3 2 9: 12 :: 122 . 46875 

= 16; which is to ſay, as 9 to 12, what 12 facit T. 1171875 

16 for the whole ſum of that infinite ſeries between g.. 29296875 

12 and 16, the firſt term being found, as before, 6. 732421875 
to be 3. S4. 18310546875 


Thus have you that great myſtery unfolded, of = — 
finding geometrically and arithmetically the firſt 15,9 9993896484375 
term of a geometrical progreſſion with the whole | 
ſum of that infinite progreſſion, or ſeries, between any two numbers; which is 
the main thing I conceive that famous Mercator was fo lucky in diſcovery 
thereof, and doth unravel the myſtery of ſquaring the hyperbola, as will be 
manifeſt in the next chapter following. * 
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— * 
4 


do. A. 


CH A FP. I. 
Obſerve from the ſaid learned Gregory's Exercitationes Geometrice, he 
giveth three quantities, or ſpaces, contiguous to the vertex a, which ſhall 


all equal the one to the other, which is very true and perſpicuous; and then 


_ how to find the areas of them ſeverally, as in page 9, 10, 1x, and 12, of 
nn Fee Mena Df cent h 
And here we muſt conſider them all three before we come to underſtand 
Dairy's rule, which is but a deduction from theſe, as will appear hereafter. 
And now I begin to conſider the ſaid three ſeveral quantities, or fpaces, all 
8 to * vertex 4, and of a different form, and yet equal the one to 
the other. ng 10 e 1 edi word: one 2G b vill 

Let it therefore now be ſhewn thoſe three ſeveral ſpaces differing in form, and 
yet equal the one to the other, contiguous to the vertex A, which ſhall repreſent 
the curvilined trapezia, or pr ſpace for 2. The firſt curvilined tra- 
pezia, or hyperbolical ſpace for 2, let be zBave, which is intelligible intuitu: 
the ſecond let be avenc, which is equal to the former zBave, by the 43 of the 
z of Euclid, becauſe the paralletogram xzBx (Bu being equal to 2 E) is equal 
to the parallelogram nacx (na being equal tous). Now, foraſmuch as the 
curvilined triangle Avex is common to both the ſaid curvilined trapezias, or 
"hyperbolical ſpaces, it remaineth therefore, that theſe two curvilined trapezias, 
or hyperbolical ſpaces, zEvas and _Avenc, are equal the one to the other. 

And now to find out the third curvilined ſpace contiguaus to. the vertex A, 
and yet equal to either of the other two, but differing in form, doth require a. 
little further confideration, which from him is directed thus: And is manifeſt 
by the figure, divide BZ in two equal parts in 5; then, as before taught, will 
it be as 5D : DC ;: 5B : BK = Dx make cx equal to cl, or find Il, it is as 


D5 : DZ :: De: DIT upon II erect a perpendicular to touch the return or con- 
3 tinuation 
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tinuation of the curve on the other ſide of a, from a towards & in Z; ſo is this 
curvilined figure, or hyperbolical ſpace, ZAvx (differing in form) equal to 
either of the other two Z EVAB or cavn. And for finding the area of this 
curvilined figure, or hyperbolical ſpace, ILZavx, is derived Dairy's rule, which 
is but a deduction from the finding of the areas of the other two, as will here- 
after appear. | 

Arithmetically, px is found by ſaying, as 15 to 10; what 10? facit 
66666666, and: 10 leſs 66666666 reſt 33333333 for cl, ſo is xII equal to 
66666666 ; or pTI may be found thus: as D5 : DE:: Dc: DIL, which in num- 
bers is, as 15: 20 :! 10 : = 1.33333333 for pI. 

James Gregory, in the 4th propoſition, page 10 and 11, of his Exercitationes 
Geometric, doth contemplate firſt, the ſecond of theſe three curvilined trapezias, 
or hyperbolical ſpaces ; that is to ſay, the curvilined trapezia, or hyperbolical 
ſpace, caveNn; and in that fourth propoſition, after a long and learned demon- 
tration, doth prove the ſpace caven to be equal to his ſuppoſed quantity ; 
and then refers you to Cavalerius's method of indiviſibles; a book I have not 
yet ſeen. Which briefly, I conceive, may be thus eafily demonſtrated. 

It is manifeſt, that all the perpendiculars let fall from the ordinates (ſtanding 
upon the prolonged ſide ps) to the baſe- cp, doth not only deſcribe the curve, 
but would alſo fill the whole hyperbolical ſpace, were number, and the curve 
definitive. And thoſe perpendiculars let fall from the ordinates (ſtanding upon 
BD prolonged, numbered 20, 30, 40, 50, 60, &c), doth divide the baſe pc 
in ATF &, And whereas the diagonal cs, by croſſing all thoſe perpen- 
diculars, doth give the firſt term of an infinite ſeries between the root, or fide, 
Ac (= NH), and the length of each of thoſe perpendiculars ſtanding upon the 
baſe cp. Therefore, to know the hyperbolical ſpace caven, divide the paral- 
lelogram cn, making it the firſt term of an infinite ſeries by the ratio of Ns 
= NC to NH i infinitum, and each of thoſe quotes, or proportional numbers, 
by 1, 2, 3, 4, 5, 6, 7, 8, &c, alſo in infinitum. The quotes of all the laſt di- 
viſions added, will give you the area of the hyperbolical ſpace caven, and 
ſo for any other curvilined or hyperbolical ſpace ſtanding upon the baſe cn, 
as by the calculation following, 

And before I handle any of he other two curyilined ſpaces, differing in form, 
and Jet equal to this hyperbolical ſpace cavex, we will exemplify this de- 
monſtration in operation; and the figurative work thereof ſhall be the work. 


of the next chapter. 


- 
_ 
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Ex it be required to calculate the area of the curvilined trapezia, or 
4 hyperbolical ſpace, cav EN to 15 places, and hereafter you will ſee it 
_ » 25 places, according to Dairy's rule, in chapter VII. but with greater 

i{patch. 
Thus by the calculation do you find the area of the curvilined trapezia, or 
hyperbolical ſpace, CAVE to the 15 place, to be 693147180559945 equal to 
the 
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the curvilined trapezia ZEVAB, and alſo equal to the curvilined trapezia, or 

hyperbolical ſpace, IIZavx ; the calculation of the areas of any part of theſe 

two latter ſhall be ſhewn hereafter, which will differ in operation, yet bring 

out the ſame number; and in calculating the laſt, we ſhall uſe Dairy's di- 
rections. | 

It having been before ſhewn, that the hyperbolical ſpace zavas, equal to 
the curvilined trapezia, or hyperbolical ſpace, CAvEN, is equal to the curvi- 
lined trapezia, or hyperbolical ſpace v EZ; that therefore the ſaid zEVAB is 
a ſpace, or quantity, to repreſent the logarithm of 2, So then the aforeſaid 
number 693147180559945 is an hyperbolical logarithm of 2; and having the 
logarithm of a, you have alſo the logarithm of all the powers of 2. 

And, by this calculation, you have not only gotten the logarithm of 2, 
but gained alſo the logarithm of 3 : for if you add all the quotes marked with 
this aſteriſm (*), the addition of them ſhall be half the ſum of the hyper- 
bolical logarithm of 3, agreeable to the 4th conſectary of the 4th propoſition, 
and firſt inference on the 5th propoſition of ſaid James Gregory's Exercitationes 
Geometrice ; from whence, tis plain, that Michael Dairy had his rule, as will 
appear more manifeſt after we have contemplated the two other curvilined tra- 
pezias, or hyperbolical ſpaces, zDvas and IITAvx. | 

The addition of the quotes marked with (“), make 549306144334055, 
which doubled, is 1098612288668110 for the logarithm of 3; and now, 
having gotten the logarithm of 3, you have alſo the logarithm of all the powers 
of 3, and of all the compoſites of 2 and 3. | 

Again, if you ſhall from 50 ſubtract 125, and to that add 4166666666666, 
and from that ſubtra& 15625, and ſo on throughout, you ſhall have the loga- 
rithm of the difference between 2 and 3, or the logarithm of 1 and +, or 1 
and Fx, correſpondent to the inference on the 5th prop. of James Gregory; 
all which ſhall be fully exemplified hereafter. 

The calculation of the logarithm of 2, according to the methgd before 
going, is the ground-work of all the calculations following; and I ſhall only 
give the calculation of one more ſpace to repreſent the logarithm of 3, after 
that method, though we have, you ſee, gotten already the logarithm thereof ; 
but ſuppoſing we had not, and were to find that firſt according to the 
ſaid method. 

From x you let fall a perpendicular, as Fo ; fo is the curvilined trapezia, 
or hyperbolical ſpace, AE roc equal to the curvilined trapezia, or hyperbolical 
| ſpace, Aazr®s, for the oblong Akoc, as before ſhewn, will be equal to the 
parallelogram zrÞs,..and the curvilined triangle AEFE common to both pa- 
rallelograms. Therefore the curvilined trapezia AE roc equal to the curvilined 
trapezia, or hyperbolical ſpace, Axrœs, to calculate whoſe area, which will be 
the logarithm of 3, you proceed as followeth, which work is but partly done, 
to ſhew the way thereof, the logarithm of 3 being hereafter done to 25 places, 


but with far greater diſpatch than this method will permit, 


F ö 7 EI CEP REIT,TT 


co 


4 
4 
0 

"3 
* 
* 
of 


: 
F, 
| 
| 
b 
J 
C 4 
, 
2 
x 
1 
4 
8 
4 
4 
1 
. 


LOGARITHMOTECHNIA, | 55 


666666666666666 : 1 666666666666666 
444444444444444 : II 222222222222223 
296296296296296 : III .g8765432098765 
197530864197530 : IV .49382716049382 
131687242798352 : V 2633744859671 
. $87791495198902 : VI . 1463191 5806484 
. $8527663465934 : VII . 8361094780848 
. 39918443310630 : VIII . 4877305288829 
. 26012294873752 : IX . 2890254985973 
173415299 188344: „ 1734152991583 
1156109943888 :ĩ XI 1051001813081 
« . 7707346629258 : 'XII . 642278885771 


1 have but gone twelve ſteps in the calculation of the logarithm of 3 after 
ſaid method, which will, if it were added, but give the logarithm of 3 to 5 
laces. I have left it unfiniſhed for the exerciſe of thoſe who ſhall take delight 
erein, and finiſh it throughout, to the intent of making the logarithm of 3 to 
15 places, according to this method. By adding the quotes of ſo much as 1s 
done, the firſt five figures will be 10986, correſpondent to the logarithm of 3: 
this method being ſomewhat flow, I ſhall not calculate the logarithms of any 
other numbers according to it. And, by theſe two examples, the reader may 
fee enough to calculate any other curvilined trapezia, or hyperbolical ſpace, 
ſtanding only in or upon the baſe op, equal to an hyperbolical ſpace ; reckoned 
in the prolonged fide ps. | 
And ſo we will contemplate, in the next chapter, the affections and properties 
of the hyperbolical ſpace, or curvilined trapezia, aZOrc, equal to the curvi- 
lined trapezia, or hyperbolical ſpace, aBzEv. 


— — — — 
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EFORE we ſhew how to calculate any part of the curvilined trapezia, or 

hyperbolical ſpace, aZOTYec, equal to the curvilined trapezia, or hyperbo- 

ical ſpace, AVEZB, we will inſert tables to illuſtrate the x, 2, and 3 propoſitions 
of James Gregory's Exercitationes Geometric. | 
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THE FIRST TABLE OF ILLUSTRATION, 


N [eK Banne 
[| £4 "- Dd 
© M © OB in 
\© Mm 0,3 I nn = D a 
eee Sg, eee 
[SSS SSA“ — 
\O » x - Þ &© — 
aO © © © ww 
Oo 1 = ND i. 
\S WWW... . 2 
SO 1 or 
The rule to find 2, 
5 2,5 2,5 57:5: = 1072, 
„ „„ 
I The rule to find 2 is — 
5 — 125 2 375. :5:: 5:2 TP 
66666666 impares = 2. 
7 1 gb 
I } The proportion to find z, __ 
25—025=1875:25::25:= V 
I 33333333 pares 2. 
5 tua „ 0 O> 
The rule is 11H III 
E N NM 
25 — 625 1875: 25 :: < 
25: = 33333333 
ualis partbus, 
+I+I+I+|[+|+]1+ 
SF x NO N e 5 1 
, The proportion is 2 
5 7125 237355: 5 233333333 A 
Equales exceſſui LEES ſupra + 
: = | omnes pares. | 
_ | OO qt+1+1+1+1+1+ 
nnen 
The proportion is pas | 
— 


5-125 23755: :5: 266666666 
Equalis paribus. 


f + ++ ++++++++++ 
2 E . N N O er <4 
+1 +1+1+41F1+]1+ =S 
* E . M HG 

* 
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THE EXPLANATION OF THE FOREGOING TABLE, : C3 WI 


Pe table conſiſteth of eight columns. The firſt is a ſuppoſed literal rank 
ies continually proportional. The ſecond is of numbers correſpondent 

hh np as 2 is to 1; org to 2, 5: What 2,5? And fo ſuppoſed 
4 in infinitum ; with the rule how to find out the whole ſum of thoſe 
numbers fo continually proportional, 

The third column ſheweth how to find the whole ſum of the odd quantities or 
numbers. 

bu fr nog teacheth how to know the whole ſum of the even quantities or 
num 

The fifth telleth how to find the whole ſum of the difference of the quantities 
of the firſt column. 

The ſixth ſuppoſeth a -B TM -O R, and teacheth how to find the 
ſolution thereof. 
* 2 ſuppoſeth a +B D-, and giveth a rule to reſolve 

e ſame 

The eighth and laſt ſuppoſeth the whole rank, firſt affirmative, and the 
ſecond evenly or alternately leſs; and giveth a ſolution thereof, - -:.. 

A further explanation of this table will be when we come to calculate t the 
area of any part of the curvilined E AZOYc. | 


* 


| THE SECOND TABLE, 
© 22 f 2 1 o 
ER: 8 - 17 132 
SE 5 333333333 ff. | 666666666 | | 7 8Y +. » 
S845 49] 2,5 * Fa FX 8 
= 8 8 got 2 7 
E . 60 , 66666666 * $,5333338 1 3 : 
EEE {2 2 355 3 "| H E 
4 
FE 90 1717711111 32 5 "$8888888 Z 1 85 FE 
E 100 1. =) 9. TT 27 


This table conſiſteth of four columns. The firſt is equal ſpaces, numbered 
in the fide ps prolonged, or the tangents greater than radius. 

The ſecond ſheweth the length- 0 the perpendiculars ſtanding upon the ſide 
DB prolonged; which are tangents leſs than radius; and by the tops palſy the 
curve or hyperbolical line. 

The third column is the arithmetical complements. 

* op fourth column ſheweth what proportion the ſecond column hath to 
us. 

The rectangle, or parallelogram, of the firſt and ſecond column, is equal 
— to the ſquare AD. 
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This table is of uſe to find points to deſcribe the curve or hyperbolical line, 
or to examine if the curve paſs through ſuch points as the table mentions. 

The making of this table hath been formerly ſhewn, when it was taught how 
to deſcribe the curve. <a . iT 

We now come to ſhew, how to make a table to find the length of the baſes 
of the compound curvilined trapezias, or hyperbolical ſpaces. 
- We call that a compound curvilined trapezia, or hyperbolical ſpace, when 
AC is in the middle of that baſe. 1 f | M 
So ac ſtanding upon the middle of IIx hath perpendiculars or ſides I an 
xv, ſo is the curvilined trapezia IlLavx, to be hereafter underſtood a compound 
curvilined trapezia, or hyperbolical ſpace, and will be ſhewn as followeth to be 
_ to the aforeſaid ſpaces CAVvEN, and to avezs for the logarithm ſpace 

2. | 


And the compound curvilined trapezia AO AvEn will be equal to the cur- 
vilined trapezia avroc, and to Avr for the logarithm ſpace of 3. 

The compound curvilined trapezia, or hyperbolical ſpace TIZavx,,we may 
n by the 43 of the of Euclid, the paral - 

logram cx is equal to x5, and the curvilined triangle avx common to 
both; ſo then is Avxxc equal to av g. And the N equal to 
the ſquare va, and the curvilined triangle E equal to the curvilined triangle 
var} and fo the compound curvilined trapezia IIZa vx equal to the curvilined 
trapezia AVEZB for the logarithm of 2. For, by the 4th table following, 
look what proportion the perpendiculars or ſides of the compound curvilined 
trapezias have one to the other, the like proportion have the fides or perpendi- 
culars of the other two curvilined trapezias. Wo | 

So in this compound curvilined trapezia IIZ and xv, the ſides or perpendi- 
culars are in a proportion as 2 is to 1 deſcending, or as 1 is to 2 aſcending ; ſo 
likewiſe in the curvilined trapezia caven (equal to the aforeſaid compound 
Eurvilined trapezia Av), the fide or perpendicular xx is double to ca. And 
alſo in the curvilined trapezia AvRZ B (equal, as before, to the compound cur- 
vilined trapezia IIZavx), the fide, or perpendicular, 34, twice zx, as before 
taught. | 

Thus, by the ratio of the 2 tables following, you may make a compound 
curvilined 1 equal to either of the other two curvilined trapezias, or 
hyperbolical ſpaces; and the calculating the area of the compound curvilined 
trapezias, will be found to be of far greater diſpatch than the former method; 
by which we ſhall make uſe of Dairy's rule, or rather the learned James 
Gregory's, from his firſt inference on his 5th propoſition. © 

We come now to inſert the third table, which is a table of ratios, to find the 
* of the baſes of the compound curvilined trapezias. 
Tou may note, that in all the three different ſorts of curvilined trapezias, or 
hyperbolical ſpaces, equal the one to the other, if on the middle of their baſes 
you ſhall erect perpendiculars to touch the curve, the greater part or { ts 
in each is equal to either greater ſ- t of the other, and ſo is the leſſer part 
or ſegment of the one equal to the leſſer ſegment of either of the other. 


AE 
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THE THIRD. Anne; 
| a Table — the Baſes ef tht conpand carallined 
Bring 7 Trapezias, or ans 


1 II III Iv F 
$D 2 ne :: DC: DX 


I 1 10 22 10 666666666 1 For e 
19 pI IT 4 


IS 20 72 10 : 1, 333333333 666666666 
ZD : De :: be: DN 1 1 
120: 10 :: 10: 
295 : :: bo: 2 | . . 
120: 30 :: 10: 15 | | 
25 : 10 & Io : 4 | 
125 : 40 23 10: 16 } 4 {rs 


F 


35 10 :: 10: 2871428 
1 : 60 3; 10 12.4714] 6 { 1428571430 


This table conſiſteth of ſix columns. The firſt four ſhew the proportion or 
ratio to find the len of the baſes; and the number in the fixth column is 
the length of the for ſo many ſpaces as the fifth column ſignifies. 
And, by the fame reaſon, you may find the lengths of the baſes for any 
other curvilined trapezia, or hyperbolical ſpace. 
Thus is 666666666, of the fixth column (the difference of the two firſt 
numbers in the fourth column), the length of the baſe, for the curvilined 
compound trapezia, or hyperbolical ſpace, to repreſent the logarithm of 2. 7 
And 10 the length of the baſe for 3, ſo is 12 for 4; and 1, 333333333 for 5; | 
and ſo is 1428571430 for the length of the baſe for the hyperbo bolical f Ap 
6. And thus may you do for any other ſpace or number. 
The numbers in the fourth column for 2, 3» 4, 5» 6, &c, are in proportion as 
2, 4, 4, 4» +, &c; and added are equal to twice radius, or 20 = D. 
We proceed next to ſhew how to make a table of ratios, to find the lengths 
of — 1 the perpendiculars, or ſides, of the compound curvilined trapezias. 
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THE. FOURTH TABLE, 


Being a Table of Ratios to find the Length of both the Perpendiculars, or Sides, of 
| the compound curvilined Trapezias, or perbolical Spaces, 


10 — 666666666 =' 333333333 : 10 :: 10: 30 
cD + eM (= c&) = D : DB:: DB: N 5 
10 666666666 1666666666 : 10 :: 10 : 6 5 „ 


This table conſiſteth of five columns. The firſt contains 33 6 
the quantities and numbers of the firſt term im the propor- 58333333313 
tion. The ſecond column, the quantities and numbers of 40 
the ſecond term in the proportion. The third column, 571428571 
the quantities and numbers of the third term in the pro- 45 
portion. The fourth column, the quantities and numbers 5625 
of the fourth proportional number or term; wherein are 50 . 
numbers for the length of both the perpendiculars for 55555555587 
2, 3, 4, 5, &c. The fifth column, is the numerical order 55 
of the compound curvilined trapezias, or hyperbolical 35 110 
ſpaces, of 2, 3, 4, 5, &c. 

And, by the ſame ratio, you wy find the lengths of both the perpendiculars 
for any other compound curvilined trapezias to repreſent the logarithm of any 
other number. | 12 

By the fourth column, you may perceive the perpendiculars, or ſides, of the 
compound curvilined trapezias, or hyperbolical ſpaces, are in ſuch proportion 
the one to the other, as the number they repreſent are to unity. 

That is to ſay, in the compound curvilined trapezia IIL Avx to repreſent 
the logarithm ſpace of 2, the perpendicular xv is to n as 2 is to 1. 

And in the compound curvilined trapezia a ©AvEN to repreſent the loga- 
rithm ſpace of 3, the perpendicular xx 1s in proportion to & & as 3 is to 1. 
And ſo the perpendiculars of the fourth logarithm ſpace as 4 to 1; and of the 
fifth ſpace as 5 to 1, &c; as by the fourth column of this fourth table . 


l 1 II IL IV V 

CD — ex = XD : DB; DB: Dg = XV 
10 — 333333333 = 666666666 : 10 :: 10 : 15 

ep + ct (= cx) = l n DB:: DB: DE J 2 
10 + 333333333 = 1333333333 : 10.5: 10 2: 7,5 

CD — CN = "ND ꝛ p:: DB: DZ= NE 
IO — = : 10 2:10: 20 

ep + ca (= cn) = DI : :: DB: 0 3 
io + 5 n 10 :: xo, : 666666666 
CD — CS = SD : DB:: DB: DR = SW 
10 — 6 8 4 : 10 :: 10: 25 
ep + cy (= dB) = p : DB:: DB: TY þ 4 
10;+6 - =. 86 10 :: 10: 625 

eo -N = p DpB:: DB : DÞ= uA. 
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And the perpendiculars of both the other ſorts of the curvilined trapezia, 
or hyperbolical ſpaces, are likewiſe in the very ſame proportion the one to the 
other; as you may note from what hath been ſaid before of them. * 
By theſe tables, and by what hath been ſaid formerly, theſe three curvilined 
zias have the ſame properties and affections as thoſe have in an hyperbola 
derived from the ſection of a right - angled cone. 31 
We ſhall now, therefore, come 'to calculate ſome part of this latter hyperbo- 
lical ſpace, before we ſhew how to do it all at once; that is, of the hyperbolical 
ſpace A OAvVRN to calculate the area of the ſpace. a Oc, which is equal, as 
before ſhewn, to the ſpace of 5vas. And when we have ſhewn to calculate 
this part, we ſhall, from this, and what hath been taught how to do the other 
, come to derive Dairy's rule, or rather James Gregory's, which is com- 
priſed in the firſt inference on his 5th propoſition, 


* 


' 4 C H A P, a VII. 
Weg in the fifth chapter, calculated the area of the curvilined 
trapezia, or hyperbolical ſpace, caven equal to Av EZB for the loga- 
ais cv all the, perpendiculars ſtanding upo 
n this curvilined trapezia CAVEN perpendi ing upon the 
baſe cx, are each more than radius ca (or greater than the tangent of . 
being ſtill aſcending and affirmative; and therefore, by the firſt table, to be con- 
tinually adding; as by the calculation thereof is alſo manifeſmm. 
We are now come to calculate the curvilined trapezia ca OA, part of the 
curvilined trapezia TSO A equal to AVEZB. | 
In this curvilined trapezia ca O (equal to BVA) all the perpendiculars 
ſtanding upon the baſe ca, are each leſs than the radius ca, being ſtill de- 
ſcending and negative; and, therefore, to be handled by the firſt table ac- 
cordingly. 
2 baſe ca is equal to cx of that ſpace, calculated, as before, in the 5th 
apter. 
if by the vertex A you draw a parallel to the diagonal c as za V, it is a 
tangent to the curve touching it in the point a, and As doth cut all the perpen- 
diculars contrarywiſe to . For cx x is not equal to Tn = nd, but nd 
is equal to x = KB, becauſe cn is equal to cx, and the angle ny equal to 
the angle xBw; ſo, therefore, by the 1 and 4 tables, all the perpendiculars 
ſtanding upon cy are leſs than radius. And ſeeing, by the ſixth column of the 
firſt table, and alſo by the fourth of the fourth rable, we may find the length of 
A ©. Therefore, to know the area of c OA, making co the firſt term of an 
infinite ſeries in a continual proportion, as ca is to c, that is, as go to 25: 
What 25? FPacit 125, as in the infinite ſeries of numbers continually propor- 
tional for the calculation of the logarithms of 2, in chap. 5. You do — wal 


as there ſaid, from 50 (of the ſecond part; under the title, The Quotes to be 
| added) 


62  SP2iDELL'S 


added) ſubtract 125, and to that add 416666666666666, and from that ſub- 

tract 15625, and fo on throughout, you ſhall have 405465108108165 for the 

area of the ſpace cao equal to Bavz. And thus may you find any other part 
of cyna. 11 . 

We ſhall ſhew how to do it for cnza and cxva, becauſe from them we ſhall 
derive Dairy's rule, or rather James Gregory's ; for from them we have derived 
and calculated the logari two to twenty-five places, as by the calculation 
following next after this will appear. | 8 

Now to calculate the area of the curvilined trapezia, or hyperbolical ſpaces, 
cnra and cxva, you make cx, or cn, the firſt term of any infinite ſeries, and 
the ſecond term in ſuch a ratio as nc is to ca for your proportionals of your in- 
finite ſeries, and ſo proceed on, as in chap. V. and as here appeareth. | 


The Infinite Series of Numbers The Quotes to be added for cxva. 


a 333333333333333 I 4 J 333333333333333 + A 
aa 1111111111111. II B -.55555555555556 + B 


Gas . 3703731037037. III e +. 12345679012345 + c 


a * .,12345678012345, IV D —.. 3086419753086 +D _ 
a* 4115226337443. „ +... 823045267489 +E , 
2 1371742112483. F — .,. 228623685414 + 7 

42 . 457247370827. G T. 65321052927 % 

ga 9 6 0 0 . ©## SS „ 0 

99 ooo 1693 56780. K — . 1693508781 + K 

2 . 5645029869. 114. 513184479 + L 


«„ 1881676423. XII Mx . 156806369 + M 


We have but gone through twelve ſteps of this calculation, to ſhew the 
manner thereof; but ſhould you proceed to go through it till it works off, as 
in chap. V. you may have both the ſegment cxva, and cnra : for, if you finiſh 
the calculation, and add up all the quotes, that ſum will be the area of cxva, 
and be found 405465108108165, as in chap. V. and is equal to the greater 
ſegment WNHE Þ in the curvilined trapezia, or hyperbolical ſpace, HE ) a, 
and alſo wxHE Þ is equal to c A equal to ABG. 

And if from 3333333333333 you ſhall ſubtract the ſecond number 
$55555535555555, and to that add the third number 2345679012345, and 
then from that ſubtract the fourth, and ſo add and ſubtra& according to the 


figns + and — throughout, you will have . . 287682072451780 for the area of 


the leſſer ſegment of the compound curvilined trapezia wnra Þ , that is, the 
area of cnza, equal to cwba, equal to v5ZzE. | 
And you have not only gotten, by this calculation, the area of each ſegment 
ſeparately, and fo, confequently, the area of the whole ſpace, by addition of 
theſe two, hut you have alſo abtained the half of the whole area at once; for 
if you ſhall (correſpondent to the cqlumn of the firſt table) add the numbers 
with + affirmative, they will give you half the area of the compound curvilined 
trapezia 


* 


A EN >" — * bo — 2 
6 — : . tb. +. 
1 N 


* 
3 


1 
"2 


r 


* & — 


=" 
3 
6 


LOGARTTHMOTECHNIA. 63 


trapezia æxnr Av for the logarithm of 2, which you will ſee preſently exemplified, 
and done to 25 places : and this is the ſum of James Gregory's inference on his 
fifth propoſition of his Exercitationes Geometrice ; and ſo agreeable to the rule 
delivered to me, as before declared, by Michael Dairy. Having acquainted 
ſeveral perſons with Dairy's rule, in page 45, and ſhewn to them ſome figurative 
work thereupon, in order to make a logarithm, I was, notwithſtanding, ſome 
time, through inadvertency, almoſt diſcouraged of ever knowing how to cube 
in infinitum ſuch a number as there ſpoken of; neither did any of thoſe to whom 
I had communicated the fame take any ſuch notice thereof (that I know of), ſo 
as to do it. And now I come to ſhew, how I overcame that difficulty of 
cubing a range of figures for 25 places, which he told me I muſt do is 
infinitum, before I could make the * of ſo many places; and to re- 
move the ſtumbling block, I do confeſs, took up ſome time; for Dairy had 
not then told me a word of ſuch an author as James Gregory, and I bad not 


| known his works but for John Collins, ſome years after Dairy's death. But, 


before IJ ever met with Gregory's book, I had obtained my deſire to cube in 
infinitum twenty-five 22 ; that 1s, twenty-five 3, by dividing by 9 continually, 
as in the calculation following, to find the logarithm of 2 all at once ; which 
manner diſpatcheth the calculation much more ſpeedy than the method of calcu- 
lation in the fifth chapter. | | - 
FP now the reaſon of cubing twenty-five 3, by dividing only by 9, doth 
low. HE | | 
Foraſmuch as Dairy's rule, before declared, to make the logarithm of 2, doth 
bid you to 2, add 1, and from 2 ſubtract 1, fo ſhall there be a reſult or fraction 
of +; and then divide 1, or 100,000,000,000,0000, by +, whoſe quotient is 
33333333333333» which cube in infinitum, it had been as much as if he had 
FS» _ 1 fractionally, which is r, and divide 10000000000000000 by r, 
the quotient will be 37037037037037 for the cube of a, or 4, as in the ope- 
ration beforegoing. Now, foraſmuch as you would cube the number for 2, 


vis. 33333 333333 33 33 (which is 1, or 100,000,000,000,0000, divided by 30. it 
is as ould ſay, 


as if you as 27 to I000000000000000 : What 1 ? the quotient 
will be 3703703703793] for the cube of a, or 333333333333333 as before, 


Now, if you ſhall, as in the operation beforegoing, ſet down 333333333 
(which is equal to 3), you have no more te do but to divide by 8 Ns 


v of + is equal to +; and, therefore, dividing 3333333333333 by g, the 
uotient will be 370370370370370, as before, for the cube of 4, or a; and 
eeing +3 X is * to 3, you have no more to do but to divide continually by 

9, and they ſhall all be proportional numbers, by 7th of the 8th of Euclid, and 

conſequently correſpondent to the odd powers ; 2 if the root be multiplied by 

the ſquare that begets the cube, and the cube again by the ſquare that begets 
the fifth power; and ſo on. So here, foraſmuch as ities by 9 doth beget 
the third power; if you ſhall therefore continually divide by 9, you ſhall have 
the reſpective odd powers accordingly, as is alſo manifeſt by the laſt figurative 
calculation ; and all for that a 1 doth neither multiply nor divide, and that + of 
J is equal to ; and if you ſhall divide -, of 1 by g, the quotient will 
Nin. 333333 which is equal to à for che number or root, as 


=" 


Dult | 4 | Now, 
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- Now, foraſmuch as to make a compound curvilined trapezia equal to an un- 
compounded ; as, for inſtance, to make the compound curvilined trapezia 
nr) to be equal to the uncompounded cAven, equal to ABZ ERB = AO for 
the logarithm of 2, and to find the length of the baſe, and both the perpen- 
diculats, hath been diſcourſed, and may be feen, as in the third and fourth 
tables beforegoing. We coine to handle and calculate the area of this com- 
pounded curvilined trapezia wur ) A, for to make the half logarithm of 2 
ONCE. x 5 
9 Seeing, by the ſixth column of the third table, the baſe wu is 6666 666666666666, 
whoſe half is . . 33 3333333333333 for cw, or cn, equal to the firſt term in the 
former operation (and alſo the ſame as Dairy's reſult, or fraction, of 2), and that 
I muſt divide in the ratio of ac to cn, or cw, in infinitum, as in the fifth chapter, 
and alſo * on is 2 and — 0 7 ge the infinite ſeries of numbers 
oportio t will appear, that if I do divide 33333 3 „it will 
. the cube of the firſt term, and ſo — — — vil pro- 


duce the numbers appertaining to the odd powers, as by the large calculation to 


25 places, next following. And ſeeing I am, by Dairy's rule, or rather James 
Gregory's, to divide each of the numbers of the infinite ſeries by the indices of 
the odd powers, it is manifeſt, that this rule of Dairy's is derivable from the 
8th column of the firſt table ; | 
, For a +B+c+D+E8E+Ffr+c+H+t- 
Anda—B+c-—-D+E—Ff+6G-—H +1 
WES Doth make *a + *c + RK + *6 + ITL ITX: 
And therefore every other line of the quotes to be added in the former opera- 
tion, doth make half the logarithm of 2. 

In making the infinite ſeries, as in page 66, in order to make the half 
logarithm of 4 to 25 places, be very careful to ſet the figures in their due 
places, and to make that ſeries you are to divide continually by 9, which being 
done throughout, you may then prove your work by multiplication, in multi- 
plying each line by 9; and if thoſe multiplications produce the forego! 
numbers, you may conclude that part of the work to be well prepared. And 
ſeeing, by the direction over the figurative work in the ſecond column of 
page 66, you are to divide each of the numbers in the firſt by 1, g, 5, 

» 9, &c, you muſt ſo order the quotes of the ſecond, that they may lie in the 
* line, or range wich the reſpective dividends or numbers in the firſt. For 
the better preventing miſtakes, the letter figures do 1 the diviſors * 
to each line. And, would you make the logarithm of 2, according to the fol- 
lowing method, for 7 or 8 places only, you may very well —— it in half an 
hour's time, as by that calculation is very perceptible. And ſome that have 
had thoſe two ſheets I formerly printed as a ſpecimen hereof, haye told me, they 
have done the ſame; and were very ſolicitous I would, as ſoon as I could, 

ubliſh the remainder ; which, at length, as time and leiſure hath permitted, 
is done. And though I have not here inſerted many examples, yet, by what 
are herein done, you may perceive how to proceed for any other number pro- 
poſed. And, with the direction and reference at the end of this chapter, thoſe 
that are willing, and curious herein, may make a 3 for any natural 
number deſired. I have not added hereto any table of logarichms at this _— 


4 
* 
W 
1 
7 
J 
1 
G 
1 
» 
: 
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and what I may do hereafter, in order thereunto, I do not preſume to promiſe. 
doubt not but ſome may both examine ſome table or other, or make by this me- 
thod one de novo, and ſatisfy themſelves about the ſame; and ſome have told me, 
ſince my communicating this method unto them, that if the firſt makers of tables 
of theſe numbers had made them by ſuch eaſy ways, they did not doubt but their 
tables might have been ſomewhat more exact. Howſoever, it pleaſed God, 
who is the giver of every good and perfect gift, to raiſe and endue ſuch men 
with great ability and patience, to perform thoſe tables, with ſo much difficulty 
and labour as their methods did require, and for common uſes ſufficient. And 
with ſuch eagerneſs did that age embrace and purſue the invention of theſe 
numbers, that Ullach, a Dutchman, had exhibited a table of logarithms to 10 
plates for 100000, before the learned Henry Briggs's table, —_— he _ ” 
part done to 15 places, could be accompliſhed by po. CIs exce 

were they of the invention. And the learned Henry Briggs, in his n e 
Dedicatory to our moſt gracious way father, when Prince of Wales, Fi, 
that amongſt the ancients there is not found any footſteps of theſe numbers. 
whoſe conſtruction and uſes the ſaid Henry Briggs hath written, in his 215. 
metica_Logarithmica, moſt learnedly and copiouſiy. And now follows the figu- 
rative part of Waning the logarithm of 2 to 25 places. 


The Infinite Series, or Numbers conti- 
nually proportional. 


divided by 9, in order to make the 


half logarithm of 2. 
898 4 33333333333333333333333333 
a 3703703703703 70370370370 
a 41152263374485596707819 
@  4572413798276177411980 
4 5080526342 52908601 331 
a“ 56450292694767622g70 
4 627225474 38630691 52 
2 | 696917193762563239 
10 177435243751395915 
wn 8603915972377 324 
4 95599066359 7480 
106 221184844164 
1180233871874 
1311372652397 
145708072489 
6 16189785832 
| - 179886 5092 
199873899 
22208211 
246 
Differentia 1 65 
Unitas 1 30464 
* Numerus 1 Saf ge 3385 
"= Propoſit. eee 
Summa 3 42 


Theſe numbers are continually 


You may perceive, that if x be 
added to 2, and ſubtracted from it, it 
ha leaveth a reſult of ; which multi- 
; plied into itſelf, maketh ; and 
therefore theſe numbers are conti- 

nually divided by 9. 
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Theſe numbers are quotes from 
thoſe on the oppoſite ſide, by divi- 


ding them by 1, 3, 5, 7, 9, &c, and 
SF WT, Bi Lo *G *x 21. 
+ - + &c, correſpondent to the 


laſt preceding calculation ; which 
added, make half the area of the 


compound curvilined trapezia 
. xnray for the half logarithm of 
2 to 25 places. "I 
I. 3333333333333333333333333 4 
111 123456790123456790123457 C 
V. 9230452674597 119341504 E 
VII 653210529753739630Wp 6 
IX 56450292694767622370 I 
XI 5131844790433420216. L 
XIII 4824811 34143313012 * 
XV 46461146250837549 P 
XVII 4555014338317407 R 
XIX 452837682756702 T 
XXI 45523304933213 W 
XX11T 4618312384529 * 
xx v 472094154863 
xxvir 48569357496 
XXIX 5024416293 
XXXI 522251156 
XXXITI 54511063 
XXXV 5710683 
XXXVII 600222 
XXXIX 03270 
XLI 6687 
-  * | 708* 
XLV 75 
XLVII | 8 
XLIX 
465735902799726 547086160? 
; bait the logarithm of 2, 


6931471805599453094172321 
the logarithm of 2. 


, Thus 


- 
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Thus have we calculated the logarithm for 2 to 25 places, after Dairy's rule, 
' or rather James Gregory's, which method maketh far greater diſpatch than that 
in chap V; for this calculation, though to 25 places, is ſooner performed than 
that w | 15 places, in chap, V; as, by comparing them, is very perſpicuous and 
' manifeſt. 7 | | | 
And now we have exemplified the rule Dairy declared; and I am apt to 
believe he had ſtudied well Gregory's ſaid Exercitationes, though. he was not 
pleaſed to tell any more thereof, but that others ſhould take pains therein as well 
as he; and, truly, if John Collins had not acquainted me with Gregory's works, 
1 had done the work, but not with that ſatisfaction I met with from James 
| Gregory's books: and here you have it in a more familiar diſcourſe and dialect 
than that of James Gregory's, being altogether analitical ; and if any letter or 
ſymbol be miſtaken in his, it is very great ſtudy and labour to find, and to ſet 
it to rights. | 
AH nd James Gregory had calculated the hyperbolical logarithm for 2, in his 
Vera Circuli & Hyperbolæ Quadratura, to 25 places, which agreeth with this cal- 
culation but to 17 places. I have not raiſed the logarithm for 2 to his doctrine 
in that book, but am ſatisfied this calculation for the logarithm of 2, in this 
chapter, 1s true, to an unit, in the 25th place, and may be, in two hours, very 
well examined by any one that will take the pains to do it, and they ſhall find 
it to be as herein calculated. And to this I have the concurrence of the moſt 
ingenious and laborious Mr. Abraham Sharp, who (from the occaſion of my pub- 
liſkin formerly two ſheets of the praxis hereof as a ſpecimen) hath ſhewn me 
his os of the logarithm of a, and ſome others, to 40 places; the like, I 
ſuppoſe, not hitherto heard of or ſeen. Without all doubt, Gregory found, 
that Mercator's lucky invention of _— the hyperbola, was of far more 
diſpatch than that of his Vera Circuli & Hyperbolæ Quadratura, or elſe he would 
not have wrote on Mercator: but ſo excellently hath Gregory illuſtrated Mer- 
cator, that a better way of ſquaring the hyperbola, I ſuppoſe, hath not, nor 
may be found. 

We thall, for the future, keep to this laſt method of calculating thoſe ex- 
amples hereafter following. And now we proceed to calculate a logarithm for 
143 for —_— got the logarithm of 2, we have the logarithm of 4; and all the 
powers thereof; ſo then, if we make a logarithm of 14, and add to it the lo- 
garithm of 4, we ſhall have the logarithm of 5 ; becauſe that 4 x 14, makes 
5; that is, 4 multiplied by 12, makes 5: and this method I took to make 
the logarithm of 5; and having got the logarithm of 5, to the logarithm of 5; 
add the logarithm of 2, and you have the logarithm of 10. And, when [I 
have ſhewn this, I ſhall produce Briggs's logarithm of 2, by one fingle divi- 
fion ; for that all ſorts of logarithms are proportional the one to the other. 
We therefore now haſten to make the logarithm for 14, 
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The Calculation of the Logarithm for 14 to 2.5 Places. | 


The Infinite Series, or Numbers con- Thefe-numbers are quotes from 
|  tinually proportional. 1 thoſe on the oppoſite ſide, they 


Theſe numbers are continually 
divided by 81. 


@ 1111111111111111111111111 
2 13717421124828 532235940 
a5 1693508 7808430286711 
a? 2090751581287689718 
25811747917131972 
318663554532493 
3934117957191 

48569357496 

599621697 


7402737 


91392 


1128 


14 


This number is + the logarithm for 12, 111571776657 1048778831475 
2231435513142097557602951 


This number is the logarithm of 14, 


being divided by 1, 3, 5, 7, 9, 
&c ; which added, make half the 
logarithms for 14 to 25 places. 


1111111111111111111111111 A 
4572473708276177411980 c 
33870175616860573422 E 
298678 797326812817 0 
286 7971990792441 I 
28969414048408 L 
302624455245 N 
3237957166 
35271905 R 
389618 T 
4352 W 
49 * 
I 


* 


1 


Adding 1 to 14, it maketh 21, and ſubtracted from it, leaveth 2, which reſult 

maketh a fraction of 3; for 24 being reduced into fourths, make 2, fo the re- 
ſult of + and 4 (rejecting the denominators) is 4, as above; which ſquared, 
maketh r: ſo are theſe numbers, therefore, continually divided by 81, to 
make the infinite ſeries. By decimals, it preſent! 


ſheweth itſelf to be a fraction of 3. 
ference, or numerator, is 25, the ſum, or denominator, 


2,25 ; which fraction LF is equal to 4. 


IT To divide the numbers on the other fide (to make 

the infinite ſeries) by 81, is eaſy enough; for it is but 
dividing twice by , or taking the ninth part twice, and 
rejecting or cancelling the firſt ; ſo is it very readily 


Thus the dif- 


; Unitas 1 


done; and the whole operation hereof may very well 

be performed in two hoursꝰ time: and thus have we got the logarithm for 14 to 
25 places; and now ſhall proceed to make the logarithm of 10, which is, by 
adding together the logarithm of 2, 3 times, and that makes the logarithm of 
8; and that added to the logarithm of 14, makes the logarithm of 10; and the 
logarithm of 2 ſubtracted from the logarithm of 10, leaveth the logarithm of 5, 


and Is to the ſame effect as is before. 


Logarithm 
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. Logarithm of 2. 6931471805399453094172321 
Logarithm of 8. 2079441 5416798 359282516963 
Logarithm of 14. 223143 55131420975537662951 
Loganthm of 10. 23025850929940456840179914. 
Logarithm of 5. 16094379124341003746007 593 


We have now made and exhibited the logarithms of 2, 5, and 10, and from 
theſe you may make all their compoſites. 

And now we proceed to make the logarithm of 3 to 25 places, which we 
ſhall ſhew two ways; firſt, all at once, from a compound curvilined trapezia, 
or hyperbolical ſpace ; ſecondly, by a compoſition of two logarithms, viz. of 
2 and 14, for that 2 x 14, maketh 3; and this latter we chiefly recommend. 
The compound curvilined trapezia, or hyperbolical ſpace, x A © Ave, we have, 
in the foregoing chapter, ſhewn to be equal to the uncompounded cav ro, and 
alſo equal to avr®Þs ; we ſhall calculate the logarithm for 3 according to the 
compounded ſpace, and by the third and fourth tables you may know the 
lengths of the baſe and perpendiculars, 

he baſe NA is 10, therefore ca = 5 = cx, Now, foraſmuch as Dairy's 
rule of adding to, and ſubtracting 1 from 3, produces the half length of the 
baſe, agreeable to the third table, we ſhall ſhew how to calculate the half of 
the logarithm for 3, as we did for the half logarithm of 2. 

Adding 1 to 3, it makes 4, and ſubtracting 1 from 3, leaveth 2; which 
maketh a reſult or fraction of 2 = 4. bay 

Now, dividing 1 and 25 cyphers by 2, the quotient is 5, for the firſt term of 
your infinite ſeries. Now, foraſmuch as I x maketh 2, the ſecond term 
muſt be, therefore, + of the firſt, and ſo on; as was diſcourſed before, in making 
the half logarithm of 2. | | 8 a 

Having made the infinite ſeries as followeth, you divide each of thoſe numbers 
(which, as before taught, are proportional) by 1, 3, 5, 7, 9, &c, and theſe 
added, make half the area of nAÞavs for the half logarithm of g. 


1 


| 1 


The Infnite Series, or Numbers conti- 
nually proportional. 

Theſe numbers are continually 

divided by 4, in order to make the 

+ log. of 3 to 25 places. 


42 F$000000000000000000000000 


aaa 125 
aaaaa 3125 
a? 78125 
425 1953125 
a 438828125 
a 1220703125 
4 30517578125 
4 762939453125 
a? 1907 3486328125 
4 476837178203 125 
1192098958 815 
29802 3223876953125 
7450580 5969238281 
1862645 1492309 570 
4656612873077392 
11641 53218269343 
291038304567 336 
6 72759570141834 
18189894035458 
4547473508864 
; 1136868377216 
284217094304 
71054273576 
17763568394 
4440892099 
1110223025 
277555756 
69333936 
2 17333485 
| 4333371 
Differentia 2 1083343 
— 270836 
Unitas 1 - 67709 
cn} Faw 2.50 2 16927 
Propoſitus W 
— A 1058 
Summa — 4 264 
1 Half the 


The log. 


5 - 4 


SPEIDELL's 


Theſe numbers are quotes 
from thoſe on the oppoſite ſide, 
thoſe being divided by 1, 3, 5, 
7, 9, &c; which added, make + 
the log. of 3 to 25 places. 


I FooooooooooooooooooooooOO 
111 416666666666666666666666 
V 625 ow” 

VII I1160714295714285714285 


- 21701 38888888888888888 
Xl 443592045454545454545 
X11T 9390024038461 5384615 
WE 2034505208 3333333333 
XVII 4487879136029411765 
XIX 1003867701480263158 
XXI 2270653134300 59523 
XXIII 5183012 5891644022 
XXV 11920928855078125 
ends 2759474295150975 
XXIX 642291430769295 
XXXT 150213318486367 
XxxIII 32247067220283 
A 8315389130495 
XXXVII 1966475030861 
XXXIX 466407539294 
XLI 110913988021 
xLIII 26438799470 
REV 6315935429 
SEE 1511793055 
XLIX 362521804 
LI 87076316 
L111 20947604 
LV a 5046469 
LVII 1216385 
LIX 293788 
* 71039 
LXIII 17196 
LXV 4167 
LXVII 1010 
LXIX 245 
LXXI 59 
LXXIII 15 
LXXV 3 


4 3 
of 3. 549306 14433405484 56976226 


3: 1098612288668 1096913952452 


We 
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we ſhall nov / proceed to make the logarithm for 3 the ſecond way, which is 


from the Dgarithms of 2 and 4. © 


The Infinite Series, or Numbers conti- 
* nually proportional. 

Theſe numbers -are continually 
multiplied by 4, in order to make the 
half of the logarithm of 14 to 25 
places. 


; . 
4 2000000000000000000000000 
aaa 8 | ' 


aaaaa 32 
8 128 
a? 12 
4* 2048 
8192 
32768 
: 131072 
| 524288 
Differentia 2 2097152 
— 8388608 
Unitas — 1 33554432 
Numerus 1 e 1 1342177 
ropoſitus 53687 
. — 2147 
Summa - 2+, 85 


To make this infinite ſeries, I ſhould 


divide by 25 continually ; but if you 
multiply by 4, and transfer it anſwer- 
ably, will be the ſame thing: becauſe 
I of 1 is £;, and that multiplied in it- 
ſelf, is +45. I Therefore, multiplying by 
4 and dividing by 100, is the ſame thing 
as multiplying by 25. And thus this in- 


finite ſeries 8 made very ſpeedily, in 
order to make th half of the logarithm 
for 1 and 2. : 


Having now made the logari 


and that makes the logarithm for 3, which will be found, as before, to be thi 


ſame number. 


ithm for 1, you add to it the 1 


- Theſe numbers are quotes 
from thoſe on the oppoſite fide, 
they being divided by 1, 3, 5, 

„9, 11, &c; and added, make 

f the logarithm for 14 to 25 
places, | 


I 2000000000000000000000000 


26666666666666666666660 


111 | 
vir 18285714285714285714 
IX  568888888888888888 » 
xl 18618 181818181818 
X1IIT 630153846153846 
XV 21845333333334 
XVI1 771011764706 
xix 27594105204 
XX1 998643809 
xxlII 36472209 
xx v 1342177 
xxvit 49711 
XXIX 1851 
XXXI 69 
xxxiIII 3 
2027325 5405408 21909890065 
half the logarithm of 12, 
405465 108 10816438 19780131 
the logarithm of 14, 


 6931471805599453094172321 


the logarithm for 2, | 
10986122886681096913952452 
the logarithm for 3. | 
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And now we proceed to make the logarithm for 7, and then we ſhall have 


all to 11 : in order thereunto, we make the | 
ogarithm of 5, and it will produce the logarithm of 7, for that 13 


that to the l 


- 


multiplied by 5, maketh 7, or 14% X 5 = 7. 


ithm for 12, or 1, and add 


The 


7% _ 2 . 
SY oY by 5 11 % * A 
.® 
The Inflite WY or Numbers conti. - Theſe numbers are X 
nually proportional. - Hain thoſe on the 3 
Theſe numbers are — - thoſe being divided by 1, 3, EE 
- divided by 36, in order to make Y falk a 14, Les and added; wat 
e of 12, or % the logarithm of $5: 2 


4 166666666666 666666666666 6 1 16666666666666666$6666666 
* 4 227222T727777777772277 | 

aaa 46296296296296 296296296 111 1543209876 5432098765432 
es 7716049382716049382716 0 


aaaaa 12860082304 52674897119, v 2572016460905 34979424 
2 21433470507 5445816186 x , 
a' 35722450845907636031 v1 510320726370 1090863 
mJ $953741807651272672 "ti Bp | 
a? 992290301276212112 Ix 110254477819468014. 
1 16538 1716879202019 6 | 
7 27563619479867003z x1 2505783 589078819 
4593930579977864 | 
7656 56096662972 x11 5889662 2820229 
127609 349443829 | | 
21268224907 304 XV - 1417881660487 
3544704151217 | 
590784025203 xII 34752001483 
98464004200 8 0 
16410667366 xXx 863719335 
2735111228 Fa 
455851871 xxt 21707237 
. ; 75975312 
Differentia 4) 12662552 XxIII 5 50546 
1 — 2110425 
nitas 1 51737 xxv 4069 
Numerus 2 aaa 328623 6 0 
Propoſit. 1 4 = XN 9737 XXxvUl | hy 360 
1623 
Summa 2 went 5 270 xxx 83 2 
This ſeries is made by dividin 17682 361183106064652522 2 
twice by, which is all one as + half the logarithm of 2297 
you divided” at once by 36; and 3364722366212129305045944 
every other number is the proper the l of 14, or 15%, 
ber of the ſeries to be divided * 160943791243410031688952.54 
* I, 3, 5, 75 9, 11, &c, as in the op- the logatithm of 5, &M 
polite column, to make the half lo« ens 47596119 
garithm for ws 1 | 


N. B. The logarithm of 5, in page 69, being put in 2 room 3 this in the 
ſecond column, will produce 19459 1049055313305 105353 for the true lo- 
garichm of 7; thoſe two laſt numbers being part miſtaken. 


Having 
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ing by this caleplation made the half logariche of toes # we double it 
*. 5 ad the n „that addition wi produce the logarithm of | 


7p 45 Weg Fe + And now we haye all the logarithms to 11, and to make 
t 


e logarithms from 10 to 100, it will not much difficulty ro proceed after 
the foregoing methods ; as to make the logarithm of 11, you have for the firſt 
term a, the reſult or fraction 4, and for as, it will be 34, which is very eaſy 
to work; and for the logarithm of 13, you make it of 12 multiplied by 17 
and ſo it is for the firſt term a, the reſult or fraction ; and for the ſe- 
cond as, it is Ar, which 625 is.= 4; and ſo may you make many eaſy 
compendiums for the prime numbers between 10 and 100, and alſo, not with 
great difficulty, from rooo to 10000 ; and when you have made ſome loga- 
rithms, you will perceive how the differences ariſe ; and having for compoſites, 
logarithms in a readineſs, greater and leſſer than the prime or incompoſite very 
near, it will be, by the difference, no great difficulty to make a logarithm for 
ſuch a prime very readily and eafily. And they that are curious Nerein, may 
have compendiums hereof in James Gregory's aforeſaid Vers Circuli & Hyperbolz 
Quadratura, to make logarithms for prime or incompoſite numbers, to which I 
ſhall refer him. And here I ſhall content myſelf to have exemplified James 
Gregory's method in his Exercitationes Geometrice to ſo many examples of lo- 
garithms as I have herein calculated to 25 places, and ſhall, in the next chapter, 
ſhew how to produce from theſe geometrical logarithms Briggs's logarithms, 


c H A P. vn. 


AVING, in the preceding chapter, made the logarithms for 2, 3, 4, 5, 6, 
7, 8, 9, and 10, according to the geometrical figure, or hyperbola, I 
require the logarithm of 2, according to Briggs's table. Foraſmuch as all lo- 
garithms are proportional, it is as the hyperbolical logarithin of 10, is to its 
logarithm of 2 :: ſo is Briggs's logarithm of 10 to this logarithm of 2. The 
operation followeth. x h 
By this diviſion it doth appear, that this quotient doth agree with Briggs's 
table of logarithms for his logarithm number of 2, whereby it is apparent he 
did produce the logarithm for 2 to 15 places very true; though I have been 
told it was eight perſons” work for a year's time after his method, which was by 
large and many extractions of the Pata root; and if it was ſo to 15 places, 
it would have been very tedious, if not impoſſible, for them to have produced 
the logarithm of 2 to 25 places, as before herein is ſhewn, and done by us; 
and both the hyperbolical and Briggs's logarithm to 25 places, may very well 
be calculated and done, according to the foregoing method, in half a day's 
time; by which method herein beforegoing one may make a table of loga- 
rithms, in a ſhort ſpace, to what Pardie (a French author), in his Elements of 
Geometry, hath declared; for he faith, he knew more than 20 perſons engaged 
for 20 years, with indefatigable aſſiduity, to calculate the logarithms. He doth 
not ſay to how many places; but the greateſt radius that I have ſeen of an 
Vor. II. L : : Fren 
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French author is but 11 places, which, I ſuppoſe, muſt be the ſame as Vlacq's. 
And the —_— for 2, 3, 4, or 5, &c to 11 places, according to the method 
in this book, may be very well done and N in leſs two hours 
time. f 

This diviſor is half the logarithm of 10, according to the hyperbola. | 

* quotient is the logarithm C Gs according to Briggs's table. 

is dividend is compounded 0 the hyperbolical logari of 2, and 
Briggs's logarithm of 10. — 4 
| Diviſor. Quotient. 


1151292 54649702281) (301029995663981190 
Dividend. 
34657359027997264 , ©0000000000000000 
1185820330865797. 
3453378436877419. 
115079334388337338. 
1146300 52036052851 
110137228513207981 
652089932847 59281 
7644365959908 1405 
7356106809 2600364 
45835153027789954 
112963 766328792697 
934743 71440605431 
13709677208436262 
21967517434660339 
104445919096901109 
3295905 121690561 


The reader may now ſee, that logarithms derived from this figure, or the 
hyperbola, are not only more perceptible and intelligible, but with * cer- 
_ and expedition produced, than what was known in former times, 

The diviſor in the foregoing work differs 2 units in the 18th place from the 
half logarithm of 10 before herein calculated; and the reaſon is, that I took 
Gregory's logarithm of 10, in his Vera Circuli & Hyperbols Quadratura de bene 
eſſe ; and having calculated the half Iogarithm of 2, as before, I was very de- 
firous to ſee if we could produce Briggs's logarithm of 2 to 15 places, as by the 
diviſion is manifeſt; and this I did long before I met with Gregory's other book 
of his Exercitationes Geometrice ; for, fince I got that book, I did calculate, ge 
novo, the logarithm of 10 to 25 places, according to his doctrine in that 
book, and as before herein is done. And the calculation of the loga- 
rithm of 10, as before, doth agree with Gregory's former book but to 17 
places. Howſoever, the diviſion beforegoing is ſufficient to produce Briggs's 
logarithm for 2 to 15 places; and if any thall de fo curious as to produce 


riggs's 
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Briggs's logarithm for 25 places, he may rely an the fo ing examples 
herein, and may, in 4 hours' time, examine the foregoing calculations there - 
of, and in as little time produce Briggs's logarithm for them to the like number 
of places. . 

Hevia this diviſion ready done, long before the publiſhing hereof, I have 
5 myſelf to inſert it here, whereby the ſtudious may ſoon perceive what 
to do further to gratify himſelf herein. 

do not add hereto any table of logarithms, that being not my deſign at this 
time, but only to ſhew how Briggs's, or any other logarithms, may be de- 
rived from the doctrine beforegoing; and alſo for the curious, at his will and 
pleaſure, to examine, whether any logarithms formerly publiſhed be truly made 
or not. | 

As for the various uſes of logarithms I add none here, but refer the reader to 
ſuch authors (whereof chere are plenty) who have, long before, written largely 
and learnedly, as the firſt inventor, the famous Lord Napier, Henry Briggs, 
Edmund Gunter, Richard Norwood, Wingate, and divers others ; as alſo my 
father, John Speidell ; in which the reader may-meet with many excellent uſes 
of the logarithms in all parts of the mathematicks. And I do find, my father 

rinted ſeveral forts of logarithms, but at laſt concluded, that the decimal, or 

riggs's logarithms, were the beſt ſort for a ſtandard logarithm ; and did alſo 
print the ſame ſeveral wart, to Snjead, whereby they might be applied to 
1 1 other operations for the ſolution thereof, with caſe 
and readineſs, 
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I. An eaſy Demonſtration of the Analogy of the Logarithmick Tangents to the Me- 
ridian Line, or Sum of the Secants; with various Methods for computing the 
Same to the utmoſt Exattneſs. By Dr. E. Halley. 


T is now near one hundred years fince our worthy countryman, Mr. Edward 
Wright, publiſhed his Correction of Errors in Navigation; a book well de- 
erving the peruſal of all ſuch as d to uſe the fea. Therein he conſiders 
the courſe of a ſhip on the globe, ing obliquely to the meridian ; and 
having ſhewn, that the departure from the meridian is, in all cafes, leſs than 
the difference of longitude, in the ratio of radius to the ſecant of the latitude, 
he concludes, that the ſum of the ſecants of each point of the quadrant being 
added ſucceſſively, would exhibit a line divided into ſpaces, ſuch as the intervals 
of the parallels of latitude ought to be in a true fea chart, whereon the meri- 
dians are made parallel lines, and the rhombs, or oblique courſes, repreſented 
by right lines. This is commonly known by the name of the meridian line, 
which, though it generally be called Mercator's, was yet undoubtedly Mr. 
Wright's invention, as he has made it appear in his preface. And the table 
thereof is to be met with in moſt books treating of navigation, computed with 
ſufficient exactneſs for the purpoſe. . 

It was firſt diſcovered by chance, and, as far as I can learn, firſt publiſhed 
by Mr. Henry Bond, as an addition to Norwood's Epitome of Navigation, 
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about fifty years ſince, that the meridian line was analogous to a ſcale of loga- 
rithmick tangents of half the complements of the latitudes. The difficulty to 
prove the truth of this propoſition, feemed ſuch to Mr. Mercator, the author 
of Logarithmotechnia, that he propoſed to wager a good ſum of money, againſt 
whoſo would fairly undertake it, that he ſhould not demonſtrate either that 
it was true or falſe. And, about that time, Mr. John Collins, holding a cor- 
reſpondence with all the eminent mathematicians of the age, did excite them to 


this inquiry. 

The firſt that demonſtrated the ſaid analogy, was the excellent Mr. James 
Gregory, in his Exercitationes Geometrice, publiſhed anno 1668 ; which he did 
not without a long train of conſequences, and complication of proportions, 
whereby the evidence of the demonſtration is in a great meaſure loſt, and 
the reader wearied before he attain it. Nor with leſs work and apparatus 
hath the celebrated Dr. Barrow, in his Geometrical Lectures (Le&. XI. app. 1.), 
proved, that the ſum of all the ſecants of any arch is analogous to the ithm 
of the ratio of radius + fine to rad. — ſine; or, which is all one, that the me- 
ridional parts anſwering to any degree of latitude, are as the logarithms of the 
rationes of the verſed * the diſtances from both the poles. Since which, 
the incomparable Dr.-Wallis (on occaſion of a — committed by one 
Mr. Norris in this matter) has more fully and clearly handled this argument, 
as may be ſeen in number 176 of the Tranſactions. But neither Dr. Wallis 
nor Dr. Barrow, in their ſaid Treatiſes, have any where touched upon the 
aforeſaid relation of the meridian line to the logarithmick tangent; nor hath 
any one, that I know of, yet diſcovered the rule for computing independ- 
— the interval of the meridional parts anſwering to any two given la- 
utudes. 

Wherefore having attained, as I conceive, a very facile and natural demon- 
ſtration of the ſaid analogy, and having found out the rule for exhibiting the 
difference of meridional parts between any two parallels of latitude, without 
finding both the numbers whereof they are the difference, I hope I may be 
intitled to a ſhare in the improvements of this uſeful part of geometry. And 
firſt let us demonſtrate the following N h | 


PROPOSITION. 


The meridian line is a ſcale of logarithmick tangents of the half complements 
of the latitudes. 

For this demonſtration it 1s requiſite to premiſe theſe four lemmata. 

Lemma 1. In the ſtereographick projection of the ſphere upon the plane 
of the equinoctial, the diſtances from the center, which, in this caſe, is the pole, 
are laid down by the tangents of half thoſe diſtances; that is, of half the comple- 
ments of the latitudes.— This is evident from Eucl. 3, 20. f 


Lemma 2. In the ſtereographick projection, the angles under which the circles 
interſect each other are, in all caſes, equal to the ſpherical angles they repre- 


ſent; which is, perhaps, as valuable a property of this projection as that o 2 
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the circles of the ſphere thereon appearing circles. - But this not being vulgarly 
known, muſt not be aſſumed without a | | 


DEMONSTRATION. 


Let EL be any great circle of the | - D 
ſphere, = the eye placed in its cir- 
cumference, c its centre, p any point 
thereof, and let co be ſuppoſed 
a plane erected at right angles to 
the circle EPL, on which co we 
deſign the ſphere to be projected. { * 


Draw Ey crofling the plain co in p, 
and p ſhall be the point v projected. 
To the point y draw the tangent arc, | 
and on any point thereof, as a, erect | n 
a perpendicular Ap at right angles 

to the plane EBL, and draw the lines 

PD, AC, DC, and the angle ApD ſhall 

be equal to the ſpherical angle con- 
tained between the planes Arc, DPc. 

Draw alſo az, Dt, interſecting the 

plain.Foo in the points à and d, and N 
join ad, pd; I ſay, the triangle adp is ſimilar to the triangle Apr, and the angle 
apd equal to the angle ayp. Draw PL, Ak, parallel to Fo, and, by reaſon of 
the parallels, ap will be to ad as Ak to Ap, But (by Eucl. 3, 32) in the 
triangle Axe, the angle AxP = LP, is alſo equal to ARK = ErG; wherefore 
the ſides Ak, Ay, are equal, and it will be as ap to ad, ſo ay to Ap; whence 
the angles Day, dap, being right, the angle Arp will be equal to the angle 
apd ; is, the ſpherical angle is equal to that on the — , and that in 
all caſes ; which was to be proved. _ 

This lemma I lately received from Mr. Demoivre, though I ſince under- 
ſtand, from Dr. Hook, that he long ago produced the ſame thing before the 
ſociety. However, the demonſtration, and the reſt of the diſcourſe, is my own. 

Lemma 3. On the globe the rhomb lines make equal angles with every me- 
ridian, and, by the foregaing lemma, they muſt likewiſe make equal angles 
with the meridians in the ſtereographick projection on the plane of the equator ; 
they are therefore, in that projection, proportional ſpirals about the pole point. 

Lemma 4. In the proportional ſpiral it is a known 
property, that the angles Bec, or the arches 8D, are 
exponents of the rationes of my to vc; for if the 
arch Bp be divided into innumerable equal parts, 
right lines drawn from them to the centre y, ſhall 
divide the curve gcc into an infinity of propor- 
tionals; and all the lines yc ſhall be an infinity of 
proportionals between yB and yc, whoſe number is 
equal to all the points dd in the arch BD ; whence, 
and by what I have delivered in the next enſuin 
diſcourſe, it follows, that as 30 to 3d, or as the ang 
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nyc to the angle ge, ſo is the logarithm of the ratio of ys to pc, to the loga- 
rithm of the ratio of ys to pc. 

From theſe lemmata our propoſition is very clearly demonſtrated ; for by the 
firſt, ys, pe, pc, are the tangents of half the complements of the latitudes in the 
ſtereographick projection; and by the laſt of them the differences of longitude, 
or angles at the pole between them, are logarithms of 'the rationes of thoſe 
tangents one to the other. But the nautical meridian line is no other than a 
table of the longitudes, anſwering to each minute of latitude on the rhomb line, 
making an angle of 45 degrees with the meridian ; wherefore the meridian line 
is no other than a ſcale of logarithmick tangents of the half complements of the 
latitudes ; quod erat demonſtrandum. 

Coroll. 1. Becauſe that in every point of any rhomb line the difference of la- 
titude 1s to the departure, as the radius to the tangent of the angle that rhomb 
makes with the meridian ; and thoſe equal departures are every where to the 
differences of longitude, as the radius to the ſecant of the latitude ; it follows, 
that the differences of longitude are, on any rhomb, logarithms of the ſame 
. tangents, but of a differing ſpecies, being proportioned to one another as are the 
tangents of the angles made with the meridian. | | 

oroll. 2. Hence any ſcale of the logarithm tangents (as thoſe of the vulgar 
tables made after Briggs's form, or thoſe made to Napter's, or any other form 
| whatſoever) is a table of the differences of longitude to the ſeveral latitudes, 
upon ſome determinate rhomb or other ; and therefore as the tangent of the 
angle of ſuch rhomb to the tangent of any other rhomb, fo the difference of the 
logarithms of any two tangents to the difference of longitude on the propoſed 
rhomb, intercepted between the two Jatitudes, of whoſe half complements you 
took the logarithm tangents, | ms 

And fince we have a very complete table of logarithm tangents of Briggs's 
form, publiſhed by Vlacq, anno 1633, in his Canon Magnus Triangulorum Loga- 
rithmicus, computed to ten decimal places of the logarithm, and to every ten 
ſeconds of the quadrant (which ſeems to be more than ſufficient for the niceſt 
calculator) I thought fit to inquire the oblique angle with which that rhomb 
line croſſes the meridian, whereon the ſaid Canon of Vlacq preciſely anſwers to 
the differences of longitudes, putting unity for one minute thereof, as in the 
common meridian line. Now the momentary argument or fluxion of the tan- 
gent line at 45 degrees is exactly double to the fluxion of the arch of the circle, 
as may eaſily be proved; and the tangent of 45 being equal to radius, the 
fluxion alſo of the logarithm tangent will be double to that of the arch, if the 
logarithm be of Napier's form ; but for Briggs's form, it will be as the ſame 
doubled arch multiplied into 0,43429 &c, or divided Dy 2,30258 &c. Yet 
this muſt be underſtood only of the addition of an indiviſible arch, for it ceaſes 
to be true if the arch have any determinate magnitude. 

Hence it appears, that if any one minute be ſuppoſed unity, the length of the 
arch of one minute being ,000290888208665721 596154 &c, in parts of the 
radius, the proportion will be as unity to 2, 908882 &c, ſo radius to the tangent 
of 71* 1' 42”, whoſe logarithm is 10,46372611720718325204 &c; and under 
that angle is the meridian interſected by that rhomb line, on which the differences 


of Napier's logarithm tangents of the half complements of the latirudes are the 
true 


80 HALLEY'S'DISCOURSE 


true differences of longitude eſtimated in minutes and parts, taking the firſt 
four figures for integers. But for Vlacq's tables we muſt ſay, 

As 2302585 &c to 2908882 &c, ſo radius to 1,26331143874244569212 
&c, which is the tangent of 51 38“ 9“, and its logarithm 10,1015104285077 
20941162 &c; wherefore in the rhomb line which makes an oaks of 51* 38” 
9“ with the meridian, Vlacq's logarithm tangents are the true differences of lon- 
gitude, And this compared * our ſecond corollary may ſuffice for the uſe 
of the tables already computed. 

But if a table of logarithm tangents be made by extraction of the root of the 
infiniteth power whoſe index is the length of the arch you put for unity (as for 
minutes the ,0002908882th &c power), which we will call @; ſuch a ſcale 
of tangents ſhall be the true meridian line, or ſum of all the ſecants, taken in- 
finitely many. Here the reader is deſired to have recourſe to my little Treatiſe 
of Logarithms, in the enſuing diſcourſe, that I may not need to repeat it. By 
what is there delivered, it will follow, that putting 7 for the exceſs or defect of 
any tangent above or under the radius or tangent of 45, the logarithm of the 

ratio of radius to ſuch tangent will be 


= into 1 — —tt + 1 — n + xe when the arch is greater than 4.58", or 
— into # + 2% + zu + An + gi Rc when it is leſs than 4.5%. And, by 
the ſame doctrine, putting r for the tangent of any arch, and : for the differ- 
ence thereof from the tangent of another arch, the logarithm of their ratio will be 


I - . tt ta * e5 2 
r 
12 1 t #3 * o 

7 i , r zi Tre © ori c when T is the leſſer term. 


And if m be ſuppoſed ,0002908882 & c = a4, its reciprocal — will be 243% 


7467707849 392526 &c, which multiplied into the aforeſaid ſeries, ſhall give 
mo ely the difference of meridional parts between the two latitudes to whoſe 
complements the afſumed tangents belong. Nor is it material from 
whether pole you eſtimate the complements, whether the elevated or de- 
preſſed, the tangents being to one another in the ſame ratio as their comple- 
ments, but inverted. | 
In the ſame diſcourſe I alſo ſhewed, that the ſeries might be made to 
converge twice as ſwiſt, all the even powers being omitted; and putting r for 


the ſum of the two tangents, the ſame logarithm would be — * - into Y + - 


+ = + 75 +5 &c; but the ratio of 7 to 1, or of the ſum of two tangents 
to their difference, is the ſame as that of the fine of the ſum of the arches to 
the fine of their difference : wherefore, if s be put for the fine complement of 
the middle latitude, and s for the fine of half the difference of latitudes, the 
ſame ſeries will be — into = += +5 + 5 12 &c; wherein, as the 
differences of latitudes are ſmaller, fewer ſteps will ſuffice. And if the equator 
be put for the middle latitude, and conſequently s R, and 5 to the fine of 


4 . is 


a 
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the latitude, the meridional parts reckoned from the equator will be — + = 
+ = + = &c, which is coincident with Dr. Wallis's ſolution, in number 
176 of the Philoſophical Tranſactions. And this ſame ſeries being half the 
logarithm of the ratio of x + to x — 4, that is, of the verſed fines of the diſ- 
tances from both poles, does agree with what Dr. Barrow had ſhewn in his XIth 
lecture, | 

The ſame ratio of + to # may be expreſſed alſo by that of the ſum of the 
co- ſines of the two latitudes to the fine of their difference, as likewiſe by that 
of the ſines.of the ſum of the two latitudes to the difference of their co-ſines, 
or by that of the verſed fine of the ſum of the co-latitudes to the difference of 
the fines: of the latitudes, or as the ſame difference of the fines of the latitudes 
to the verſed fine of the difference of the latitudes ; all which are in the ſame 
ratio of the co · ſine of the middle latitude, to the fine of half the difference of 
the latitudes. As it were eaſy to demonſtrate, if the reader were not ſuppoſed 
— to do it himſelf, upon a bare inſpection of a ſcheme duly eg 
theſe lines. 6 | 
This variety of expreſſion of the ſame ratio I thought not fit to be omitted, 
becauſe by help of the rationality of the fine of 3ogr. in all caſes where the ſum 
or difference of the latitudes is 3ogr. 60gr. gogr. 1 20gr. or 1 50 degrees, ſome 
one of them will exhibit a ſimple ſeries, wherein great part of the labour will be 
ſaved. And beſides, I am willing to give the reader his choice, which of theſe 
equippolent methods to make uſe of ; but for his exerciſe ſhall leave the pro- 
ſecution of them, and the compendia ariſing therefrom, to his own induſtry ; 
contenting myſelf to conſider only the former, which, for all uſes, ſeems the 


moſt convenient, whether we deſign to make the whole meridian line or any 


part thereof, viz. Z into = + 2 + 5 + = + = &c; wherein @ is the 


length of any arch which you deſign ſhall be the integer or unity in your me- 
ridional parts (whether it be a minute, league, or degree, or any other), s the 
co-ſine of the middle latitude, and 5s the fine of half the difference of latitudes ; 


but the ſecants being the reciprocals of the co- ſines, — will be equal to 2 
putting / for the ſecant of the middle latitude ; and — into — will be = . 
This multiplied by =, that is, by = will give the ſecond flep ; and that 
again by =, the third ſtep, and ſo forward till you have completed as many 
places as you defire. But the ſquares of the fines being in the ſame ratio 
with the verſed fines of the double arches, we may, inſtead of - , aſſume for our 


multiplicator , or the verſed fine of the difference of the latitudes, divided 


by thrice the verſed fine of the ſum of the co-latitudes, &c, which is the utmoſt 
compendium I can think of for this purpoſe, and the ſame ſeries will become 
257 + v * 2 2. : 

— — — + 9 &c. - 


M Hereby 
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Hereby we are enabled to eſtimate the default of the method of making the 
meridian line by the continued addition of the ſecants of zquidifferent arches, 
which, as the difference of thoſe arches are ſmaller, does ſtill nearer and nearer 
approach the truth. If we aſſume, as Mr. Wright did, the arch of one minute 
to be unity, and one minute to be the common difference of a rank of arches, 
it will be, in all caſes, as the arch of one minute to its chord :: fo the ſecant of 
the middle latitude to the firſt ſtep of our ſeries. This, by reaſon of the near 
equality between @ and 25s, which are to one another in the ratio of unity to 
1 — 0,000000003 52 56645771 3 &c, will not differ from the ſecant / but in 
the ninth figure, being leſs than it in that proportion. The next ſtep being 


+ 555 will be equal to the cube of the ſecant of the middle latitude multi- 
plied into — 8 0,000000007051 32908715; which therefore, unleſs the ſecant 
exceed ten times radius, can never amount to 1 in the fifth place, Theſe two 
ſteps ſuffice to make the meridian line, or logarithm tangent to far more places 
than any tables of natural ſecants yet extant are computed to; but if the third 


ſtep be required, it will be found to be + /* into = =_ 0,0000000000000000 


89498 : by all which it appears, that Mr. Wright's table does no. where exceed 
the true meridian parts by fully half a minute ; which ſmall difference ariſes by 
his having added continually the ſecants of 1', 2, 3', &c, inſtead of o, 1, 22, 
+, &c; but, as it is, it is abundantly ſufficient for nautical uſes. That in Sir 
. Moor's New Syſtem of the Mathematics is much nearer the truth, but 
the difference from Wright is ſcarce ſenſible till you exceed thoſe latitudes 
where navigation ceaſes to be practicable; the one exceeding the truth by 
about half a minute, the other being a very ſmall matter deficient therefrom. 
For an example eaſy to be imitated by whoſgever pleaſes, I have added the 
true meridional parts to the firft and laſt minutes of the quadrant ; not ſo much 
that there is any occaſion for ſuch accuracy, as to ſhew that I have obtained, 
and laid down herein, the full doctrine of theſe ſpiral rhombs which are of fo 
great concern in the art of navigation. 


The firſt minute is 1.00000001410265862178. 

The ſecond - 2,00000005641063806707. 

The laſt, or 89 59), is 30374, 963431 1414228643. 
And not 32348, 5279, as Mr. Na has it, by adding the ſecants of every 
whole minute; nor 30249, 8, as Mr. Oughtred's rule makes it, by adding the 
ſecants of every otber half minute; nor 30364, 3, as Sir Jonas Moor had con- 
cluded * by I know not what method, though in the reſt of his table he follows 
Oughtred. | | — 

And this may ſuffice to ſhew how to derive the true meridian line ſrom the 
ſines, tangents, or ſecants, ſuppoſed ready made; but we are not deſtitute of a 
method for deducing the ſame independently from the arch itſelf, Tf the lati- 
, tude from the equator be eſtimated by the length of its arch a, radius being 
unity, and the arch put for an integer be a, as before, the meridional parts 


anſwering to that latitude will be © into 4 + 4 4 ＋ vA. + FEA! Or vs A! 
1 | | 


ON THE LOG. TANGENTS AND MER1D. $3 * 
12 | | | MA 
＋ A Of 534455 4? &c; which converges much ſwiſter than any of * © 
the former ſeries, and beſides has the advantage of a increaſing in arithmetical 
progreſhon, which would be of great eaſe, if any ſhould undertake, de novo, 
to make the logarithm tangents, or the meridian line, to many more places than 
now we have them. The logarithm tangent to the arch of 45 + A being no 
other than the aforeſaid ſeries a T FA + A &c, in Napier's form, or the 
ſame multiphed into o, 43429 &c, for Briggs's. | | 
But becauſe all theſe ſeries toward the latter end of the quadrant do converge 
exceeding flowly, ſo as to render this method almoſt uſeleſs, or, at leaſt, very 
tedious, it will be convenient to apply ſome other arts, by aſſuming the ſecants 
of ſome intermediate latirudes ; and you may for 5, or the ſine of &, the arch of 
half the difference of latitudes, ſubſtitute @ = 3 + e = en + 
err &c, according to Mr. Newton's rule for giving the fine from the 


arch; and if a be no more than a degree, a very few ſteps will ſuffice for all the 
accuracy that can be deſired. 


And if be commenſurable to @ ; that is, if it be a certain number of thoſe 
arches with which you make your integer, then will — be that number ; which 
if we call a, the parts of the meridional line will be found to be 


ſ Sas 81222 
a 2 A be. 


E into : . &c. 
| | + == + Ex xe. 
! = == &c. 


Tn this the firſt two ſteps are generally ſufficient for nautical uſes, eſpecially 
when neither of the latitudes exceed 60 degrees, and the difference of latitudes 
-doth not paſs 30 degrees. | 

But I am ſenſible I have already ſaid too much for the learned, though too 
little for the learner: to ſuch I can recommend no better. treatiſe than Dr. 
. ES * 
perſpicui liar to himſelf, this ſub} t inciples, 
— For the moſt part, we ſuppoſe known. * 

I need not ſhew how, by regreſſive work, to find the latitudes from the me- 
ridional parts, the method being ſufficiently obvious : I ſhall only conclude 
with the propoſal of a problem which remains to make this docttine complete, 
and that 1s this : | 

A ſhip fails from a given latitude, and, having run a certain number of 
leagues, has altered her longitude by a given angle; it is required to find 
the courſe ſteered. The ſolution hereof would be very acceptable, if not to 

the public, at leaſt to the author of this tract; being likely to open ſome fur- 
ther light into the myſteries of ou” þ 
2 


r 


To 


* 
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To conclude, I ſhall only add, that unity being radius; the co-ſine of the 
arch a, according to the ſame rules of Mr. Newton, will be 1 — 24 + {at 
Aero = tere &c; from which, and the former ſeries 
exhibiting the ſine by the arch, by diviſion, it is eaſy to conclude, that the na- 
tural tangent of the arch A is A + 4$4* + rA + rA + $4347, &c, 
and the natural ſecant to the ſame arch 1 + 2A + rA“ ＋ A + 22 at 
&c ; and from the arithmetick of infinites, the number of theſe ſecants being the 
arch A, it follows, that the ſum total of all the infinite ſecants on that arch is 
ATA + AAT 3545A? + 544454? &c; the which, by what foregoes, 
is 2 logarithm tangent of Napier's form, for the arch of 45gr. + 4a, as 

And collecting the infinite ſum of all the natural tangents on the ſaid arch a, 
there will ariſe AA + A! + rA + riod? + 34442? &c, which will be 
found tv be the logarithm of the ſecant of the ſame arch a. 


he ee 


'S 


2. A moſt compendious and facile Method of conſtructing the Logarithms, exemplified 
and demonſtrated from the Nature of Numbers, without any Regard to the Hyper- 
bola ; with a ſpeedy Method for finding the Number from the Logarithm given. 
By Dr. E. Halley. © | 


HE invention of the logarithms is juſtly eſteemed one. of the moſt uſeful. 
diſcoveries in the art of numbers, and accordingly has had an univerſal re- 
ception and applauſe; and the great Geometricians of this age have not been 
wanting to cultivate this ſubje& with all the accuracy and ſubtilty a matter of 
that conſequence doth require; and they have demonſtrated ſeveral very admi-- 
Table properties of theſe artificial numbers which have rendered their conſtruc- 
non much more facile than by thoſe operoſe methods at firſt uſed by their truly 
noble inventor, the Lord Napier, and our worthy conntryman, Mr. Briggs, 
But, notwithſtanding all their endeavours, I find very few of thoſe who make 
conſtant uſe of logarithms, to have attained an adequate notion of them, to 
know how to make or examine them, or to underſtand the extent of the uſe 
of them; contenting themſelves with the tables of them, as they find them, 
without daring to queſtion them, or caring to know how to rectify them, ſhould 
they be found amiſs ; being, I ſuppoſe, under the apprehenſion of ſome great 
difficulty therein. For the ſake of ſuch, the following tract is principally 
intended; but not without hopes, however, to. produce. ſomething that may 
be acceptable to the moſt knowing in theſe matters. | | 
But firſt it may be requiſite to premiſe a definition of logarithms, in order to 
render the enfuing Diſcourſe more clear, the rather, vearlter qr old one, Nume- 
rorum Proportionalium æqui Differentes comites, ſeems too ſcanty to define them 
fully. They may more properly be ſaid to be Numeri Rationum Exponentes; 
wherein we. conſider ratio as a quantitas ſui generis, beginning from the ratio 
of equality, or 1 to 1 = o; being affirmative when the ratio is increaſing, as af 


unity to a. greater number, but negative. when decreaſing ; and theſe rationes. 
2. 


We. 
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we ſuppoſe to be meaſured by the number of ratiunculæ contained in each. 
Now theſe ratiunculz are fo to be underſtood as in a continued ſcale of pro- 
portionals infinite in number, between the two terms of the ratio, which infinite 
number of mean proportionals is to that infinite number of the like and equal 
ratiunculz between any two terms, as the logarithm of one ratio 1s to the loga- 
rithm of the other. Thus if there be ſuppoled between 1 and 10 an infinite 
ſcale of mean proportionak, whoſe number is 100000 &c, in mfnitum, between 
1 and 2 there ſhall be 30102 &e, of ſuch proportionals, and between 1 and 3 
there will be 47712 &c, of them ; which numbers therefore are the logarithms 
of the rationes of 1 to 10, 1 to 2, and 1 to 3; and not ſo properly to be called 
the logarithms of 10, 2, and 3. 8 
But if, inſtead of ſuppoſing the logarithms compoſed of a number of equal: 
ratiunculæ proportional to each ratio, we ſhall take the ratio of unity to 
any number, to conſiſt always of the ſame infinite number of ratiunculæ, their 
magnitude in this caſe will be as their number in the former; wherefore it 
between unity and any number propoſed there be taken any infinity of mean 
proportionals, the infinitely little augment or decrement of the firſt of thoſe. 
means from unity, will be a ratiuncula ; that is, the momentum. or fluxion of 
the ratio of unity to the ſaid number. And feeing thar in thefe continual pro- 
portionals all the ratiunculæ are equal, their ſum, or the whole ratio, will be as 
the ſaid momentum is directly; that is, the logarithm of each ratio will be as 
the fluxion thereof, Wherefore if the root of any infinite power be extracted 
aut of any number, the differentiola of the ſaid root from unity ſhall be as the 
logarithm of that number. So that logarithms thus produced may be of as 
many forms as you pleaſe to aſſume infinite indices of the power: whoſe root you 
ſeek ; as if the index be ſuppoſed 100000 &c, infinitely, the roots ſhall. be the 
logarithms invented by the Lord Napier; but if the ſaid index were 2302585 
&c, Mr. Briggs's logarithms would immediately be produced. And if you 
leaſe to ſtop at any number of figures, and not to continue them on, it will 
faffice to aſſume an index of a figure or two more than your intended logarithm: 
is to have, as Mr. Briggs did; who, to have his logarithms true to.14. places, 
by continual extraction of the ſquare root, at laſt came to have the root of the 
140737488355328th power; but how operoſe that extraction was will be eafily- . 
Judged by whoſo ſhalt undertake to examine His Calculus. 


Now, though the notion of an infinite power may ſeem very ſtrange, and, to 
thoſe that A. the difficulty of the — of the 3 
impracticable; yet, by the help of that admirable invention of Mr. Newton, 
whereby he determines the unciæ or numbers prefixed to the members com- 
poſing powers (on which chiefly depends the doctrine of ſeries), the infinity of. 
the index contributes to render the expreſſion much more eaſy; for if the 
the infinite power to be reſolved be put (after Mr. Newton's method) 


| 4 4 — — 3 +'2mm 
2 + Pq, F + pg” or 1 ＋ *, inſtead of 1 + 4 + — 77 T : — — q* 
+ — 2 2 . &c (which is the root when m is finite), becomes 14 ö 
=g — 2577 + —4 — + — 4 &c, mm being ixſnite infinite; and conſe · 
| quently, 


. 
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quently whatever is divided thereby vaniſhing. Hence it follows, that — 
multiplied into 9 = $99 + 4999 = 1 + 445 &c, is the augment of the firſt 
of our mean proportionals between unity and 1 + g, and is therefore the loga- 
rithm of the ratio of 1 to1 +g; and whereas the infinite index m may be 
taken at pleaſure, the ſeveral ſcales of logarithms to ſuch indices will be as 
— or reciprocally as the indices. And if the index be taken 10000 &c, as 

in the caſe of Napier's logarithms, they will be ſimply 2 — 399 + 3999 = 7 


+34 = 34" &c. 
Again, if the logarithm of a decreaſing ratio be ſought, ty anne poll of 
1 4, or 1 — N, is 1 22 — = - = == -— hr —g* &c; 


whence the ent of the firſt of our infinite number of propor- 


tionals will be — — into 9 + 39g + 397 + 3 + 38 + 3£, &c; which there- 
fore will be as the logarithm of the ratio of unity to 1 — f. But if m be put 
10000 &c, then the ſaid logarithm rr yg Keg e 
29 &c. 

Hence the terms of any ratio being 4 and 5, q becomes , or the differ- 


ence divided by the leſſer term when it is an increaſing ratio; or == when it is 


decreaſing, or as & to 2. Whence the logarithm of the ſame ratio may be 
doubly expreſſed ; for putting & for the difference of the terms @ and 5, it will 


be either 


rue F tis © 


Or hs = +5 = & &c. 


But if the ratio of @ to & be ſuppoſed divided into two parts, viz. into the 
ratio of @ to the arithmetical mean een the terms, and the ratio of the ſaid 
. arithmetical mean to the other term 5, then will the ſum of the logarithms of 
thoſe two rationes be the logarithm of the ratio of à to#; and ſubſti ting 32 
inſtead of 22 + 45, the ſai arithmetical mean, the logarithms of thoſe rationes 


will be, by the foregoing rule, * 


will be the wn of the ratio of à to þ, whoſe difference is » and ſum 2. 
And this ſeries converges twice as ſwift as "the former, and therefore is more 
proper for the practice of making logarithms ; which it performs with that ex- 
pedition, that where x the difference is but the hundredth part of the a * 


os 
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firſt ſtep = ſuffices to ſeven places of the logarithm, and the ſecond ſtep to 


twelve. But if Briggs's firſt twenty chiliads of logarithms be ſuppoſed made, 
as he has very car computed them to fourteen places, the ſtep alone 
is capable to give the logarithm of any intermediate number true to all the 
places of thoſe tables. 

After the ſame manner may the difference of the ſaid two logarithms be 
very fitly applied to find the logarithms of prime numbers, having the loga- 
rithms of the two next numbers above and below them : for the difference of 
the ratio of à to 2 And of Z to 5, is the ratio of ab to 42, and the half of 
that ratio is that of Vab to zz, or of the geometrical mean to the arithmerical. 
And conſequently the logarithm thereof will be the half difference of the lo- 
garithms of thoſe rationes, viz. = into 22, + _ + £5 + Ho &c; which is 
a theorem of good diſpatch to find the logarithm of 4z. But the ſame is yet 
much more advantageouſly performed by a rule derived from the foregoing, 
and beyond which, in my opinion, nothing better can be hoped, For the ratio 
of ab to 4zz, or 44 + ab + 409, has the difference of its terms 444 — 3b + 
20, or the ſquare of 4@ — 44 = 4xx, which, in the preſent cafe of finding the 
logarithms of prime numbers, is always unity, and calling the ſum of the 
terms {zz + ab = , the logarithm of the ratio of ab to 44 + 4b, or 22 


will be found — in - 72 + = tm + Sn, &c, which converges very 
much faſter than any theorem hitherto publiſhed for this purpoſe. 
Here note _ is all along applied to adapt theſe rules to all ſorts of logarithms. 


If n be 10000 &c, it may be neglected, and you will have Napier's logarithms, 
as we hinted before ; but if you deſire Briggs's logarithms, which are now ge- 
nerally received, you muſt divide your ſeries by | 


2,302585092994045684017991454684364207601101488628772976033328, 
or multiply it by the reciprocal thereof, viz. 
0,4342944819032518276511289189166050822943970058036665661144 54. 


But to ſave ſo operoſe a multiplication (which is more than all the reſt of the 
work), it 1s expedient to divide this multiplicator by the powers of z or y con- 
tinually, according to the direction of the theorem, eſpecially where x is ſmall 
and integer, reſerving the proper quotes to be added together, when you have 
produced your logarithm to as many figures as you defire ; of which method I 
will give a ſpecimen, 

If S curiofity of any gentleman that has leifure would prompt him to under- 
take to do the logarithms of all prime numbers under rooooo to 25 or 30 
figures, I dare aſſure him, that the facility of this method will invite him 
thereto ; nor can any thing more eaſy be deſired. And, to encourage him, 
J here give the logarithms of the firft prime numbers under 20 to 60 places, 
computed by the accurate pen of Mr. Abraham Sharp (from whoſe induſtry and 
capacity the world may in time expect great performances), as they were com- 
municated to me by our common friend, Mr. Euclid Speidell. 

Ns, 


— 


88 HALLEY'S DISCOURSE 


—ͤ—ͤ— 


N?. Logarithm. 

2 0,401029995663981195213738894724493026768189881462108 541310427 
3 0,477121254719662437295027903255115309200128864190695864829866 
7 0,845098040014256830712216258592630193483572396323965400503835 
11 1,041392685158225040750199971243024241700702190466453094 596539 
13 1,1139433 523068 37769206 54189 50262462 5456 118900 5053673288 598083 
17 1, 23044892137 8273028540 16989432833 7030007 56737842 5046397380368 
19 1, 27875360095 2828961536333475 7569293 17951129303 944975989068 19 


The next prime number is 23, which I will take for an example of the fore- 
going doftrine ; and, by the firſt rules, the logarithm of the ratio of 22 to 23 
will be found to be either 


1 1 


I I I 
22 958 + 31944 937024 + 25708160 &c, 


I I I I I 
* 23 + 1058 + 36501 + 1119364 + 32181715 Ke 
as likewiſe that of the ratio of 23 to 24 by a like proceſs, 
1 1 1 T I 
23 1058 + 36501 1119364 T: 32181715 &C, 


I I I I 
rn + &C, 


©: SO. TIES. 
1182 41472 1327104 39813120 


And this is the reſult of the doctrine of Mercator, as improved by the learned 


Dr. Wallis. But by the ſecond theorem, viz. = + = &c, the ſame 
logarithms are obtained by fewer ſteps ; to wit, 


2 2 2 2 
45 T 273375 + 92264062 5 + 2615686171875 xc, 
2 


" $96.4 — 5 1 5 
3 > 311469 * 1146725035 E 3546361843241 Meg 


which was invented and demonſtrated in the hyperbolick ſpaces analogous to the 
1 logarithms, by the excellent Mr. James Gregory, in his Exercitationes Geometrice, 
2 and ſince further proſecuted by the aforeſaid Mr. Speidell, in a late Treatiſe, in 
Engliſh, by him publiſhed on this ſubject. But the demonſtratiou, as I con- 
ceive, was never till now perfected without the conſideration of the hyperbola, 
which, in a matter purely arithmetical, as this is, cannot be ſo properly ap- 
plied. But what follows, I think, I may more juſtly claim as my own, viz. 
that the logarithm of the ratio of the geometrical mean to the arithmetical be- 
tween 22 and 24, or of 528 to 23, will be found to be either 
1 1 1 1 
1058 T 1119364 888215334 + 626487882248 &c, 
+ ——— + : &c. 
3542796579 | 659676558485 85 
All theſe ſeries being to be multiplied into 0,4342944819 &c, if you deſign to 
make the logarithm of Briggs. But, with great advantage in reſpe& of the 


work 5 


- 4 


0 1 
: 1057 
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2 the ſaid 4342944819 &c, is divided by 1057, and the quotient thereof ith 

in divided by three times the ſquare of 1057, and that quotient again by + 

of that ſquare, and that quotient by I thereof, and fo forth, till you have as 
many figures of your logarithm as you deſire ; as, for example, the logarithm 
of the geometrical mean between 22 and 24 is found by the logarithms of 2, 
3, and 11, to be 


| r.361,316,961,266,906,129,450,091,726,698,05 

1057 ) 43429 &c (;...,410,874,628,101,468,143,473,158,863,08 
3 in 1117249 ) 41087 &c (3. „122,585, 215, 441,8 18,294, 600,74 
4 in 1117249) 12258 &c (3. . „ „ ꝗ „ 5 ++ 3+ 05,832,351,843,701,75 
J in 1117249 ) 65832 &C (3. „„ 5+ ++ yo» +35 ++ 3+ 42,088,297, 65 
$ in 1117249 ) 42088 &e (;...,...,.. 


5s » 9c » > $6 £0288 » jo.o » So HS 
- Summa 1.361,727,836,017,592,878,607,777,112,251,17 


Which 1s the logarithm of 23 to 32 places, and obtained by five divitions with 
very ſmall diviſors ; all which is much leſs work than ſimply multiplying the 
ſeries into the ſaid multiplicator 43429, &c. | 

Before I paſs on to the converſe of this problem, or to ſhew how to find 
the number appertaining to a logarithm aſſigned, it will be requiſite to adver- 
tiſe the reader, that there is a ſmall miſtake in the aforeſaid Mr. James Gre- 
gory's Vera Quadratura Circuli & Hyperbole, publiſhed at Padua, anne 1667 ; 
wherein he applies his quadrature of the hyperbola to the making the loga- 
rithms. In page 48, he gives the computation of the Lord Napier's logarithm 
of 10 to 25 places, and finds it 2, 302, 585,092,994,045,024,017,870, inſtead of 
2,302,585,092,994,045,684,017,991, erring in the eighteenth figure; as I was 
aſſured N eu my own examination of the number I here give you, and by com- 
pariſon thereof with the ſame wrought by another hand, agreeing therewith to 
57 of the 60 places. Being deſirous to be ſatisfied how this difference aroſe, I 
took the no ſmall trouble of examining Mr. Gregory's work, and at length 
found, that in the inſcribed polygon of 512 ſides, in the eighteenth figure, was 
a o, inſtead of 9; which being rectified, and the ſubſequent work corrected 
therefrom, the reſult did agree to an unit with our number. And this I pro- 
poſe, not to cavil at an eaſy miſtake in managing of ſo vaſt numbers, eſpe- 
cially by a hand that has fo well deſerved of the mathematical ſciences, but to 
ſhew the exact co- incidence of two ſo very differing methods to make loga- 
rithms, which might otherwiſe have been queſtioned. | 

From the logarithm given to find what ratio it exprefles, is a problem that 
has not been 15 much conſidered as the former, but which is ſolved with the 
like eaſe, and demonſtrated by a like proceſs, from the ſame general theorem of 
Mr. Newton. For, as the logarithm of the ratio of 1 to 1 + q was proved to be 


» 6 4 
1 ＋ — 1, and that of the ratio of 1 to 1 g to be 1 — 1 — - ſo the lo- 
garithm (which we will from henceforth call J) being given, 1 + L will be 


equal to 1 + Nein the one caſe, and 1 - L will be equal to 1 — f“ intheother; 


conſequently x + Iwill be equal to 1 + 4, and 1 1 to 1 — 4; that is, 
Vo. II. N according 


. 
- 
. 


* 


go HALLEY'S DIESCOURSE 


according to Mr. Newton's ſaid rule, 1 + mL + 4 ＋ n + A. 
Ti#5LS &c, will be =1 +94, and 1 — mL + z — 4991) + n“ 
Atem l &c, will be equal to 1 — 4, w being any infinite index whatſoever, which 
is a full and general propoſition from the logarithm given to find the number, 
be the ſpecies of logarithm what it will, But if Napier's loganthm be given, the 
multiplication by m is ſaved (which multiplication is indeed no other than the 
reducing the other ſpecies to his), and the ſeries will be more fimple, viz. 1 + L 
+ 4LL +241" + £1* rel &c, or 1 — L + 4LL— 41 + £L* — Lz 
&c. This ſeries, eſpecially in great numbers, converges ſo ſlowly, that it were 
to be wiſhed it could be contracted. | 

If one term of the ratio, whereof L is the logarithm, be given, the other term 
will be eaſily had by the ſame rule; for if L were Napier's logarithm of the 
ratio of 4 the leſſer to þ the greater term, 4 would be the product of @ into 1 + L 
+ ZII + 4LLL &c, = @ + 4 + 44LL + ar &c. But if & were given, @ 
would be = þ — þL + TI 461* &c, Whence, by the help of the chiliads, 
the number appertaining to any logarithm will be exaily had to the utmoſt ex- 
rent of the tables. If you feek the neareſt next logarithm, whether greater or 
lefler, and call its number a, if leſſer, or 3, if greater, than the given 1, and 
the difference thereof from the ſaid neareſt logarithm you call J; it will follow, 
that the number anſwering to the logarithm L will be either a into 1 + / + ll 
+ UI + 21% + +4515 &c, or elſe 5 into 1 — | + 8] — WP +44 — el! 
c; wherein, as / is lefs, the ſeries will converge the ſwifter. And if the firſt 
20000 logarithms be given to fourteen places, there is rarely occaſion for the 
three firſt ſteps of this ſeries to find the number to as many places. But for 
Vlacq's great canon of 100000 logarithms, which is made but to ten places, 
there is ſcarce ever need for more than the firſt ſtep a + al or a + mal, in one 
caſe, or elſe þ — 3 or þ ml, in the other, to have the number true to as many 
figures as thoſe logarithms conſiſt of. 

Tf future induftry ſhall e logarithmick tables to many more places 
than now we have them, the aforeſaid theorems will be of more uſe to reduce the 
correſpondent natural numbers to all the places thereof, In order to make the 
firſt chiliad ſerve all uſes, I was defirous to contract this ſeries, wherein all the 
powers of / are preſent, into one, wherein each alternate power might be 
wanting; but found it neither ſo fimple nor uniform as the other. Yet the 
firſt ſtep thereof is, I conceive, moſt commodious for practice, and withal exact 
enough for numbers not exceeding fourteen places, fach as are Mr. Briggs's 
large table of logarithms ; and therefore I recommend it to common uſe. is 
thus: @ + —; or b — 77 vill be the number anſwering to the logarithm 

iven, differing from the truth by but one half of the third ſtep of the former 
eries. But that which renders it yet more eligible, is, that, with equal facility, 
it ſerves for Briggs's, or any other ſort of logarithm, with the only variation of 


I 1 
* 


writing inſtead of 1; that is, 4 + —<— and 3 . — a 
| m [BELT I U I Fi 
2 2 . 


and 
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and 2 b E are eaſily reſolved into analogies, viz. As 43429 &c 
of m 2 bo F | 
— +1 to 43429 ＋ :: ſo is a to the number ſought; or, as 43429 &c + 4/ to 
43429 - 4 :: ſo is & to the ſaid number ſought. . 5 

al 


If more ſteps of this ſeries be deſired, it will be found as follows, 4 + —=; 


: 141 
— 2 + — 7 Ke, as may eaſily be demonſtrated by working out the di- 


viſions in each ſtep, and collecting the quotes, whoſe ſum will be found to agree 
with our former ſeries. 1 

Thus, I hope, I have cleared up the doctrine of logarithms, and ſhewn their 
conſtruction and uſe, independent the hyperbola, whoſe affections have hi- 
therto been made uſe of for this oſe, though this be a matter purely arith- 
metical, nor properly demonſtrable from the principles of geometry. Nor have 
I been obliged to have recourſe to the method of indvifbles, or the arithmetick 
of infinites, the whole being no other than an eaſy corollary to Mr. Newton's 
General Theorem for forming Roots and Powers. 
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HE foregoing diſcourſe of Dr. Halley on the conſtruction of logarithms 
has always been conſidered, 1 ng perſons of great {kill in the mathe- 
maticks, as a very obſcure and difficult : I have therefore thought it might 
be uſeful to draw up the following explanatory notes upon many of the more 
difficult paſſages of it, by which, 1 hope, I have rendered them ſufficiently in- 
telligible. The reader will, however, obſerve, that I have made no notes on 
ſome of the moſt important parts of this diſcourſe, to wit, thoſe parts in which 
the author gives us the inveſtigation of the two logarithmick ſerieſes q — 
LEE LE LL c, ad infrinm, andg + 4 £ + £ 
+ + £ + &c, ad infinitum, and the two anti-logarithmick ſerieſes 1 + 1 
* 15 1.4 15 1 . 
TW T 73 ® 234 e! + &c, ad infinitum, and 1 — L + 
3 r n &c, ad yas. The reaſon of my 
omitting to make notes on theſe important paſſages, is, that I never have been 
able perfectly to underſtand them. I have, however, given full inveſtigations 
of the two former of theſe infinite ſerieſes, in the © Remarks on the ſaid 
Serieſes“ (which were firſt publiſhed by Mr. Mercator and Dr. Wallis), con- 
tained in the former volume of this Collection of Tracts, from page 235 to 


Page 


uw 0 r NRG. 93 
page 3443 and I have given the like inveſtigations of the two latter of theſe 


L? L* 


Bo —_ . — | | blo | Deere N 
N i T e 3 34 35 
+ A — &c, ad infinitum, in the ſubſequent diſcourſe, intitled, ( An Ap- 
pendix to the foregoing Remarks.” And it ſeems probable, that theſe inveſti- 
gations of theſe ſeveral ſerieſes are either the ſame with thoſe given, or intended 
to be given, by Dr. Halley, in the preceeding diſcourſe, or very analogous to 
them, and founded on the fame principles of arithmetick and ab reaſoning 
on the nature of ratios, without having recourſe to the hyperbola, or any other 
eometrical figure. I therefore refer the reader to thoſe two diſcourſes, in the 
Former volume of thoſe Tracks, for the inveſtigations of theſe four ſerieſes;_and 
I flatter myſelf, that, by the attentive peruſal of thoſe two diſcourſes, toge- 


ther with the following notes on thoſe paſſages of Dr. Halley's preceeding tract 


which I have been able to underſtand, and which ſeemed to ſtand in need of 
explanation, he will be able to underſtand, and perceive the truth of, all the 
concluſions contamed in the foregoing tract of Dr. Halley, notwithſtanding its 
obſcurity. 5 1 nee | ; 9 we 3 
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N page 86, line 16, &c.— Hence the terms of any ratio being @ and b, 4 
becomes —. or the difference divided by the leſſer term, when it is an in- 


creaſing ratio, or 5 when it is decreaſing,. or as b 10 a. i 

In this paſſage, Dr. Halley ſuppoſes & to be greater than a, and he calls a 
ratio of minority, as that of @ to b, an increaſing ratio, becauſe it proceeds from 
a leſſer term to a greater; and he calls a ratio of majority, as that of 5 to a, 
a decreaſing ratio, becauſe it proceeds from a greater term to a leſſer. This 
ſeems to be an odd kind of language: but definitions and the meaning of 
words are arbitrary, or what we pleaſe to make them; and this is evidently the 
ſenſe in which Dr. Halley here uſes the expreſſions of an increaſing and à de- 
creaſing ratio. by % | | | | 
The propoſitions therefore that are affirmed by Dr. Halley in this paſſage of 
his diſcourſe, are theſe two, to wit: firſt, that if @ be to 3 as 1 is to 1 +9, 9 


will be = ==; and, ſecondly, that if 5 be to 4 as 1 is to 1 — 9, q will be = 


3— 2 


Now theſe propoſitions may be proved in the manner following. 


In 


© 
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10 che firſt wade; if @is to h 40 1 l to 1 + 5, ve ſhall have, 'invercendo, 
3 4: 147 1, and, alvidendo, l 414 3; 14g = 1; 1, Or 4 


en 173 and conſequently q K a Te eee 
Iv 

And ſecondly, if erbt = q/ weil have, dividende; . 
4 111 fn, or 14 1. But, by che ſuppoſition, 
415 2 1 2 33 therefore, &. ne, we) thall have 5 — 4 491 and 


une oh 1, e k. =— 


NOTE u. 


N page 86, line 18, 1 legariths 88 ratio max be daady 
1 expreſſed : for, putting x for the — of the Ar- a * b, it will be either 


Ed Stk + ++ . the | 


re be WF pal #b 1 55 the loguihm ofthe rat ef «to þ will b 
equal to the logarithm of the ratio of 1 to 1 + , that is, t to — X the infinite 


ſeries q —£ + — LL £ + &c. But q is in this caſe =. 
= == Therefore + ee: + £ =£+£ 


* . 
geen x the infinite ſeries f = f 72 S wid 4 


- ** 1 „ 
&c. Conſequently x the infinite ſeries = — = T7 "+ 7 * 
+ Kc, is the logarithm of the ratio of a to 8. A. B. p. 


Secondly, if 1 is to 1 — gas bis to 4, che logarithm of the ratio of 
þ to @ will be equal to the logarithm of the -ratio-of 1 to 1 — f, that 


eee + £ +£+£ + &. 
But 2 is in this caſe = ＋ . Therefore 2 x to fe f 
rk be em e HEAT AC 
SIO Conſequently — x the ſeries . +55 +37 + 3 + 57 + 
= + &c is the logarithm of the ratio of ö to 4. But the logarithm of the ratio of 


$ to # is equal to the logarithm of the tio of a to þ ; becauſe thoſe two ratios are 
equal, 
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equal, though, can, to each other. n = x the infinite ſeries + + 


2 
E Säit tg + wnauins — £m 
12 T-, which is the logarithm of the ratio of « to 5. 
e i Be pus ADDR pe eee 
* 2 2 

ſeries 8 + f FU 
7 peſt gtart agreeably to. Dr. Halley's affertian 
in the tek. | M's LESS 


N OT E III. 


page 86, line 23, &c.— But if the ratio of 4 to b be ſuppoſed to be Svided 
into two parts, uix. into the ratio of a 10 the arithmetical mean between the 
terms, and the ratio of the ſaid arithmetical mean to the other term b, then will 7 
fum of the logarithms of thoſe two rationes be the logarithm of the ratio of a to b 
and, ſubſtituting +2 inflead of 4@ ＋ 4b, the Jaid aa . the „ee 
f thoſe rationes will be, by the 1 rule, 5 


 —into the ſeries — + += +£+2 * 5 + &c, 


and = into the ſeries = 2 + 2 —S +7 = = + Se, 


and the. Jun of theſe ſerigſes, or 
— into the ſeries = +Z+S+5 + Gs, 


gu 77 


will be the logarithm ef the ratio 7 atob, wow difference is x, and Jum 2. 


This paſſage requires ſome ex ome explanation. Dr. Halley affirms in it, that if 4 
and þ are two given quan which & is the greater, and x be put for their 
difference 6 — a, and z Cale ds their ſum 4 + a, the 7 of the ratio of @ to 


2 b+a == ** * * 
2, or to Æ, will be x the infinite ſeries = - += + SP 


+ &@ ed infuitum, ad a the Ig of the ratio of , =, to 
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infinitum. Now this ey! be Wenn, an the manner following. ö 
Let che ratio of a to =, or to = 2 is Tn a ratio of, minority, 


becauſe . is greater than. a, and Rs Yedna is greater than =, or than 
| 8) be equal to the ratio of 1 g ton z then pill 2c be to & in the ſame ropor- 
tion of 1 — f to 1. Therefore, dividendo, 2 — 2a will be to 2 as 1 f, or 


9, is to 13 and conſequently g will be ==> = [RE 83 | 


will be = x the infinite feries 2. = r ＋ 2 — 2 42 d 4 


' 


<IL SL, Therefore te due q + £ + £4 f Sa 
&c, ad __ 


a a 
+ & ad inſnitum. But 2 x we ee g + £ F LS £4£ + 


&c, ad infinitum, is the logarithm of the ratio of 1 — f to 1 ; therefore = — X the 

: | x3 a+ s * GT . 
ſeries — += + = + 72 + — +. +&c, ad infinitum, will be the loga- 
rithm of the ſame ratio of 1 9 to 1, and conſequently of the ratio of @ to * 


or =, which 1s equal to it. 5 | | Q. E. D. 


Secondly, let the ratio of £ * „r = , to 5 (which is eridentiy a ratio of 
minority, becauſe 5 is er than 4, and conſequently 25 is greater than 
54 0, and 2, or , than *<- *) de equal to the ratio of 1 to 1 + &. 3 
Then will z be to 24 in the fame proportion of 1 to 1 + @, and conſe- 
quently, dividends, 26 — z will be toz as 11+ Q = 1, or , is to 1. Therefore 


infinitum, will be = — x the ſeries = + = 


@will be = Den 2b=-z _ — = 2b bb — a4 _ b—a „ 
S TS 7. wp 


Therefore — — X the infinite ſeries — 2 = — 


Q* 
7 5 1 25 1 
eee wills = Z xk inf ao g f. Ff g 
+ &c ad infinitum. Bu = x he fries = Do SE = Bt SS 


&c, ad infinitum, i is the logarithm of the ratio of 1 to 1 ＋ therefore — Xx the 


pO TS” ** „ 
ſeries = = 2 + rr — —— 


rithm of the ratio of x to 1 + and conſequently. of the ratio of — 17 5 * 
to I, which is equal to it. Q E. b. 


And hence it follows that the logarithm of the ratio of a'to þ (which is equal 
to the ſum of the two ratios of à to 22 and of £2 to 3) will be equal to the 
ſum 


+5 . 


. 
A 
g 
4 
f 
þ 
: 
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ſum of g x the ſeries © + Z + + . + rammen, 


mt Lee be F Sb 5m ob — =; + &c ad infinitum, or 
to x the ſeries = 1 ue = + &c ad infinitum ; 


that is, the logarithm of the ratio of @ to 3, whereof & is the greater, and of 
which the GAMES — a is denoted by x, el * An is 1 by 


1 V the infinite ſeries = + = "+> + = ＋ += + 
„ agrecably-: to Dr. Halley's laſt cence in the 1 hors explained. 
Qz k. . 


Dr. Halley obſerves that this ſeries E + 5 + een wes a 
it ctr of th oe frm es ff F . —+ = + = + + 
&cand = — = £4 £24 LL; Bj wa iy, tha, on that ac- 


— 25 
count, it is more proper than thoſe other ſerieſes for the practice of making lo- 
garithms. But this circumſtance is not of any great importance, becauſe there 


ee e e e e eee given number 


ame, of the Gries F. EA A nn mne 
menen 55 
* x? - 


te baden 2 in which the principal labour of the buſineſs confiſs; „ 


once we have 3 powers of =, to wit, g, zr, K, A. 


2. Sick and Is or any other number of thoſe powers, the dividing them 


2? 20? 27? 
by their indexes 23 3, 4, 5, 6, 7, 8; c, which are very ſmall and eaſy 
nnen 


operations of diviſion, by making uſe of the third ſeries = + 28 — 142 — 4 2 25 
+ &c, is but a ſmall ſaving of trouble. : 


i . 4 + Cat 
- | . Va | 9 r 
Vor. I. To LEO | - - DX 3» 
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N G r E ix. 


N page 87, ive 8, &c.— For the Afford of he ratios of a to I, and ef 2 
to b, is the ratio of ab to zx; and the half of that ratio is that of ab 
to 42, or of the geometrical mean to the arithmetical ; and conſequently the i 


thereof will * the _ ** of the logarithms of thoſe rationes, viz, — — into the 


XX 


feries — +3 75 + = + 1 + Ec ad infinitum; b ee eee 
' patch to to find the — 9 f IS. 


The propoſitions contained in this paſſage may be proved in the manner 
following. 


The ratio of @ to 32 is equal to the ratio of # K 5 to 42 X 5, or of ab to 
+6z; and the ratio Lf 3.8. to.45 equal to the randrer iz X 4z t-to x22; that 


is, to the ratio of — 7 fo ZZ. Therefore the exceſs of the ratio of à to 2 above 
the ratio of 4z to þ will be equal to the exceſs of the ratio of ad to bz above the 
ratio of — to 20. But the exceſs of the ratio af ab to 452 above the ratio of 


2 fo 1251 is evidently che ratio of ab to To Therefore the excefs of the ratio of 


n above the eds at e 0 d B to ra which is the 


firſt propoſition affirmed in the foregoing paſſage. 1 
Secondly, the ratio of 4 ab ne to S that 
is, the ratio of the geometrical mean proportional between the two quantities 
4 and þ to the arithmetical mean between the fame quantities is equal to half 
the ratio of ab to . But ſince the ratio of a0 to — has been ſhewn to be 
equal to the difference of the ratios of 4 to 22 and of 22 to 3, it follows that 


the ratio of ab to — will be equal to half the difference of the ſaid ratios ; 


that is, the ratio of the geometrical mean proportional between the two quan- 
tities a and 6 to the arithmetical mean between the ſame quantities will be equal 
to half the difference between the ratios of a to 42 and of 2 to 5. Therefore 


the logarithm of the ratio of Va to I, or of the ſaid geometrical mean to the 
faid arithmetical mean, will be equal to half the difference of the logarithms of 
the ratios of @ to 32 and of 22 to 5. But the logarithm of the ratio 1 4 to 


22 has been ſhewn, in Note III. to be = — X the infinite ſeries + = + 
S +£+2+£ + bc od ifuitom; and the logarithm of the 5 
2z to ù has been ſhewn, in the ſame note, to be = — x the infinite ſeries = — | 


. 4 +E—-£L += — £ + & ad infiritum. Therefore the exceſs of the 
az 33 „* 5x5 Oz 771 
logarithm 
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logarithm: of the ratio of s 94 xallobachedoguiſins of hbmnina Ing will 


CC 


WES: . „ N 
814 Xx * Ax 5 
S rr e 


oe ered = e e and half the ſaid exceſs will be = = — X the 
ſeries Cn 8 85 + &c. Therefore the logarithm of the ratio of a 


. 
to 32, or to ak , or of the geometrical mean proportional between the quan- 
tities a and 5 to "ha * 2 5 the ſame quaritities, will be = 
2 x the infinite ſeries Z + = tm tits + pe ee ad a. 
nitum. Q. E. D. 
Thirdly, by this ſeries we may derive the logarithm of the ratio of = — or 


2 to t, from the logarithms of the ratios of 4 to 1, and of 3 to 1. For 


hai theſe two logarithms are known, we need only add them together, and 
we ſhall thereby obtain the logarithm of the ratio of ab to 1, the half of which 


will be the logarithm of the ratio of ab, or the geometrical mean between 
a and 5, to 1. And if we add to this logarichm the logarithm of the ratio of 


= to 2b, or of the arithmerical mean berween a and 5 to the faid geameical | 
— by means of the expreſſion 2 x the ſeries = 
+++ &+ ap tres + Bey 67 infeiten, che for will be the 
logarithm of the ratio of = to 1, or of 2 to I, or of the ſaid arithmetical 
mean between à and 5 to 1. . o. 


If the number b exceeds the number a by 2, we ſhall have x (4A — a) =2, 
and z (=6 + @=8@ +2 2 a) = 24 + 1 — = 


„ 
1 


— . Therefore the ſeries — S+S+& + + = += + Kc, ad 


a +1 

= * — 

infinitum, will, in this caſe, be = = N : TEES + a= + 
1 I 1 - - 

Wo  ' 5 _— 7 =—57; + &c ad infinitum ; and conſe- 

quently the logarithm of the ratio of = or , or 4 + 1, to V ad, or 


VI 2 7 2, or 2a + 24, or of the nr ea 4 and 5, 
or between à and @ ＋ 2, to the geometrical mean between them, will be = 


1 . . . I I r * 
= 1 TASTY r 1 7 
1 1 &c ad infinitym, 


10 * of 12 X a+ a 
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Thus, for example, if à was = 22, and 6 = 24, and we had already com- 
puted the logarithms of the ratios of all the prime numbers under 23 to 1, we 
might make uſe of the laſt-mentioned ſeries to find the logarithm of the ratio 
of the prime number 23 to 1. 4 0 

For ſince we had already computed the logarithms of the ratios of the prime 
numbers 2 and 3 and 11 to 1, we might from thence derive the logarithms of 
the ratios of 22 and 24 to 1, by mere addition; becauſe the logarithm of the 
Sy A —  * Fi 11 9 | | q 
ratio of 22 to 1 is = L. 2 + L. == L. 7 + L. =, and the logarithin of 
the ratio of 24 to 1 is = L. Z+ L.= = L.- +LE= L. 2 ＋ L. 

1 : 5 1 . , | , | ; | | 
— = L = + 3 x L. * And having thus found the logarithms of the 
ratios of 22 and 24 to 1, we ſhould have the logarithm of the ratio of 22 & 4 
or 528, to 1, = ES La _ =; or the fum of the logarithms 

= | 1 
of the ratios of 22 to 1 and 24 to 1, would be that of the ratio of 528 to 1. 
Therefore half the ſum of thoſe logarithms would be the logarithm of the ratio 
of the ſquare-root of 528, or of the geometrical mean proportional between 22. 
and 24, to 1. And, laſtly, if to this logarithm of the ratio of 528 to 1 we 
ſhould add the ithm of the ratio of 23, or the arithmetical mean between 
22 and 24, to W528, which may be computed by means of the expreſſion 


ener IB ere 
+ + = + &c, ad infinitum, or — x the ſeries = 
Tr I tip tort 0 + de, ad in, 
* 5 the die oe e e e e e 
—= + &c, the ſum will be the logarithm” of the ratio of 23 to 1. 

| | 1. 1 


This method of computing the logarithm of the ratio of 2 3 to 1 is the ſame 
in ſubſtance with that by which we computed the ſame logarithm in the gth. 
Example of the foregoing Remarks on Mr. Mercator's and Dr. Wallis's Se- 


nieſes, Art. 32, 80, and 95, pages 264, 304, and 328. 
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NOTE V. 


N page 87, line 13.— Bat the ſame is yet much more advantageouſly performed by 

a rule derived from the foregoing, and beyond which, in my opinion, nothing better 
can be boped ; for the ratio of ab to xx, or 4a + 4ab + 306, bas the difference 
of its terms 44a — ab + bb, or the ſquare of 44 — 3b = ar; which, in the 
preſent caſe of finding the logarithms of prime numbers, is always unity ; and, 
calling the ſum of the terms A + ab = yy, the logarithm of the ratio of ab to 
4 + , er 42, will be found = g X the ſeries —+ = + n Sat 
Ge, ad infinitum; which converges much fafter ihan any theorem hitherto publifbed 
Since z is = 5 + @, zz will be = 3b + 20 + aa. Now 36, ba, and as, 
are three quantities in continued geometrical - proportion, 36 being to ba as 5 is. 
to a, and ba being to aa allo as þ is to 2. Therefore, by El. 5, 25, the ſum of 
the two extreme terms will be greater than twice the middle term; that is, 33 
+ aa will be greater than 2b. Therefore bb + aa + 240, or bb +'2ab + 
aa, will be greater than 240 + 2ab, or 446. Therefore zz (which is = 36 + 


24b + aa) will be greater than 44d, and conſequently _— will be greater than 

Now let ab be put SA, and — = ; then will 3 be greater than a, Let 
B 4, or the difference of 5 and a, or — and ab, be called o, and 3 + 4, 
or the ſum of » and 4, or — and @b, be called s. | 


It is ſhewn above, in Note III. that, if @ and þ be any two unequal quantities, 
of which þ is the greater, and æ be put equal to their difference þ — 4, and z 
to their ſum þ + 4, the logarithm of the ratio of @ to 4 will be equal to 


2 x the infinite ſeries . + + EZ 5 L f n + Ke. Ir fol 
lows therefore, that, in the preſent caſe, in which there are two unequal quan- 


tities A and B, of which s is the greater, and the difference of the ſaid quan- 
tities is denoted by v, and their ſum by s, the logarithm of the ratio of a to s 


a I . . « 3 $ 7 9 11 
will be — — x the infinite ſeries = + 37 + N ＋ 75 + 5 n Kc. 
But the ratio of A to 8 is equal to the ratio of ab to = becauſe A is = ab, and 
; i 


38 = —. Therefore the logarithm of the ratio of ab to N will be = = * 


the infinite ſeries = + 355 +5 + = + 955 = + &c. - Therefore the 


logarithm of half the ratio of ab to 2 or of the ratio of ab to =, will be = 


1 2 . 57: p3 ps o/ D * * 5 | 
2 N e 7 725 + 7 + 75 += += + &c; that is, the 
ö logarithm 
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logarithm * the ratio of Va, the geometrical mean between the numbets 
4 and 3, to a —, or 2 I the —_ OW mean * the ſame numbers, is = 


| 2 the ſeries 2 < = + — I ; +5 + = + = + &c, ad infinitum. 


No let the difference of the numbers a and & be 2, or let & be = a + 2. 

Then will ab be (S@ x 5 +2) = a8 + 24; and= will be (= Ing 
* rr . | * 10 

= = | === = = E£3=2h4) = a* + 2a + 1; and conſequently 

= —abnilde(= 8 +1941 —@Fa = But T — ab is = b. 


Therefore, in this caſe, or when 3 is = 4 + 2, D 1 conſe- 
quently »?, »p*, p', be, pn, and all the following powers of p, will alſo be 


equal to 1. Therefore the logarithm of the ratio of I, or the geometrical 
mean between the numbers a and b, to , or , the arithmetical mean be- 
rope! the Gun numbers, will, in this caſe, OY SS 2, become 


= 2 x the infinite ſeries 9225 + = oþ = => 7 + — + &c ad infini- 


Be Therefore, if, inſtead of s, we ſubſtitute yy in the terms of this ſeries, 


or ſuppoſe yy to be equal to = + ab, or the ſum of — and ab, we ſhall 


have — x the os £4 26 + 2a +2 + * 4 EI &c, ad infini- 
tum, for the logarithm of the ratio of Va to 2, or EE, or of the geometrical 
mean between the two numbers à and 3, or à and @ ＋ 2, to the arithmetical 
E, or E, or ===, or) 4 + 1, between the fame numbers. 


Q. E. 1. 


An Example of the Computation of a Logarithm by Means of the foregoing Series. 


Let it be required to find, by means of this laſt ſeries, the logarithm of the 
ratio of the geometrical mean between the numbers 22 and 24 to the arithme- 
tical mean between the ſame numbers ; that is, to the number 23. 


Here we have @ = 22, 6 = 24, ab (= 22 X 24) = 528, and Vn = 
sad, and a (=b+4= 24 +22) = 46, and conſequently — = 2.3, and 


7 (= 231) = $29, and (== + ab 529 + 528) = 1057, and - FR 
1057] = 1,117,249. Therefore the feries I + 5p g * fan tng 


. 
Winke Sen taxi © ee © pain © gains 


I : 
TIES + kc, and = x the ſeries — 1575 _ 1 72 


&c 
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T | * 
e — &c; that is, the eg. the ratio of Vb to 


Z b + INT pe . + 
2. Or —, ee will be = & the ſeries — N + 
5 x Tp + 7 * = + 9 X = + 11 K a T &c ad infinitam. 


Now — the Gees i rant 7 2 
* 1057 + 3 X 1057 9 * 1057} T7 7 X 1057 + 19 * 1057 


+ 11 9 a + &c is N * X 1057 Is * —— + Im X = T 
5.7 which, if we put © for the 


zn x 1057) 
firſt term ——— —— and Þ for the ſecond term ——= and E for the third 


f. fourth, fi * 
en gige and 7, 0, 8, &c, for the fifth, nl. OR 


wad terms of the ſeries, will be = the ſeries 8 — + 


&c adi. 
$X 1 TID 7:75 9.3 7 9 x = + 11 * wp * | m X 1057 + 


1 * 3 5 | 
3 X 1,117,249 1 n 5 X ent +57 7 7 X 177777240 * 9 37 Dr + 11 X 1,117,249 


+ &c. Therefore the logarithm of the ratio of ab to =, or *2, or of 


. 232 ; 1 : 0 | 3D 
| 528 © 23, 18 = the ſeries m X 1057 + 3 * 1,117,249 + 5 X 1; 117,249 + 


1 5 77 1 90 
ns Fern... 


But in Briggs's ſyſtem of logarithms — is = 


1 1 
Sooner 434.9451, 51782), 


651,128,918, 916, 60g, 82, &c. Therefore === is (= F * 7 = 
0.434,294,481,903,251,827,651,128,918,916,605,082, & x — = 


0.434,294,481,903,251,827,651,128,918,916,605,082, Ke 
= 5 = 0.000,410,874,628,101, 
C 21 35 


468,143,473,158,863,68; and he ſeries ——— + h et 
* — . IETF . iP Fae up the ſeries 0.000, 


7 X 1,117,249 9 X 1,117,249 i X 7177,24 
. 35 I 
Rr r 468, 143,473,158, 2 * 7 7 3 * DE + 
7 * 1,117,249 LE: gs Tx u T N 


« | — ozooo, 


4 M5 
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ozooo, 410, 874, 628, 101, 468, 143,473,158, 863, 68 . 
+ 03. $04 30 122,58 5,215, 441,8 18,294, 600, 74 
Þ+ 03 „ „„ +0 30 5 . 065,832, 351, 843,761,775 
r . 06 eee 
-- Og. $4 3+ 4+ $00 43e ++ 30003000 300 03+ «0 3 + « z02Q,JZO 
+ &c | 
{08 0;000,410,874,7 50,686,749,41 74085,385,553,12 &c. 
Therefore the logarithm of the ratio of Vch to =, or 2, or of V 528 to 23 


is = 0.000,410,874,7 50, 686, 749, 417, 68 5, 385, 553,12, &c. 2. E. I. 


The logarithm of the ratio of 1 to 23 is equal to the ſum of the logarithms of 
the ratios of 1 to 528 and of 4/528 to 23. The logarithm of the ratio of 
1 to 528 is equal to half the logarithm of the ratio of 1 to 528, or to half 
the ſum of the logarithms of the ratios of 1 to 22 and of 22 to 528, or of 1 to 


22 and of 1 to 24, or to half the ſum of the logarithms of the ratios of 1 to 2, 


and of 2 to 22, and of 1 to 3, and of 3 to 24, or to half the ſum of the loga · 
rithms of the ratios of 1 to 2, and of 1 to 11, and of 1 to 3, and of 1 to 8, or to 
I L. 2 T1 L. rr L. + + L. , and therefore may be derived from the 
logarithms of thoſe leſſer ratios by addition. And, if it be ſo derived, it will be 
found to be 1.361, 316,961, 266, 906, 129, 450,91, 26, 698, oh, &c. If there- 
fore we add to this logarithm the logarithm of the ratio of 528 to 23, which 
has juſt now been found to be o. ooo, 410, 874, 750, 686, 749, 417, 685, 385, 
553,12, &c, the ſum, to wit, 1.36 1,727, 836, 17, 592, 878,867,777, 112,251,117, 
&c, will be the logarithm of the ratio of 1 to 23, or of 23 to 1, in Briggs's ſyſtem, 
or, according to the common way of expreſſing ourſelves on this ſubject, the lo- 


garithm of the number 23. 


NOTE VL 


s bs 
Js of the ratio of a, the leſſer, to b, the greater, term, b would be the product of 


. . L L3 LS L 
4 into the ſeries 1 + 1 + — + — + _ + 3 + ng + Ec, ad 


by WES i f | ax aL? aLe _—_” 1 | 
infinitum, = the ſeries @ + 41 + _ + 10 + 74 + 723 + Mary: + &c, 


ad infinitum. But if þ was given, a would be = the feries b — by þ — — — 


2 2.3 
T 73 25 3 1 


The 


** 
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The firſt propoſition aſſerted in this paſſa N is, « that, if any number, or 
quantity, called a, be given, of the ratio of w ich to another quantity called b, 

which is greater than it, L is the logarithm in Napier's Syſtem, the ſaid greater 
quantity 5 may be derived from à and L., by computing the value of the ſeries 


4 1 * 21. 4 * 421.5 
«+4kuwt r 773 577 t 357; © a+ &c, 4d  infinitum, to 
which it will be equal.” Now this may be proved in the manner following. 
Suppoſe # to be of ſuch a magnitude, that 1 + K ſhall be to 1 as þ is to 6. 
Then will L (which is thelogari then of the sed 9a) de fd the 
r beer 1 +k will be= the ſeries 1 + E + 


. 4 Tr + &c. ad inſnitun, and conſequently that 


Cn hte web eee v or 3, will be = 4 -x the ſaid 
ſeries 1 +L += + 5 + 234 +5557 + 555g + Kc, ad i, = 


a 7:34 777 
ber ad infinitum. 


*. 4 L* 


N 213 
E 2. . 
The Second Propoſition Amed in the foregoing p is, That, if any 
number, or quantity, called þ, be given, of the ratio of which to a leſſer quan- 


tity, called 8, the logarithm, in Napier's ſyſtem, is known and denoted by L., 
the ſaid leſſer quantity @ may be derived from the ſaid greater quantity 5, 
_ the logins I. by e the value of the ſeries 3 bL + 
L* L 6 14 

8 1 Fmt n &c, ad infitum, to which it will be 
his may be proved in the manner following. 

Suppoſe & to be of ſuch a magnitude that 1 ſhall be to 11 inthe ſame propor- 
tion as þ to 3. Then will L be the logarithm of the ratio of 1 to 1k, as well 
12 W Therefore 1— & will be = the ſeries 12 L + 
- i / ns , 
INE Y e = = + = &c. ad infinitum. Therefore 1 will be 
to this ſeries in the ſame proportion as þ is to @ ; and conſequently LR be or 


2, will be = 3 x the ſeries 4 Tees 
4 


Kc, ad infuitum = the ſeries b=b1, +2 — 27 + 2 ST Iv 
=— &c, ad inſinitum. | 


Q. E. 5. 


£ 1 
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NOT E VII. 


N , Page 9o, line 15th. bence, by the belp of the Chiliads, the num- 
appertaining to any logarithm wi be exattly bad to the utmoſt extent 

+ wp 2400 ables. I 5 you ſeek the neareſt next logarithm, whether greater or leſſer ; 
db call its number a, if leſſer, or b, if greater, than the given L, and the diſſe- 
rence thereof from the ſaid neareſt logarithm you call I; it will follow that the 
> wages many fo the Hogarithm will be either a x the ſeries 1 +1 + 
2 5 1 +55 eee, R 


752 


The firſt propoſition contained in this aſhes is as follows; to wit, © That, bf 
logarithm i in Napier's ſyſtem of F eg be ah and the ſame be denoted 
by L, and we ſeek i in a Table of Napier's thms the logarithm which is 
neareſt to L of all thoſe which are leſs ELIE L, and denote the ſaid rithm 
by the Greek letter A and the number correſponding to it (or of the ratio of which 
to unity it is the logarithm) by a, and the — of L above A by the ſmall 
letter /, the number correſponding to the given logarithm L, (or of the ratio 
of which to unity the ſaid given logarithm a is the logarithm,) will be = @ x 


the ſeries 1 +1 +> + + = = + 755 + 55 + Kc. ad infiitum.” This may 


be ſhewn in the manner following, I" 
Let & be put for the number hitherto unknown, which correſponds to the 


given logarithm L, or of the ratio of which to eee 


er * the ſeries 1 7 1777 1 5 8 +5 = + —+ 
> £.4&c .ad infinitum, roars al + 2 a 7 1 8 8 7725 
+ &c ad infinitum. © 

Now, fince I. is the Iogarithm of the ratio . 5 to 3 
of the ratio of a to 1, it follows that I, or I. — A, will be the logarithm of the 
ratio which is equal to the exceſs of the ratio of 4 to 1 above the ratio of 4 to 


13 that is, / will be the lo * of the ratio of 5 to a. But it has been ſhewn 
above i in Note 6th, that if / is the logarithm of the ratio of 5 to a, — 5 


tity NS _ than @,) & will be equal to the ſeries & + af + — += 


8 5 
a 6 
5 5 F 25 75 2: 4 * + &c, ad infinitum, or the ſeries 4 + 747 2 —+ 
T + — + —S = + &c, ad infinitum. Therefore the ratio of & to 1, or 


the co . to wy * logarkhen 1 is that of the ſeries a + 41 + 

'T he ſecond. propoſition nd 4 in the foregoing paſſage is as follows, to 
wit, That if any logarithm in Napier's Syſtem « of | logarithms be given, and 
the ſame be denoted by the letter L, and you ſeek in a table of logarithms the 


logarithm 
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ithm which is neareſt to L of all thoſe that are greater than L, and denote 
the ſaid logarithm by the Greek letter A, and the number correſponding to it 
(or of the ratio of which to unity it is the logarithm,) by b, and the excels of 
A above L by the ſmall letter /, the number correſponding to the given loga- 
rithm L, (or of the ratio of which to unity L is the logarithm,) will be equal to 
b x the ſeries 1 +> — —1 + _— &c, ad infinitum, or to 


120 
the ſeries Þ — 1+ ＋ = Þ + = = + f — Ke, ad infinitum, or the 
ratio correſponding to the given logarithm L, is that of the. ſeries þ — 3. 
„ D ad infinitum to 1.” This may be ſhewn 
in the manner following. 
Let @ be 2 the number, 


given logarit 


120 

= + 255 — Ke, ad infinitum. 65 1 
| Now, ſince L is the logarithm of the ratio of à to 1, and A is the logarithm 
of the ratio of 3 to 1, it follows that J, or A— L, will be the logarithm of the 
ratio which is equal to the exceſs of the ratio of þ to 1 above the ratio of à to 1, 

that is, of the ratio of 5 to a. But it has been ſhewn above in Note 6th that, 

if 1 is the logarithm of the ratio of 5 to a, (the quantity 5 being greater than 

% @ will be equal to the ſeries 3 UT -T 


2.3 2-Þh 243 
— &c, ad infinitum, or the ſeries pore i242 en th 4 2. ap 


&c, ad infinitum. Therefore the ratio of @ to 1, or the ratio correſponding to 
the given logarithm L, is that of the ſeries E- tho 


2 
2 + iZ  &c ad infinitum to 1. e p. 


In the foregoing paſſage, and the remarks made to explain it, the logarithms 
L, A, and I, have been ſuppoſed to be Napier's Logarithms of the ratios to 
which they reſpectively belong. But the tables of logarithms thar are moſt in 
uſe at preſent, give us only the logarithms of Briggs's ſyſtem, in which the lo- 
garithm of any given ratio is leſs than Napier's logarithm of the ſame ratio in 
the proportion of 1 to 2. 302, 585, o92, 994, o45, 684, &c, or of 0.434,294,481, 
903,251,827, &c to 1. If therefore we are required to find the ratio cor- 
A to any given logarithm of Briggs's ſyſtem, we muſt proceed ar 

ollows. | 

Let the given logarithm of Briggs's ſyſtem, whereof we are required to find 
the correſponding ratio, be called B, and Napier's logarithm of the ſame ratio 
be called L. Alſo let the next leſſer logarithm to I chat is ſet down in the 
Tables be denoted by the ſmall Greek letter A, and Napier's logarithm of the 

ſame ratio be denoted by the en e A. And let the difference be- 
2 | | tween 


a Sb 75 — &c, ad infinitum, or to the ſeries 4 = 31 + —— + — 


a , 
* 
* - * 4 - 
p a * 


tween the logarithms B and A of Briggs's ſyſtem be called d, and the difference 
between the correſponding logarithms L and A in Napier's Syſtem be called J. 
Then will L be g 2.302,585,092,994,04 5,684, &c x B, and A will be = — 
2.302, 58 5, 092, 994, 045, 684, &c x A, and IL — A = A will be = 2.302,585, &c 

* B — 2.302, 585 & N A=2. 302,585 &c X B — A; that is, / will be = 
2.302,585, &c x 4; or, (if, for brevity's ſake, we put m.= 2.302, 2 
994,045,684, &c,) 1 will be= m d, and conſequently vill be = . 

5 gn A, and 4 = m*a*, and , le, &c = m* d, d, &c. 

Further, let @ be put for the number found in the "ables correſponding to the 
logarithm A, which is the next leſs logarithm to the given logarithm B, that is 
fet down in the tables. Then will a be the number correſponding likewiſe to 
the logarithm A in Napier's ſyſtem. But it has been ſhewn in the firſt part 
of this note, that, upon theſe ſuppoſitions, the ratio correſponding to L, or 
2 n is the 3 in Napier's ſyſtem, is that of the ſeries @ + 4 
2 ＋ ＋ > + +> + + &c ad infinitum to 1, 'which is equal to that of 


120 


the nes e e e e f SN ce in- 


24 120 


| finitum tort. Therefore the ratio mn to the given lo IF B, in Briggs's 


Syſtem, is that. of the ſeries * r ee 


122 + Ke to 1. = $ 2. k. 1. 


Secondly, Let the given IEP} of Briggs's ſyſtem, whereof we are re- 
quired to ad the correſponding ratio, be denoted, as before, by the letter B, 
and the logarithm of the ſame ratio in Napier's ſyſt yſtem be likewiſe, as before, 
Jenored by L. But fer the ſmall Greek letter A be put for the neareſt 
of Briggs's ſyſtem, to the given | — B of all thoſe that are greater than B, that 
ts ſet A in the table, inſtead ut for the next lefſer logarithm, as in the 
former cafe. And let the —— letter A be put for Napier's logarithm 
of the ſame ratio of whichA is the logarithm in Briggs's Syſtem. Alſo let 4 be 
put for A — B, or the difference of the logarithms A and B in Bages ſyſtem, 
2 © for & —L,, or the difference of che Sw os 

ier's ſyſtem. Then will L be = 2 302+585,092,994:045,684, e * 

1 = 2» r & X A, and conſequently. A — L will be 
22.302, 385, &c & N 2.302,585, &c X B = 2.302,585 & X A — * — I = 
2 Bors; c d, that is, I will c eddie &c. X 
4 or, a we HT = DES Ie WHIT 84, &c,) / will be = wes 
and conſequen a, and P=w@, and? = a, and 4, 
F, &c n , „d, &c. 

Further, let 4 —.— for the number found in the tables correſponding to the 
I mx, which is the next greate ithm to the given logarithm B, which 
1s ſet down in the tables. Then wil ill the number correſponding likewiſe to 
the logarithm A in Napier's ſyſtem. But it has been ſhewn in the ſecond part 
of this note, that, upon theſe ſuppoſitions, the ratio correſ g to L, or of 

which L is the logarithm. in Napier's ſyſtem, is that of the — 52 — 1 ＋ 


— e * 2 — 2 * == ec, ad infinitum to 1. Therefore the ratio corre- 
* 


D13COVRSE or b. 24112. 109 
Gr of which B is che logrricun'is\ Brinas'y fyſtemi, (which io whe 
d of whi in ele 


3 
0 ratio of which L- is rhe logarithm in ) is that of the ſeries 
þb „IE += - PE >. > ad infeitum to 1, or (becauſe 


120 720 . | 
| | b m* d* Bm%d*  Bbm*%*d* Bbm*ds $m* a 


— &c, ad infinitum to 1. d. E. 1. 
In making the foregoing deductions I have conſtantly uſed the letters L, A, 


and I, to denote the logarithms of their reſpective ratios in Napier's ſyſtem, 
and have employed the letters B, A, and 4, to denote the logarithms of the ſame 
ratios reſpectively in Briggs's ſyſtem. This I have done, in order to preſerve 
the realanings as clear and diſtinct as poſſible. But Dr. Halley, in page go, 
line 24th, uſes the letter / to denote the logarithms of the ſame ratio both m Na- 
pier's and Briggs's ſyſtems. His words are theſe : *“ But, for Vlacg's 

«© canon of 100,000 logarithms, which is made but to ten places, there is ſcarce 
te ever need for more than the firſt ſtep a + 42, or @ + 41, in one cafe, or 
« elſe $+— #1, or 3 - 51, in the other, to have the number true to as many 
ce figures as thoſe logarithms conſiſt, of.” In this paſſage the letter / ſignifies a 
logarithm of Napier's ſyſtem in the expreſſions @ + 41 and þ — $1; and it fig- 
nifies a logarithm of Briggs's ſyſtem, and conſequently m / ſignifies the corre- 
ſponding logarithm an, Napier's ſyſtem, in the __— a + mal and 5— 
mb], Theſe laſt expreſſions a Tn and 35 - 31 correſpond to the two ex- 
preſſions a + an and -d, in the foregoing deductions, or to the two 


firſt terms of the two infinite ſerieſes a + amd + 2 + _ + . — + 
4 1 4 1 &c, ad infinitum, and PP PLL EI IE, 


120 720 24 


Ec, ad infiritew, / fignifying the ſame quantity in Dr. 


— 
20 


20 
Halley's notation as d ſignifies in ours | g 


* 
0 * 
— * 3 — — — — | — — —— — 
\ th... ² wN 7. EE SO. — Pg —_ 3 F% * "SJ LIT IETF 11 71 1 f 
- 0 6 " 
* 
by * * — 6 — 


N OTE vn. 


N o, line 29. Future induſtry ſhall ever produce logarithwick tables to 
— = places than now we bave them, the 2 ee oak will be of more 
uſe to deduce the e numbers to all the places thereof. In order to make the 
firſt Chitiad [ſerve all uſes, I was defirous to central: the ſeries, wherein all the 
Powers of | are preſent, into one wherein, each alternate power might be wanting; 
but found it neither fo fimple nor . fo wtiferm as the other. 2 ep thereof 
, 1 conceive, moſt commodious for pradtice, and withal exat# enough for numbers 
4 not 
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not exceeding fourteen places, ſuch as are thoje of Mr. Briggs's large table of loga- 
Ne and therefore I recommend it 10 common uſe. I is thus ; « +=p or b 


4 — will be the number anſwering to the logarithm given, di ifterivg from the 


na. 927 27 one half of the third ftep of the former ſeries. 
Thos r nn two propoſitions, to wit, 1ſt, © That the two terms 


O+ =D Ti b are very nearly equal to che whole ſeries 4 + 41 


— + = = + © — — +2 — — + 2 + &c, ad infiitum;” and 2dly, That the two terms 


of | Wy 
Fro orb — 2; fs very odd to the whole ſeries 3 - þ ] + 


| — — + 2 — 8 &c, ad ininitum. 
The firſt of theſe propoſitions may be proved in the manner following. | 
The fraction =' is equal to the W progreſſion a] + = __ 4 


— 


2 + &c, ad infinitum. Therefore the two terms 4 + 2 are 


— 


eee reit Farfan? 7 7 + Kc, od infaitgs, 
which agrees with the ſeries 2 ＋ 414 2 = + TIS LILLE TVNS 


729 
enfinitum in the three 1 W exceeds it nh by the = * — Fa 
. oab 4aÞ 45a | ELLA g cop LO 
9 + . + xg 2X 720 + &c, ad aue, or 24 47 
+ = +8 5 {EE + eee, 00) 7+ 37 + BEE BT 
&c, ad infinitum, of which the firſt term = "is _ mew's 25. 2 is 
the fourth-rerm-"of the ſeries 8 + al + += * 2 par + &C; ad 


120 


, or the third quantity that is to be eo” and added to the firſt term 
#, or (according to Dr. Halley's expreſſion) the third ſtep of the ſaid ſeries. 
Qs E. D. 
The ſecond propoſition contained in the aforeſaid — may be proved in 
che manner . 


. -M 

+ — The der te rw eee . the ſe- 
eva 1 — N ＋ + * = + Ke, ad e data, 20 hee 
Wa i TH TISS , riet 


. 
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ries 6-314 ＋ -T e ad infinitum, which agrees 
with the ſeries b = bI +7 = 1 = + dE = &c, ad infiritum in 


+ 120 720 
the three firſt terms, and falls ſhort of it by the ſeries 2 — 3 = 7+ + 
bis 61s 5710 510 : | | . 616 b + 13615 
+ 5 7 + 576 + Ke, ad infinitum, or the ſeries — oye "hp 240 — 


2 + &c, ad infinitum, of which the firſt term —is equal to only half of 
bY which is the fourth term of the ſeries 5 + ＋ — © 1 == + 
8 &c, or the third quantity that is to be computed and added to the firſt 
term a, which is what I underſtand Dr. Halley to mean by the expreſſion of the 
the third ep of the ſaid ſeries. | QED. 


NOTE IX 


TN page go, line 3 from the bottom.— But that which renders it more eligible, is, 
that with equal facility it ſerves for Briggs's, or any other ſort of logarithms, with 


| the only variationof writing 5 infead of 1, that is, a Li and b r or 


— and L- which are eafily reſolved into analogies, viz. as 0.4.34, 
29 S — 2115 10 0.434429 Sc +21, ſo is a to the number ſought, or as o. 434, 
29 Ce + +1, is to 0.434,29 &c — +1, /o is b to the number ſought. 


In this paſſage, (if I underſtand it rightly,) Dr. Halley uſes the letter / for the 
logarithm- of a ratio in ſome other ſyſtem than Napier's, and ſuppoſes that the 
logarithms of any given ratios in ſuch other ſyſtem are to the logarithms of the 
ſame ratios in Napier's ſyſtem in the proportion of 1 to n. This notation ſeems 
to throw ſome obſcurity upon the paſſage, to remove which I ſhall ſubſtitute 4 
inſtead of J, as above in Note 7th, and keep / to denote the logarithm of the 
fame ratio in Napier's ſyſtem. And then the foregoing paſſage will be found to 
contain the two following propoſitions ; to wit, 1ſt, © That, if B be any given 
« logarithm in Briggs's item, or in any other ſyſtem of logarithms difſerenc 
6 from Napier's, and L be the logarithm of the ſame ratio in Napier's ſyſtem: 
« whereof B is the logarithm in the other ſyſtem, and the proportion of the lo- 
6 garithms of any given ratios in Napier's ſyſtem to the logarithms of the ſame 
« ratios in the other ſyſtem be that of m to 1; and A be the next leſſer loga- 
« rithin to B that is found in the tables, and @ be the number found in the ta- 

« hleg 
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te hles correſponding to A, or of che ratio of which to unity & is the logarithm; 
* and A be Napier's logarithm of the fame ratio of a 11 and d be = B- A, 
«© and i be L- A; the ratio correſponding to the given logarithm B will be 


« very nearly equal ts dat of 4 + gor. E=, to 1.3 and, ſecondly, 


| r 14 = | 
«© That, if B be any given logarithm in Briggs's ſyſtem, or in any other ſyſtem 
1 ithms different from Napier's, and L be the logarithm of the ſame 


« ratio in Napier's (: whereof B is the.logarithm in the other ſyſtem; and 
* the proportion of the logarithms of any given ratios in Napier's ſyſtem, 
te to the logarithms of the ſame ratios in the ſazd other ſyſtem be that of m to 1; 
% and & be che next greater logarithm than B that is found in the tables, and. þ 
* be the number found in the tables correſponding to A, or of the ratio of 
« which to unity A is the logarithm ; and A be Napier's ithm of the ſame 
te ratio of to 1; and 4 be=A—B, and I be A- L; the ratio corre- 
« fl ponding to the given logarithm B, will be very nearly equal to that of 


»” 
b > 4 


Theſe two propoſitions may be proved in the manner following. 
— is thewn in Note th it appears that, if L 1 
Napier's ſyſtem, and A the next leſs logarithm ſet down in a table of Napier's 
logarithms, and à is the number correſponding to the ſaid tabular logarithm A, 
(or the number of the ratio of which to unity A is the logarithm,) and / be 
=L— A, the ratio correſponding to the given logarithm L, will be that of 


, a * 8 
the ſeries 2 ＋ 1 TT = += + = + Ke, ad infinitum to 1, or, 


(becauſe the ſeries + 81 + ZZ +7 + + 5 ＋ 75 + &, ad iin, 


is nearly equal to 4+ =; ,) nearly, that of 6+ + to 1, Now the ratio 


rr T | 
correſponding to the logarithm L in Napier's ſyſtem, is the fame as the ratio 
correſponding to B in the other ſyſtem, whoſe logarithms are to thoſe of the 
ſame ratios in Napier's ſyſtem as 1 tow. And i, or L— A, is (= mB — mA 
=m x[B—A)= md; and conſequently 41 is = amd; and " is = =, and 


nn md, 2—2 4 D e eee 
J 


2amd 224 UN. ad 


BE 4 
2225 = ZE £22 and therefore e + is = © + Cr Therefore the 
— W T T 


w—T 
ratio correſponding to the given logarithm B in the ſyſtem of logarithms in 
which the logarithms of any == ratios are to Napier's 3 of the ſame 
ratios in the proportion of 1 to m, is, nearly, that of + — to 1. 
| | 2 * d: E. 5 

Secondly, it appears likewiſe by what is ſhewn in Note 7th, that, if L be 
any given logarithm in Napier's ſyſtem, and A be the next greater logarithm ſet 
down in a table of Napier's logarithms, and 4 is the number correſponding to 
the ſaid tabular logarithm A, (or the number, of the ratio of which to unity A 
To. 13 
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— be tha of dir arp 1727 


F d 2 


— 45 4 5 Kc, ad —_— nearly equal to 5 — — 5) it will be, 
720 9 
| — 2 
1 that of 5 e. I, Now the ratio creſpodin to the wo 


ogarithm L in Napier's. : Fyſtem. i is the ſame as the ratio correſpondin to the 
— logarithm B in the other ſyſtem, whoſe logarithms are to thoſe of the 
go - Napier's ſyſtem in the proportion 1 to n. And I or A L, 


is (=Smxa—mB=mxa—BD=md; and conſequently 3 is = 5 m d, 


4 ö. $ as 3 
d 2, and 1 ＋ ＋ is ( 1 + Y = and i (= 


bud __ 2 232 _ bmd 
q A—=TFa- i=, 
= 35 — 757 Therefore che ratio correſponding to the given logarithm B 


in the ſyſtem. of logarithms in which the logarithms of any given ratios are to 
thoſe of the ſame ratios in Napier's ſyſtem in the proportion of 1 to m, is, 


nearly, that of þ — — to f. | x. p. 


7 


Beſides the two propoſitions which we have juſt demonſtrated, the foregoing 
paſſage contains the two NOSE propoſitions, to wit, iſt, *© That 4 + 


—&+=- 1s 
is equal 


- .“ and 2dly, “That þ — — - 
: 8 DFT 
445 f " | 
to = * ＋ ;” or, according to the notation uſed in the foregoing part of 
this note, (in which 4 anſwers to the logarithm denoted by 7 in Dr. Halley's 


expreſſion,) That @ + 


db 
d 


manner following, 
Vous II. 2 The 
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| þ F I Fn 
1 1 4 4 
The homes quanity # + —* E nhs * "be! <_OIRNG 
— 25 5 HRS 27 
— 4 mw — 4d 23 — 44 4-64 —4 4244 
1 4 __ m A = 2 
= 1 e CP )= 1 — and 
. Cie 
| bx[E+27 15 
the latter quantity — — — is (= — — — — — = 
eee e 
I I I 33 P 
7 e I en gi * * nn 4 
Q E. D. 
24 ＋ 2 4 


| —, which is equal to 6, affords us the fol- 


lowing analogy. fe ani ide Ude u 5 to wit, 2 22204 


LO EIS 


+ = 4, ſo is a to ( 77 , or) 5, or the number ſought; or, KC 


note a logarithm in Briggs 8 ſyſtem, and conſequently m be = = 2. 302, 58 5,092, 
994,045,684, &c, and 2 — be 7 N Ee, or, O. 434,294.48 - 
903,251,827, &c, we mal have o. 434, 294, &c, — = d to 0434294, &c, 
+ = dasetob, e ie —_ up 21 * 


23 — 7 34 
And the expreſſion = 3 which is 1 to a, win afford 0 us che 
2 _ + 2 


following analogy for 8 the value of a; to wit, as 2 4 2 4 is to 


. 
244 ſo is 5 to (.. —, or) a, or the number ſought; or, if 4 


m I 


m 2 
be a logarithm in Briggs's ſyſtem, and conſequently — be = 0.434, 294, 48 7, 
903,251,827, &c, we ſhall have o. 434, 294, &c, + — d to o. 434, 294, &c, — — 
d as þ is to a, or the number ſought. oi 
NOTE 
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NOT E X. 


N page 91, line 4th. more ſteps of this ſeries be defired, it will 
be found to be as follows, to wit, a + — 1 + n Sc; as 


1 8 123 
may eafily be demonſtrated by working out the diviſions in each ep, and colleffing 
the guotes, whoſe ſum will be found to agree with 2 former nies. *. 
| a Tx 4 


Dr. Halley here affirms that the ſeries a + <5, — ZE + ES e, is 


equal (as far as theſe four terms go, or as far as to the term that involves the fifth 


power of I,) to the ſeries a + 41 + WEL +=+ en: EL we. 


120 720 


This affection. B- Ens as far un the fourth power: of I, und nearly, but not accu- 


rately, ſo-with ceſpect to the term 25, which. involves the fifth power of l. 

NE 2 | 1 4 13. 1s 
This will appear by converting the three fractions . x2, and 220 
into ſerieſes by dividing their numerators by their denominators, and then 
adding together the firſt and third quotients, or ſerieſes ſo obtained, and ſub- 
tracting the ſecond quotient from their ſum. For, if this be done, we ſhall 


zANG8,50% l 1 12 14 ab" 410 
bare y or D = +++ +77 + 55 + &c. and 


LED = 1:60 + Na + N + 46400 + Ke, and Oh = 


5 T 1-27 
24 — + _ 4 4 [* + 22 + 2 3: re 


— r - alt — alt = als — &c. 
f . J * 0 2 &c. 
7 a 4212 a a a 
= 64 +5 + = + S=+5=T += + &c 


4 [3 — a [5 a [6 & 


+= + == = + &c, 
aP 2al3 a [4 als 2 1 
A 


= 41414 — + r 7 72 + &c. 
„ & 
2 22 . 
a 3 
27 26 2 . 
nr . + &c. 
4421 8421“ * 
a [5 2 als 


r 
Q 2 
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IN +D==S = «7+ &c. 


@ [3 13e15 1215 


PAS + TD _ Er + EA + &c; and 4 the 
| al 25 Eo wi 


e agrees with the original ſeries is f % 22 7 


+ = _— += 88 &c ad infinitum in the five firſt terms, but differs from 


720 


in che ach and ſeems ce and 24. 255. of which che former is a 


little leſs than - 225 and the latter is conſiderably greater than 725 For — is 
= ele g which is greater than 265, 1292 by the difference —=3 and 


21% 14215 — 14 als * * 17 21% 
is 2 — e 1 0 


720 7s 14 X 720 75 10,080! 25. | 
by 14855 or, nearly, = 25 _ which is more than double of 776 . . De 


In order to make the ſeries . | = = 2 + hel &c, which is 
Winne eee e 
+ 7 5 + + & ad infiitum, agree with the ſaid original ſeries in 


120 


i bis cn fg, we muſt an) apt eh be, term rm z from Fh or 


0 — Fra ese 
1 2 1 c, 
al 2 als a 1s &c 
c ＋ — 5 


=al + SW + TEE + &c, 


24 . 
44 _ Bat — &c, 
4 
nals 71741 | 
DT os RD, 
| 's 
e 
nals 741 


22 1T 2 +* + — — 
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T e we=ol+D4 P48 
+ = == + &c, and conſequently # + 5 — E7 We = a 
+al ++ +Z + + e, which agrees with the original 
feries a + 81+ + +Z + ++ Ke ad infinitum in the fix 
firſt terms, or as far as the ſixth term 2, incluſively. 9 q. E. D, 


Dr. Halley ſeems to think that there is much leſs trouble in computing the 


four terms a + — — 2 Hz” than in computing the firſt fix terms 


of the original ſeries @ + 81 + > +> +5 + Ke, to which fix 
terms the foregoing four terms are equal. But I much doubt whether this opi- 
nion is well founded; becauſe the diviſors 1 — +1, 1 — I, and 1 — 21, of the 
ſecond, third, and fourth terms of the ſaid new ſeries will be much longer 
numbers, and conſequently more troubleſome to uſe as divifors, than the num- 
bers 2, 6, 24, and 120, which are the diviſorwof the third, fourth, fifth, and 
ſixth terms of the ſaid original ſeries : and in both ſerieſes it will be neceffary 
to raiſe I to the fifth power, in order to obtain the terms f and n 


120 


finding which power of 7 a conſiderable part of the difficulty of the computa- 
tion will c I ſhould therefore, in a b f of this kind, incline to 
4 4 15 al* als als 


make uſe of the original ſeries à + a1 + — + + 6 ＋ 758 + 


2 120 720 


&c ad infinitum, rather than of Dr. Halley's ſaid new ſeries. 


ECT —— — — A. — 


NOT E II. 


N page 91, line 8th.—Thus, I hope, I have cleared up the dofirine of 25 
rithms, and ſhewn their conſtrufion and uſe independent of the hyperbola, whoſe 
eftions have hitherto been made uſe of for this purpoſe, though this be a matter 
purely arithmetical, nor properly demonſtrable from the principles of geometry. Nor 
have I been obliged to have recourſe to the method of Indivifibles, or the arithmetick 
of Infinites ; the whole being no other than an eaſy corollary to Mr. Newton's 
general theorem for forming roots and powers. 


ARTICLE I.—Dr. Halley here ſeems to aſſert, that he was the firſt. perſon 
who had ſhewn the conſtruction of logarithms without the aſſiſtance, or inter- 
vention, 
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vention, of the hyperbola. But this aſſertion is not true in its full extent. 
For both Lord Napier, the firſt inventor of logarithms, and Mr. Henry Briggs, 
who invented, or firfl computed, thoſe of the ſyſtem now in uſe, which is 
called by his name, had conſtructed logarithms, and explained their manner of 
conſtructing them to the world, without any mention of the hyperbola. And 
ſo did the learned and ſagacious John Kepler afterwards in his two tracts, firſt 
publiſhed in the years 1624 and 1625, and now republiſhed at the beginning 
of this collection. And ſo likewiſe did Mr. Nicholas Mercator in the former 
and larger part of his tract, mtitled, Logarithmotechnia, which was firſt pub- 
liſhed in the year 1668, and has now been republiſhed in this collection. Dr. 
Halley muſt therefore be ſuppoſed to mean only that the two logarithmick 
ſerieſes q — - — - — — + = — 1. + &c, ad infinitum, and q + - 4 7 + 
- + - + * +, &c, ad infinitum, (which had been publiſhed by Mr. Mercator 
and Dr. Wallis for the purpoſe of conſtructing, or computing, logarithms more 


conveniently and expeditiouſly than by the methods uſed by Napier and Briggs, 
and the other old computers of logarithms,) had been derived by Mercator 
and Wallis, and other writers, (as, for inſtance, James Gregory,) in the tracts 
they had publiſhed on the ſubject, ſolely from the hyperbola. And this, I 
ſuppoſe, was true. | EW 

II. Dr. Halley ſays further, That the doctrine of logarithms, being a matter 
merely arithmetical, is not properly demonſtrable from the principles of geometry.” 
But this is by no means a juſt concluſton ; ſince numbers may as well be re- 
preſented by geometrical lines, or areas, (ſuch as the aſymptotick ſpaces, or 
areas, of an hyperbola,) as by any other quantities whatſoever, and the in- 
ferences obtained by means of ſuch a repreſentation of numbers to the eyes, or 
ſenſes, are at leaſt as clear and ſatisfactory as thoſe obtained by conſidering them 
merely in the abſtract. Indeed, when we ſpeak of abſtra# numbers, we can 
mean only commenſurable quantities in general, or commenſurable quantities of am 
kind, without confining our ideas to any one particular ſort of quantities. Thus, 
for example, when we ſay, „that 3 times the number 7 is equal to the num- 
ber 21,” the only meaning of the propoſition is, © that, if we take 3 parcels 
of men, or of horſes, or of hs or of cannon-balls, or of lines a mile 
long, or of any thing elſe, and each parcel conſiſts of 7 individuals, or units, 
of the things under conſideration, that is, 7 men, or 7 horſes, or 7 houſes, or 
7 cannon-balls, or 7 miles, and we add the ſaid 3 parcels together, the ſum 
thereby ariſing will be 21 of the faid individuals, or units, to wit, men, 
horſes, houſes, cannon-balls, or miles; and that this will be equally true, 
whether we ſpeak of one of theſe ſorts of things, or of any other of them.” 
Now certainly our ideas upon this ſuhject will not be the more clear, and our 
concluſions the more certain, for our not confining ourſelves to the conſideration 
of only one of theſe ſubjects, but extending our thoughts to all of them at 
once, as we do when we conſider them in the abſtra& : but they will, on the 
contrary, be rather leſs ſo, it being a plainer and eaſier propoſition to under- 
ſtand, “ That 3 times 7 miles make 21 miles,” than *“ That 3 times 7 things 
of any kind make 21 things of the ſame kind.” When therefore it is ſhewn, 
4 | that 


* 
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that the afymptotick ſpaces in an hyperbola that are intercepted between ordi · 
nates that are in the ſame ratio to each other are equal, and conſequently 
that the aſymptotick areas that are intercepted between ordinates whoſe ratios 
to each other are unequal, are proportional to, or meaſures of, the ratios of ſuch 
ordinates, we have a clearer idea of theſe meaſures of the ſaid ratios, or, in 
other words, of theſe logarithms of the ſaid ratios, than when we endeavour to - 
form a conception of the meaſures, or logarithms, of the ratios of mere abſtract 
numbers to each other. And the concluſions that are drawn concerning theſe 
aſymptotick ſpaces, or viſible logarithms, are likely to be more clear and fatif- 
factory than thoſe that might be drawn concerning abſtract logarithms, and at 
the ſame time muſt evidently be full as certain. It is not therefore true, as Dr. 
Halley has aſſerted, That the doctrine of logarithms, being a matter purely 
arithmetical, is not properly demonſtrable from the principles of geometry; 
but it is true, on the contrary, that the ſaid doctrine may be very elearly and 
ſatisfactorily demonſtrated in that manner.” 

III. In addition to what has been here advanced concerning Dr. Halley's 
aſſertion, we may obſerve, that Euclid himſelf, the moſt clear and accurate 
writer on the mathematicks that ever lived, has, in the fifth book of his Ele- 
ments, (which is of the moſt abſtract nature poſſible, and treats, not of lines 
and angles, and the areas of right-lined figures, as the former books do, but of 
quantities in general, and their proportions,) thought fit to repreſent abſtract 
quantities by right lines, in order to aſſiſt his readers to conceive and underſtand 

what he ſays of them ; thereby calling in the imaginations of his readers in aid, 
and to the eaſe and relief, of their underſtandings. And with reſpect to the 
ſubject now under confideration, to wit, the nature and conſtruction of loga- 
rithms, I have always found right lines to convey to my mind the cleareſt con- 
ception both of logarithms, or the meaſures of the ratios of quantities to each 
other, and of the numbers, or quantities, themſelves, of whoſe ratios to each 
other they are meaſures ; and therefore I am of opinion that this doctrine can- 
not be better explained than by the affiſtance of the logarithmick curve, in 
which the ordinates increaſe on one fide, and decreaſe on the other, ad infinitum, 
and conſequently bear all poſſible ratios to each other, and therefore are capable 
of repreſenting all ſorts of numbers, however great or ſmall, and the abſcifles 
of the axis, or aſymptote, belonging to any two different pairs of ordinates, 
are proportional to, or meaſures * the ratios correſponding to the ſaid ordinates. 
And further, I conſider this curve as being ſomewhat preferable even to the 
hyperbola for the purpoſe of illuſtrating the doctrine of logarithms; hecaufe 
right lines, (ſuch as the abſciffes of the axis, or aſymptote, of this curve,) are 
ſtill more eaſily conceived in the imagination than the mixtilinear aſymptotick 
areas of an hyperbola. rd | 

IV. However, though the illuſtrations and demonftrations of the properties 
of logarithms that have been given by Mr. Mercator and Dr. Wallis, and Mr. 
James Gregory, by means of the hyperbola, appear to me (for the reaſons that 
have been mentioned, ) to be very legitimate and ſatisfactory, yet I agree with 
Dr. Halley in thinking, that ſo uſeful and important a doctrine as this is, ought 
likewiſe to be explained, if poſſible, without the help of the hyperbola, and 


upon 
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upon the abſtract and pure principles of arithmetick, to the end that it may be 
ſeen and underſtood in every poſſible light and mode of confidering it: and 
therefore I have, in a preceding tract of Vol. I, intitled, «© Remarks on the two 
foregoing infinite Serigſes of Mr. Mercator and Dr. Wallis,” endeavoured to de- 
duce: thoſe two ſerieſes from principles of pure arithmetick and the abſtract na- 
ture of proportion, and in a manner that I conjecture to be ſimilar to that in 
which Dr. Halley has deduced them in the foregoing diſcourſe which is the 
ſubje& of theſe notes, though I haye not been able, after the moſt earneſt 
endeavours, perfectly to comprehend the Doctor's own inveſtigation of them: 
and I have likewiſe, in the next following diſcourſe, in Vol. I, intitled, . An 
Appendix to the foregoing Remarks,” endeavoured to give a ſimilar inveſtigation 
of the two anti-logarithmick ſerieſes contained in the foregoing diſcourſe of Dr. 
Halley, that is grounded likewiſe on the principles of pure arithmetick, and 
which I conjecture to be, if not the very ſame with, at leaſt very ſimilar to, 
the inveſtigation of thoſe two ſerieſes given by Dr. Halley in the foregoing 
diſcourſe, which, however, from the extreme brevity with which it is expreſſed, 
I have not been able to underſtand. The other of the foregoing diſcourſe of 
Dr. Halley, (that is, all but the inveſtigations of Mr. Mercator's and Dr. Wallis's 
two logarithmick ſerieſes and the two anti-logarithmick ſerieſes derived from 
them, ) I think I have been able to underſtand, (though not without great labour 
and difficulty,) and I hope I have explained them ſufficiently to the reader in the 
courſe of the ten foregoing notes ; for the extraordinary length of which, the 
uncommon degree of obſcurity which runs through the text, muſt be my apo- 


V. Dr. Halley tells us in the latter part of the paſſage cited in the beginning 
of this note, ©* That in the foregoing diſcourſe be bas not been obliged to have 
recourſe to the method of indiviſibles, or to the arithmetick of infinites ;” for which 
he ſeems much to applaud himſelf. But ſurely this applauſe is not deſerved. 
For what can be a recourſe to the arithmetick of infinites, if the following 
paſſages are not ſo? Firſt, in Page 85, the Doctor's words are as follows: 
« And theſe rationes we ſuppoſe to be meaſured by the number of ratiunculæ con- 
« tained in each, Now theſe ratiunculæ are ſo to be underſiood as in à con- 
« tinued ſcale of proportionals, infinite in number, between the two terms of 
« the ratio; which infinite number of mean proportionals is to that infinite num- 
dec zer of the like and equal ratiunculæ between any other two terms as the 
ec logarithm of the one ratio is to the logarithm of the other. Thus, if there be 
« ſuppoſed between 1 and 10 an infinite ſcale of mean proportionals, whoſe number 
« 55 100,000, Cc. in infinitum; between 1 and 2 there ſhall be 30,102, &c. of 
« ſuch proportionals; and between 1 and 3 there will be 41,712, Cc. of them; 
« which numbers therefore are the logarirhms of the rationes of 1 to 10, 1 to 2, 
« and 140 3; and not ſo properly to be called the logarithms of 10, 2, and 3. 

« But, if, inſtead of ſuppoſing the logarithms compoſed of a number of equal 
« ratiunculæ proportional to each ratio, we ſhall take the ratio of unity to any num- 
« ber to conſiſt always of the ſame infinite number of ratiuncule, their magnitudes 
« in this caſe will be as their numbers in the former. Wherefore, if between unity 
« and any number propoſed, there be taken any infinity of mean proportionals, the 
« infinitely little augment, or decrement, of the firſt of thoſe means from unity 

c i 


* 
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< will be a ratiuncula, that is, the mamentum, or fluxion, of the ratio of unity 10 
« the ſaid number. And, ſecing that in theſe continual 8 all ibe ratiun- 
« cules are equal, their ſum, or the whole ratio, will be as the ſaid momentum tis 
« Airectiy : that is, the logarithm of each ratio will be as the fluxion thereof, 
 « Wherefore, if the root of any infinite power be extracted out of any number, the 
« differentiola of the ſaid root from unity ſpall be as the logarithm of that number. 
4 Fo that logarithms thus produced may be of as many forms as you pleaſe to aſſume 
« mfinite indices of the power whoſe root you feet; as, if the index be ſuppoſed 
© 100000, Cc, infinitely, the roats ſhall be the logarithms. invented by the” Lord 
« Napier ; but, if the ſaid index were 2302585 Cc, Mr. Briggs logarithms 
« would immediately be produced, And, if you pleaſe to flop at any number of 
ct figures, and not to continue them on, it "will ſuffice to aſſume an index of a figure 
&« or two more than your intended logarithm is to bave, as Mr. Briggs did; who, to 
have his logarithms true to 14 plates, by continual extraction of the ſquare root, 
0 * laſt came to bade the root of the 140, 737,488, 355, 328·b power; but how 
operoſe that extraction was will be eaſily judged by whoſo Nutt: undertake to 
tc examine bis Calculus. + 
« Now, though the notion of an infinite power may ſeem very unte, and, to 
ce wha that know the difficulty of the extraction of the roots of high powers, 
. mpraficable : yet, 27 the help of that admirable invention of Mr. 
ewton, whereby be determines the unciæ, or numbers prefixed to the members 
1 Powers (on which the doctrine of ſeries chiefly depends), the infinity of 
ce the index contributes to render the expreſſion much more eaſy ; for if the nite 


* power to be reſolved be put AR b An. p + pq, p＋ PGM or 


I, = 6m+ 3 
ce I + —_ | q 855 8 


ec q+ Ge (which is the root 7 m 7s ure), becomes 1 —q — —qq + 
« q — - —q + — ꝗ' &c, mm being infinitè infinite; and conſequently * 
« is divided thereby vaniſhing. Hence it follows, that — multiplied into q — 1d 


« +-34* = 3q* + 4d Sc, is the augment of the frf of our mean proportionals 
« between unity and 1. + , £5 is therefore the logarithm of the ratio of 1 to 
« 1 + q. And, whereas the infinite index m may be taken at pleaſure, the ſeveral 


&« ſcales of logarithms to ſuch indices will be as = or reciprocally as the indices. 
&« Aud, if the index be taken 10000 Ge, as in the caſe of Napier's logarithme, they 
« will be fimp fimphy 9 x49 + 3P -d; + g. 1 Se. 

Again, if t * of 4 erereafig ratio be ſought, the infinite root of 
1 — , or 1 — S1 7 — =P d — nd — 8 d 
« He; whence the decrement of the firſt of our infinite — of preportionals will 
« be — into q + 499 +.34* + 3q* +.4q} + d', Ce; which therefore will be 


« as the logarithm of the ratio of unity to 1 — q. But, if m be put 10000 Se, 
N ito + irg + 49* Se.“ p 
HL, Aa 
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In this paſſage we have frequent. mention' made of infinite numbers, infinite 
indices of powers, different infinite numbers bearing proportions to each other, fluxions, 
momenta, and diſſerentiolæ, and a quantity, mm, that is infinite infinite. mit 
theſe expreſſions partake e both of the method indiviſibles and of the arithmetic 
of infinites, notwithſtanding the author's of the contrar 

And, ſecondly, the following paſſage makes mention infinite indexes of 
powers, and ſuppoſes that there may be as many different indexes of this kind 
as we pleaſe; which certainly is a branch of the arithmetick of infinites. 

 « From the logarithm given to find what ratio it expreſſes, is a problem that has 
ce not been ſo much confidered as the former, but which is ſolved with the like eaſe, 
and demonſtrated by a like proceſs, from the ſame general theorem of Mr. New- 
ce gon. . as the logarithm of the ratio of 1 te 1 + q was proved to be 


« 1 ＋ 7® — 1, and that of the ratio of 1 f 1. — 7 be 1 — 1 = J % the lo- 
cc — — mes we will. from henceforth call L) being given, 1 * L "Will b 


« equal to in the one caſe, and 1 — L will be 1 to 1 — A* in the otber; 
« conſequently 1 + —J will be e 72 to 1 + q, and 1 Dy to.1-q; that i is, 
« according to Mr. Newton's ſai 2 I+mL+4ml ＋ me *. +, m* 
«© 1* + m' L &c, will be 1 +4, end 1. — mL Tam 1 — 2m 15 + 
2 Am 1 ent e, 105 be equal to 1 — q; m being any infuite, index 
« whatſoever : which is a Full and general propoſition, from the logarithm given to 
« find the number, be the ſpecies of logarithm what. it will. But, if: Napter's lo- 
« garitbhm be given, the multiplication by m is ſaved (which multiplication is 
te indeed no other than reducing the other ſpecies to bis), and the ſeries will: be 
ce mere Ann: Viz, 1 l LL. + pL + *r“ = N. c or 1 — 1 + 

CELL *L”+ 2 sr Sr.“ | 

- After reading theſe two paſſages of this diſcourſe of Dr. Haley, (which are 
thoſe which, with the greateſt attention-I could beſtow upon them, J have not 
been able perfectly to underſtand) 1 preſume, it will be readily allowed that the 

Doctor is not ile to the merit he ſeems to claim, of having explained the 
doctrine of logarithms. without having had recourſe to the method of indiviſi- 
bles, or to the arithmetick of infinites. * 
VL It is, however, poſſible by another method of applying Sir Tſaac New. 
wg s excellent binomial theorem, to corgpute a table of bo. Bey either of 
riges's ſyſtem, or any other that may be thought fit, in the manner which Dr. 
Halley recommends, or withaut the-intervention of the hyperbola or logarith- 
mick curve, or any other. geometrical figure, and likewiſe without having 
recourſe to the method of indiviſibles or to the arithmetick of infinites, and by 
the help of the principles of pure and finite arithmetick only, and the contem- 
lation of the nature and properties of ratios, which are the quantities of which 
— are the meaſures. The method of doing this I ſhall now proceed to 
explain in the following diſcourſe; which, as it has taken its riſe from the 
reflections and obſervations of Dr. Halley contained in che foregoing tract on 

logarithms, I ſhall intitle an — to che ſaid tract. 
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Ae ede ee pes ahe Logarithms/ of Ratios either in Briggs 
Szen. or any other that may be propoſed, by the help of Sir Iſaac New- 
ton's Binomial Theorem, without the intervention of the Hyperbola, or the 


Logarithmick Curve, or any other Geotnetrical Figure, and likewiſe without 
having recourſe to Nr Indiviſibles or the Arithmetick of Infinites. 
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HE Jogarichens of ratios in-Brigge's Syſtem are the twurabers that expreſs — 

the magnitudes of the ſaid ratios, or their proportions to each other, upon | 
— that an unit is taken for the repreſentative, or logarithm, of the 
ad 10 to 1. And the logarithms of ratios in any other ſyſtem are the 
numbers that repreſent che magnitudes; of the ſaid ratios, or: their ꝓroportions 
to each other, upon a ſuppoſition that an unit is taken for the repreſentative, or 
logarithm, of ſome other ratio than that of 10 to 1. Ene de Bud 
Dr 10 to I, we ſhall 1 

2 ena 
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enabled to-diſcover Briggs's logarithm of ſuch other ratio. - For, if the number 
found for. the repreſentative of the ratio of 10 to 1 is 1, (which is Briggs's 
logarithm of that ratio,) the number found for the repreſentative of the other 
ratio will be Briggs's logarithm of the ſaid other ratio: and, if the number 
found for the repreſentative of the ratio of 10 to 1 is not 1, but ſome other 
number, which we may call x, either greater or-leſs than 1, we need only diminiſh 
or increaſe the number found for the repreſentative of the ſaid other ratio in the 
proportion of x to 1, and the number thereby obtained will be Briggs's loga- 
rithm of the ſaid other ratio. Thus, for example, if we ſhould ſeek the propor- 
tion between the ratio of 11 to 10, and the ratio of 10 to 1, and ſhould find it 
to be that of 1 to 24. 1 58, 8 57, 928, 096, 6, (as we ſhall find it to be in the courſe 
of the following pages,) of which two numbers the leſſer, to wit, 1, is the re- 
33 of the ſmaller ratio of 11 to 10, and the greater number 24.158, 
57,928,096,6, is the repreſentative of the greater ratio of 10 to 1, we need 
only reduce the ſmaller number 1, (which is the repreſentative of the ratio of 
11 to 1o,) in the proportion of 24.158,857,928,096,6, (the firſt repreſentative 
of the ratio of 10 to 1,) to 1, (which is its — repreſentative, or its repre- 
ſentative in Briggs's ſyſtem of logarithms,) and the number thereby obtained, 
to wit, ee or o. o4 , 392.6851 $8,228,29 Kc, will be the new 
repreſentative of the ratio of 11 to 10, or the logarithm of the ſaid ratio in 
Briggs's ſyſtem. And the like obſervation may be extended to the logarithms 
of any other ſyſtem, in which 1 is not the logarithm of the ratio of 10 to 1, 
but of ſome other ratio. Our buſineſs therefore on the preſent occaſion is to 
find a'method of inveſtigating the proportion between any given ratio (as, for 
example, the ratio of 1 to 10, ) and che ratio of 10 to 1, which is the 
fundamental, or ſtandard, ratio in Briggs's ſyſtem of logarithms, or that to 
which all other ratios are, in that ſyſtem, compared and referred. Or, if any 
ether ſyſtem of logarithms were to be computed, it would be neceſſary to find 
a method of inveſtigating the proportion between any given ratio and the ratio 
of which 1 was the logarithm in that ſyſtem. But, as no ſyſtem of logarithms 
beſides that of Briggs is now in uſe, it is needleſs to of any other on 
JJ 10 11100 27 TEHLAM 41H YO UORLAR 107327 2 a 
2. Now in order to find the proportion between the ſtandard ratio of 10 to 
1 and any other ratio by the method which we are now going to explain, it will 
be moſt convenient (though not àbfölutely nec to ſuppoſe the ſaid 
other ratio to be leſs than the ratio of 2 to 1, and indeed, for the moſt part, 
ko be a great deal leſs than that ratio; and not to exceed the ratio of 11 to 10 
or that of 10 to 9. But this will be ſufficient for the purpoſe of computing 


the logarithms of all ſorts of ratios, how great ſoever, becauſe the greateſt ratios 


are compounded of, and may be divided into, a number of other leſſer ratios, 
of which ſome ſhall be exact multiples of the ratio of 10 to 1, and others ſhall 
be ſmall ratios of the magnitudes that have been juſt deſcribed. Thus, for 
example, the ratio of 1788 to 1 is compounded of the ratio of 1788 to 1780, 
that of 1780 to 198, that of 178 to 89, that of 89 to 80, that of 80 to 8, and 
that of 8 to 1; of which the firſt is a very ſmall ratio, the ſecond is equal to 
the ratio of 10 to 1, the third is equal to the ratio of 2 to 1, the fourth is a 
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ſmall ratio, very little greater than that of 88 to 80, or 11 to 10, the fifth is equal 
to that of 10 to 1, and the ſixth is equal to three times the ratio of 2 to t. 
Therefore the logarithm of the ratio of 1788 to 1 is equal to the ſum of the 
logarithms of the ratios of 1788 to 1980, or of 447 to 445, and of 10 to 1, and 
of 2to 1, and of 89 to 80, and of 10 to 1, and of three times the ratio of 2 


to 1; or Log, 2 vill be = Log. 4 + Log. 2 + Log. = + Log 
+ Log. 2 + 3 Log. > = Log. 2 + Log. 3 + 2 Log, 2 + 4 Log 


445 
8 
＋ = Log. 7 + Log. 1 +2 X 1 + 4 Log. + = Log. 2 ＋ Log. 
'+ 2 + 4 Log. = And conſequently, when. the logarithm of the ratio of 


2 to 1, and thoſe. of the ſmall ratios of 447 to 445, and of 89 to 80, have 
been computed, that of the ratio of 1788'to x may be derived from them b 
mere addition. And, in like manner, the logarithm of any other great ratio 
may be obtained by adding together the logarithms of the ſmaller ratios of 
which it is compounded; It is not therefore neceſſary, in the preſent inveſti- 
22 to take into our conſideration any other ratios but ſuch ſmall ones as 
ve been mentioned, to wit, thoſe of 10 to 9, and 11 to 10, or others of a 

ſtill ſmaller magnitude. | 
3. Now, as the reaſonings by which we may find the proportion of any one 
ſmall ratio, (ſuch as thoſe of 10 to ꝙ and of 11 to 10,) to the ard ratio of 10 
to 1, are exactly the ſame as thoſe by which we may find the proportion of any 
other ſuch ſmall ratio to the ſame ratio of 10 to 1 ;—and, as particular examples 
are ſimpler and eafier to underſtand than general problems, I ſhall confine 
myſelf, in the courſe of the following pages, to the inveſtigation of the pro- 
rtion which a ſingle particular ſmall ratio, namely, the ratio of 11 to 10, 
to the ſaid . This therefore will be the ſubject of the fol- 


lowing Problem. 


| ROB L E N. 6 


4. To find in numbers the proportion between the ratio of 11 to 10 and the 
greater ratio of 10 to 1. | 


— — 


s o LUT1I O *. | 
n : . 11 10 1w+2x, 10 
The ratio of 11 to 10 is equal to the ratio of — to —, or of —— to —, or 
of 1 + = to 1. We are therefore to find in numbers the proportion between 


the ratio of 1 +— to 1 and the ratio of 10 to 1. 

Let this proportion be that of 1 to the unknown quantity x. 

Then, ſince the ratio of 10 to 1 is to the ratio of 1 + = to 1 48 & ig to 1, 
and, from the nature of the powers of quantities, (which are only continual | 
- proportionals to unity and the quantities themſelves, . 
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be powers,) the ratio of 1 + DIY is to the ratio of 1 + —tO1 in the ſame 
proportion of x to 1, it follows that the ratio of 1 + Dy to 1 will be equal to 
the ratio of 10 to 1; and conſequently 1 + Da will be = 10, We muſt 
therefore endeavour to find the value of the index x in this equation 1 + _ | 
e 10. be 4 | & oY 

. Now, by Sir Iſaac Newton's binomial theorem, 1 + Dy is = the ſeries 1 


Xx — 1 1 X 21 xX—2 1 Rxõ 1 


＋ . * N X XN N 1 + & = 1 + 
| CLIC a*— 643 Ila -G + et . 

10 200 Gοο 240,000 12,000,000 a 

hs $ * 3 — » . 

r c. Therefore this laſt ſeries 1 + = 

* Xx -& x3 Ax + 2x * -G +11xx—6x + * -O 2 5x3 For ＋ 24 

= ce et 000 240,000 * 12,000,000 | 

* ig +852* — 22533 + 294xx— 120x . EN \ 

Gs ET 2 4 + &c will be = 10; and conſequently (ſub- 


3 ; — 41-3 ＋ x*— 6x3 — 
tracting 1 from both ſides) the ſeries = + = T + | Rn = 


s —103%*%+352) —coxr+2 * = 1545 +85x*—-2253 +274xx— 120x , n 
T 
= 9. This equation we muſt now endeavour to reſolve. god | 
6. Now the true value of x in this equation, ſo far as it can be expreſſed by 
eighteen decimal figures, is 24.158,857,928,096,805,5 ; as may be collected 
from Mr. Abraham Sharp's computation of Briggs's logarithm of 11 to 61 places 
of figures. For the firſt twenty-two figures of that logarithm are 1.041, 392, 68 5, 
358 „22 5,040,750; that is, the firſt twenty-two figures of the logarithm of the 
ratio of 11 to 1 in Briggs's ſyſtem are 1.041,392,685,158,225,040,750; and 
.conſequently the logarithm of the ratio of 11 to 10 will be equal to the exceſs 
of 1.041,392,685,158,225,040,750 above the logarithm of the ratio of 10 
to 1, that is, above 1, or will be = 0.041,392,685,158,225,040,7 50. There- 
fore 8 of the ratio of 11 to 10 to the ratio of 10 to 1, is that of 
0.941, 392,685, 1 58,225, og0, ) 50 to 1, and conſequently is equal to that of 1 to 


1. 000, 00, 00. ooo, ooo, ooo, ooo, oo . 

TI EEE r 24-158,857,998,096,805,5 &c. This therefore 
is the true value of & in this problem; which I have here ſet down before-hand, 
to the end that we may ſee, in the courſe of the following inveſtigation of it, 
to what degree of exactneſs every new ſtep in our gradual approaches towards 
it, will exhibit it. | | | 

xx—=x , 3—3zx+ex 


7. To find the value of & in this equation = + mr. ar. + 


| 6000 
3 + £— 20x* +3527%> goarþ 24x + a* — 1535 + 85g ah 22 532% +274. — 129x 
+7 Þ4340,000 12,000,000 


720,000,000 
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+ &c = 9, we mult take a few of the firſt terms of the ſeries which forms the 
left-hand fide of the equation, and ſuppoſe them to be equal to the whole ſeries, 
and conſequently to the abſolute. term 9, and then reſolve. the finite equations 
reſulting from ſuch ſuppoſitions. And it is evident that, in this way of pro- 
ceeding, the more terms of the ſeries we retain, the nearer will the value of x 
thereby obtained approactr to its true value; but that it muſt always be ſome- 
what greater than the ſaid true value, on account of the ſubſequent terms of 
the ſeries which have not been retained. The values of x ariſing from the 
retention of the firſt term only, the two firſt terms, the three firſt terms, and 
the four firſt terms, will be as follows. a 


8. If we ſuppoſe the firſt term alone to be equal to the whole ſeries, and 
10 


conſequently to 9, we ſhall have x = 10 X 9 = go. This value of x is 
more than triple of its true value, which is 24.1 58,857, &c. 


9. If we ſuppoſe the two firſt terms — ＋ to be equal to the whole 


200 
ſeries, and conſequently to 9, we ſhall Rave = + = (= = + ==) = 


200 200 200 


9, Or SR = 9, 2nd conſequently 19 x + xx: (= 200 1 9) 2 1800. 


Therefore Ez +19 x + xx will be (2 — + 1800 = — * — — — 
and conſequently 22 + & will be (= ) , and & will be (= 2 
— 2 = 2) = 33.97. This ſecond value of x is much nearer to its true 
value than the former was, but is ſtill a good deal too large. = 
10. Let us then, in the third place, ſuppoſe the three terms — + — * 
2 == to be equal to the whole ſeries, and conſequently to the abſolute 


term , and inveſtigate the value of reſulting from this ſuppoſition. 


* ** —X & = 3xx+2x boo z - 4 — 3 2 2 
| Now *, 200 + 6000 ae = = T7 6000 Ts 6000 Toy 


SET, Therefore L vill, upon this ſuppoſition, be = g, 


and conſequently *572x"+ 27xx ＋ x3 will be (= 6000 X 9) '= 54,000, We 
muſt therefore: endeavour to reſolve: this cubick equation. | 

Now, if we ſuppoſe x to be equal to 30, and ſubſtitute 30 inſtead of x in 
the compound quantity 572+ +27xx' + , (which forms the left-hand fide of 
the equation 592x +27xx +x3 = 54,000,) we ſhall have xx = goo, and x* = 
27,000, and conſequently 27xx (= 27. X- 900) = 24,300, and 572% (= 572 
X 30) = 17160, and 572x + 27xx + x* (= 17160 + 24,300 + 27, ooo) 
= 68,460; which is greater than the abſolute term, 54,000, of the cubick 
equation 5% * + 27xx + * = 54,000, Therefore 30 muſt be greater than 
the true value of x in that equation. | | H <2 cob , 

Let us therefore ſuppoſe the ſaid true value to be 30 — 2; and let 30-—'z 
be ſubſtituted inftead of x in the terms. of. the. ſaid eq uation, but with an 
omiſſion of all the quantities that would involve either 22 00 z And we 
ſhall then have | | 


| * 
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*r (= 350 —2' = go" — 2X 30 X 2 + &c) 
| 2 900—- bo X'2 + &c, | 
and * (=o —=2 = JB — 3 x 30* x2 + &c 
= 30* — 3 X 900 X2 + &c) 
= 27000 — 2700 X 2 + &c, _ 

and conſequently 2 7* (= 27 X goo — 60 x 2 + & 

=27 X 900 — 27 X bo X 2 + &c) 

= 24,300 — 1620 Xx 2x + &c, 

and 3545 (= 572. X 30 — 2 = 
572 X 30 — 572. X 2) 
= 17160 — 572 X , 
and 72x + 27xx ＋ K = 
17,160 — $572 XZ * 
+ 24, 300. — 1620 x 2 + &c * 
+ 27,000 — 2700 X 2 + &c = 
68,460 — 4892'X 2 + &c. Therefor&this laſt quantity 68,460 — 4892 X 2 
＋ &c, will be = 54,000; and conſequently, (adding 4892 X 2 to both ſides) 
we ſhall have 68,460 = 54,000 ＋ 4892 X 2, and (ſubtracting 54,000 from 
both ſides,) 4892 Xx z = 14,460, and, laſtly, (dividing both ſides by 4892) z 
2 2.95. Therefore x, or 30 — 2, will be ( 3o — 2:95) = 27-05; that is, 
the root of the cubick equation 572x + 27xx + x* = 54,000 will be = 27.05, 
or (neglecting the decimal ion . 05) = 27. Therefore 27 is the third 
AX — 


approximation to the value of x in the original equation = + —— + 
Em + &c = 9; and it is conſiderably nearer to the truth than the 
foregoing, or ſecond, approximation, 33.95, which was derived from only the 


two firſt terms of the ſeries. 22 
11. And if, in the fourth place, we ſuppoſe the four firſt terms of the ſeries, 

to wit, 27 + == 13 ELL JE — EDD, to be equal to the 
whole ſeries, and conſequently to the abſolute term 9, we ſhall have another 


approximation te the value of x, which will come within leſs than a 25th part 
of its true value. For we ſhall then have Ep EEE + EEE + 
* — 6 + 11xx— br. 572 ** + 279xx + 43 70 ** — 6 + 11 xx 6&4 
440, 000 n 6000 : 240,000 * 
Deere + * — 6a?) + 11 xx — 6. 22880 x + 1080 xx + 40 x? 
» 1 290,009 4 : 240% 0 722 240, 00 
8968 ELLET!S — eee K. ; and ſeq ly 


u be = 9, and 22,874 x + 1001 xx + 34x* 


- - 
» * 


_ _ 240,000 
++ x* will be (= 240,000 * 9) = 2,160,000, We muſt therefore now en- 
deavour to reſolve the biquadratick equation 22,874 x + 1091 xx + 34#* + 
: .x#* = 2,160,000, | * 
13. Now the root of this equation muſt be leſs than 27. For, if we ſuppoſe 
to be equal to 27, we ſhall have-xx = 729, and & = 19,683, and &“ = 
' 531,441, 


* 
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531,441, and conſequently 22874 x (= 22874 x 27) = 617,598, and 1091xx 
(= 1091 & 729) = 7952539, and 34x* (= 34 Xx 19683) = 669,222, and 
22,874x + 1091 xx ＋ 34 + * (= 617,598 + 795,539 + 669,222 + 
$31,441) = 2,613,800; which 1s greater than 2,160,000, or the abſolute 
term of the equation 22874x + 1091xx Þ+ 34x! + x* = 2, 160, ooo; and con- 
ſequently 27 is greater than the true value of x in that equation. 

13. Let us therefore ſuppoſe the true value of x in this equation to be 
27 — 2. And let 27 z be ſubſtituted in its terms inſtead of x, but with an 
omiſſion of all the quantities that ſhall involve either zz, z?, or 2“. 

And we ſhall then have | 


xx (S NN = 2 — 2 Xx 27 x 2 + &) = 


29 — 54 X 2 + &c, 
and x (= , - A = Zy — 3 X 77 X 2 + &c 


=27* — 3 X 729 X2z+&c =27]V — 2187 x 2 + &c) 
| = 19683 — 2187 x 2 + &c, 
n X 2 + &c 
= 274 — 4 X 19683 Xz+ &c=27þ —18,732 X2 + &c) 
= 531,441 — 98,732 X 2 + &c, 
and 22874x (= 22874 X 27 — 2 = 22,874 Xx 27 — 22,874 X 2) 
| = 617,598 — 22,874 2, 
and 1091xx (= 1091 X 729 — 54 K 2 + & 
= 1091 X 729 — 1091 X 54 X 2 + &c) 
= 795,539 — 58,914 X 2 + &, 
and 34x* (= 34 X 19683 — 2187 X ＋ &c 
= 34 X 19683 — 34 X 2187 X 2 + &c) 
= 669,222 — 74,358 Xx 2 + &c, | 
and conſequently 22874x + 1091xx + 34% + x* 
= 617,598 — 22,874 X 2 4 
=: 5 — „IA XT + & c 224 
be —— yy m_ e dtn = 2,613,800 = 234,878 X 2 + &c. 
+ $31,441 — 78,732 X 2 + &C 
Therefore this laſt quantity 2,613,800 — 234,878 Xx 2 + &c, will be equal 
to the abſolute term 2,160,000; and conſequently (adding 234,878 Xx 2 to 
both ſides,) 2,613,800 will be = 2,160,000 + 234,878 x 2, and (ſubtracting 
2,160,000 from both ſides,) 234,878 X 2 will be = 453,800, and conſequently 


2 will be = _ = 1.93. Therefore x, or 27 = z, will be (= 27 = 1.93) 


= 25.07, that is, the root of the biquadratick equation 22,874x + lol + 
34x3 + * = 2,160,000 is = 25.07 ; which is therefore a fourth approxima- 
. . _ . x Xx — x x3 — 3xx + 2x 
ang bt. of * in the original equation — + 

+ ss 


240,000 


Vor. II. 8 14. As 
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14. As this fourth approximation, 25.07, to the value of x in the original 
equation agrees with the third approximation to it, 27.05, in the firſt, or higheſt, 

ure 2, we might conclude (if we did not already know the true value of x,) 
that the firſt figure of the true value of x in the ſaid original equation muſt be 
2, though, perhaps, the ſecond figure of it may be leſs than 5. And, further, 
-as the difference between the third and fourth approximations, 27.05 and 25.07, 
is lefs than 2, whereas the difference between the ſecond and third approxima- 
tions, 33-97 and 27.05, is more than 6, we have reaſon to ſuppoſe, (without - 
taking the pains to try it,) that, if we were to take in another term of the ſeries 


=_ + —— uns . — + &c, and ſuppoſe the five firſt terms of it, to 
* * — Xx & — 3x ＋ 2K x*— 6x3+11xx—6x., - 10 ＋35αν — gorr+ 24x 
7 240,000 T 12,000,000 a 


to be equal to the whole ſeries, and conſequently to 9, and were to reſolve the 
equation of the fifth order thence reſulting, the difference between the value of 
x that would be thereby obtained, and the laſt, or fourth value of it, 25.07, 
would be leſs than 1, and conſequently that the ſaid fifth approximation to the 
value of x would be greater than 24. We might therefore conclude, without 
reſolving any more equations for the purpoſe, that the true value of x in the 


ſaid original equation — + = + & = q, or of the index in the 


equation 1 + 75 = 10, is greater than 24, but leſs than 25; and this conclu- 


ſion we ſhall now proceed to verify by raiſing the ſaid binomial quantity 1 + 75 
to the 24th and 25th powers. | | 
15. Now 1 + = is = 1,1; of which the ſquare is 1.21, and the fourth 
power is (= 1.21F) = 1.4641, and the eighth power is (= 1.46417) = 2.143, 
588,81, and the ſixteenth power is (= 2.143, TT N) = 4.594, 972, 986, 357, 
216,1. Therefore I- Ty is (= TI x IT“ = 4.594, 972, 986, 357,216, 1 * 
2.143, 588,81) = 9.849, 732,675, 807, 611,094, 711, 841, and 1.1K is (STN. 
X 1.1 9.849, 732, 675, 807, 611, 094, 711,841 X 1. 1) 10.834, 7035, 943, 
388,372, 204, 183, 02 5, 1. It appears therefore that 1. IV, or 1 + = (which is 


ſuppoſed to be = 10,) is greater than 1 or 1 + —. but leſs than Tm, 


or 1 + Dy , and nearer to the former than to the latter, Therefore the index 


x 1s greater than 24, but leſs than 25, as we had concluded it to be in conſe- 
quence of the foregoing inveſtigations. We therefore now know for certain 
that the two firſt, or higheſt, figures of the true value of the index x in the 

equation 1 + =| = 10 are 24. 
16, We might now proceed to inveſtigate the value of-x to a greater degree of 
122 


eractneſs by taking in five, or ſix, or ſeven, or more, terms of the ſeries © + —_ 
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+ £7 Ei —= + &c, and ſuppoſing them to be equal to the whole ſeries, and 
conſequently to 9, and reſolving the equations reſulting from ſuch ſuppoſitions. 
But the computations neceſſary to theſe reſolutions would be found exceſſively la- 
borious. We ſhall therefore lay aſide the equation — + == + 8005 
+ &c = 9, and ſhall proceed to obtain, in its ſtead, another equation, of 
which the root, or unknown quantity, ſhall be a much ſmaller quantity than x, 
and ſhall even be leſs than 1, and in which the powers of the unknown quanti 
ſhall conſequently form a decreafing progreſſion, and therefore a few of the fi 
terms of the ſeries will approach much nearer to an equality with the whole 
ſeries than in the former equation, and conſequently our approaches to the 
true value of the ſaid unknown quantity by retaining firſt one term, then two 
terms, then three terms, and, laſtly, four terms, of the ſeries, and ſuppoſing 
them to be equal to the whole ſeries, and reſolving the equations reſulting from 
theſe ſuppoſitions, will be much ſwifter than our approaches to the value of x 
in the foregoing operations. This may be done in the manner following. - 

17. Since x is greater than 24, let us ſuppoſe it to be = 24 + 2. 

Then will 1 + 75 be = 1 + . and conſequently = 10. 


oO 


I 
But 1 ASL. v5 A = + W* x r+ . 
Therefore 1 + * X 1 + Dy will be = 10. 


But we have ſeen that 1 + ** is = 9.849,732,675,807,611 „094, 711,841. 
Therefore 9. 8 49, 32,67 5, 80), 61 1, 94,711,841 X 1 + =y is = 10; and 


conſequently 3 4 25 lt (= 19:209,000,000,000,000,000,000,000,009000\ _ 
10 — 849, 7 32, 57 5, 80%, 611,094, 711,841 12 
1. 01 5, 255,979, 947,706, 347, 941, &c. e muſt therefore endeavour to find 


. 0 1 Y N 2 
the value of the index in this new equation 1 + = = 1.015,255,979,947, 
706, 347,941, &c. 
18. Now, by the binomial theorem, 1 += is = the ſeries 1+ 2 X — 


221 1 x — 1 322 2 1 Ht 2 2 2 


+2 X 
M  ——+&=1+<=+ + 4 

4 19000 10 200 6000 24340, 000 
+ Kc, or (to expreſs the terms more correctly, becauſe z is, in this caſe, leſs 
than 1, and conſequently zz is leſs than z, and 2. than & „ 1 + ＋ 


rr ene 


2 2 * — + 23 — 11zz + 623 — 24 > 

10 a 5500 2 268585 + &c will be = 1.016, 255, 

979,94), 706, 347,941 , &c; and * (ſubtracting 1 fram both fides,) 
2 the 
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the ſeries © H + w— an +5 fm + — + &c, will be = 


200 6000 240,000 


0.015,255,979,947,706,347,941, &c. This equation we muſt now endeavour 
to reſol ve. | 
* — 3xx + 2x 


19. Nou here, as in the former equation — + ——= + —== + 


200 
2 — 70 —— c&c = 9, we may make continual approaches to the 


true value of the root by taking in more and more terms of the ſeries, and 
ſuppoſing them to be equal to the whole ſeries, and conſequently to the abſo- 
lute term 0.015,255,979,947,7004347,941, &c, and then reſolving the equa- 
tions that will reſult from theſe ſuppolitions. This may be done in the manner 

following. 


20. If we ſuppoſe the firſt term, —-, of the ſeries to be alone equal to the 


whole ſeries, and conſequently to 0.015,255,979,9, &c, we fhall have 2 = 10 
* ©0.015,255,979,9, &c = 0.152,559,799, &c; of which the two firſt figures 
.I5 are exact. For, if z be = 0.152,559,799, &c, we ſhall have x (= 24 + 
x) = 24.152,559,799, &c, which agrees with the more exact value of x, to 
wit, 24.158,857,928,096,805,5, in the four higheſt figures. This is no incon- 
ſiderable approximation to the true value of z, and is obtained with hardly any 
trouble, 


21. This firſt approximation 0.152, &c, to the value of 2 in the equation _ 
. —= + bs iar .. 

85 — 22 = 2 — 2 —— — — =c = 0.015,2455,979,9, 

&c, is leſs than its true value, becauſe the firſt term of the ſeries, =, is not leſs 


than the whole ſeries, (as was the caſe with 27 the firſt term of the former ſeries 


* ax -* 4 — 2xx + 2x 24 — 645 F 11xx Gr . 
— + + + + &c,) but is greater than 


the whole ſeries, on account of the diminution of its value by the ſubtraction of 


the following term — And for a like reaſon the value of z derived from 


the two firſt terms of the ſeries will be greater than the truth, and the value of 
it derived from the three firft terms will be leſs than the truth, and the value 
of it derived from the four firſt terms will be greater than the truth, and ſo on 
akernately, becauſe any odd number of the terms will be greater than the 
whole ſeries, and any even number of them will be leſs : all which is the con- 
ſequence of 2's being leſs than unity. 

22. In the ſecond place, let us ſuppoſe the two firſt terms of the ſeries, to 
. . <1 =, to be equal to the whole ſeries, and conſequently to 0.015, 


10 200 


255,979,9 &c. We ſhall then have = Sx 4 ES = oo, 


200 10 200 
255,979,9 &c, or —— = 0.015,255,979,9 &c, and conſequently 19 + 


£2 (= 200 N 0.015,255,979,9 &c) = 3.051,195,800, &c, and _ + 19 
+ 22 
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+ zz (= IE + 3.051,195800 = Tf + e = Ot +. 


12-2044783) 2 =2 nn, and conſequent] 


4 
_ 193% and 's (= 2:32 — 2 2 * = 0.1592. Therefore o. 1 592 


—— 2 3 


2 o 2 Se 
12 * 204, 5200, 
$55 + z(= — - —— 


4 . 2 x — 22 
is the ſecond approximation to the value of z in the equation — | — 


__ z 62 — 623 — 24 
+ Ts ak 2657655 + &c = o. 15, 255,979,947, 706, 347, 
941, &c, or in the original equation 1 + Dy = 1.015,255,979,947,706,347, 
941, &c. . E. 1. 


23. In the third place let us ſuppoſe the three firſt terms of tlie foregoing 


ſeries, to wit, the three terms — = IIs — — — = to be equal to 


the whole ſeries, and conſequently to the abſolute term 0.015,255,979,947,706, 


347,941, &c. : 
We ſhall then have LEES = — — = r 


bl — 
570% + 302% 2% — 322 + 23 $72% + 297zz + 25 __ e's 4 
or 6000 + et, od 6000 1 0.015, 255,979,947, 706, 


347,941, &c, and conſequently 5722 + 27zz + 2 (= 6000 N 0.015, 2555 
979,947,706, 347,941, &c) = 91.535,879,686,238,087,646, &c. We muſt 
therefore now reſolve this cubick equation, 572z + 27zz + 2* = 91.535,879, 
686,238,087,046, &c. ' 

Now, if we ſubſtitute 0.1592, or the value of z derived from the two firſt 
terms of the ſeries, (and which we know to be not very different from the true 
value of z in this cubick equation,) inſtead of z in the compound quantity 
572% + 27zz + 2* (which forms the left-hand fide of this equation) we ſhall 

ve — | 

22 (= 0.1592}*) = o. oa 5, 344, 64, 
and 2* (= o. 1 59 2%) = o. oo, o34, 866, 688, 
and 2722 (= 27 X o. oa 5, 344, 64) = o. 684, 305, 28, 
8 (= 572 X 0.1592) = 91.0624, 
and conſequently 5722 + 2722 + 2* = * 
91.062, 4 
: + 0.684,305,28 
* + 0.004,034,866,688 = 
91.750, 740, 146,688; | 

which is greater than 91.535,879,686,238,087,646, &c, or the abſolute term of 
the cubick equation 572% + 2722 + 2* = 91.535,879,686,238,087,646, &c. 
Therefore o. 1 592 muſt be greater than the true value of z in that equation. 

Let us therefore ſuppoſe the value of z in that equation to be 0.1 592 — v. 
Then we ſhall have 


* (= 0. 1592 — f = o. 1592“ — 2 X 0.1592 & + &c 


= 0.1592} — 0.3184 X v + &c) 
= 0.02 5234464 — 0.3184 Xx + &c, 


and 
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and 2* (= 0.1592 — f = 0.1592F — 3 X 0.1592}! x v +:&c 
= . 1592 — 3 & o. o25, 344, 64 X v + &c 5 
= . 1592) — o. 076, 33, 92 X v + &c) 
S 0.004,034,866,688 — 0.076, o33, 92 X v + &c, 
and conſequently 5722 (= 572 X 0.1592 — v 
= 572 X 0.1592 — 572 * v) 
= 91.0624 — 572 X v, 
and 2722 (= 27 X 0.025,344,04 — 0.3184 X v + & 
= 27 X 0.025,344,04 — 27 X 0.3184 X v + &c) 
= 0.684,305,28 — 8.5968 Xv + &, , 
and 5722 + 2722 + }* = 
91.062,4 — 57 N V 
+ o. 684, 305, 28 2 8.5968 X v + &c | 
+ 0,004,034,866,688 — 0.076,033,92 & v + &c 
= 91.750,740,146,688 — 380.672, 833, 92 & v + &c. Therefore this laſt 
x wire" 91.750, 740, 146,688 — 580.672, 833, 92 & v + &c will be equal to 
e abſolute term 91. 535, 879, 686, 238,087, 646, &c; and conſequently (adding 
580.672, 833, 92 X v to both ſides,) 91.7 50, 740, 146, 688 will be = 91.535,879, 
686, 238,087,646, &c + 580.672, 833,92 Xx v, and (ſubtracting 91.3 5,879, 
686,238,087, 646, &c from both ſides,) 580.672, 833,92 X will be = o. 214, 
860, 460, 449,912, 354, and conſequently z will be (= ee dee te ere) 


580.672, 833,92 
o. ooo, 370. Therefore x, or 0.1592 — v, will he (= o. 1592 — 0.000, 


370) = 0.15883, Therefore o. 15883 is a third approximation to the true 
2 — A 2% — 32% T2 — EE TIES 


+ 
cc = 0.015,255,979,947,706,347,941, &c, or in the original equation 1 + D 


200 6000 249,000 
= 1.015,255,979,947,706, 347,941, &c. And it is a pretty near approxima- 
tion to it, the four firſt figures of it, 0.1588, being exact. For, if we ſuppoſe 
z to be = 0.15883, we ſhall have x, or 24 + 2, = 24. 15883, of which the firſt 
ſix figures 24.1588 are true, the more accurate value of x being (as has been 
already obſerved,) 24.158,857,928,096,805,5. 

24. In order to obtain a ſtill nearer approximation to the value of 2 in the 
equation = = —== + — — —— + & = 0.015, 
255,97 9,947706,347,941 , &c, let us ſuppoſe the four firſt terms of the ſaid 
ſeries to be equal to the whole ſeries, and conſequently to the abſolute term 
0.015,255,979,947,706,347,941, &c, and reſolve the biquadratick equation 
that will reſult from that ſuppoſition. 5 


2 — + (Gon + Gem 
— . + oof — — are equal 


value of ⁊ in the equation — — 
10 


$922 + 272 + 23 ſ6z — 11zz + bz* — , 40 X 5722 + 40 K 27zz + 40x? 5 
5 6000 IS? 240,000 "I 240,000 | 
ſ6z—12z +685 — x* '__ 22880z + 1080zz + go? (Tx — 11x + OD _ 


32S 249,000 240,000 2 40,000 
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228745 + 5.65 . Therefore this laſt quantity 22874% + 557050 + 342? + 2* 
is = 0.015,255,979,947,706,347,941, &c; and conſequently 22874z + 1091 
22 + 342? + 2* is (= 240,000 X 0.015,255,979,947,706,347,941, &c) = 
3561.435,187,449,523,505,840,000, &c. e muſt therefore now endeavour 
to reſolve this biquadratick equation 228742 + 109122 + 342 + z2* = 3661. 
435,187,449,523,505,840,000, | &c. 

25. Now we know that the root of this equation cannot differ much from 
the root of the laſt cubick equation 572z + 27zz + 2* = 91.535,879,686, 
238,087,646, &c, which was found to be 0.15883. We will therefore ſubſti- 
tute 0.15883 inſtead of z in the compound quantity 22874z + 109122 + 342* 
+2* (which forms the left-hand fide of the ſaid biquadratick equation,) in order 
to ſee whether the value of the ſaid compound quantity . —— from ſuch 
ſubſtitution will be greater, or leſs, than the abſolute: term, 3661. 435, 197,449, 
523, 505, 840, oo, &c, of the ſaid biquadratick equation, and conſequently 
whether o. 15883 is greater, or leſs, than the root of the ſaid equation. 

Now, if z be ſuppoſed to be = 0.15883, we ſhall have 22 = o. o25, 226, 
968,9, and 2* o. oo, o06, 799, 470, 387, and 2“ o. ooo, 636, 399,959,887, 
567,21, and | ye”. 

22,8742 (= 22,874 X 0.15883) = 3633.07 7,42, 
and 109122 (= 1091 Xx 0.025,226,968,9). 
* © = 27.522,623,009,9, | 
and 34z* (= 34 X 0. 004, 06, 799,470, 387) 
»= 0.136,231,181,993,158, 
and conſequently 22,874z + 1091zz + 342* + 2“ = 
3633-07742 
+ 27.522, 623,069, 9 
+ 0.136,231,181,993,158 
+ 0.000,636,399,959,881,567,21 | 
= 3660.736,910,651,853,0399567,21 ; whieh is leſs than 3661.435,187,449, 
523,505,840,000, &c, or the abſolute term of the equation 22,874z + 109122 
+ 342 + 2+ = 3661.435,187,449,523,505,840,000, &c. Therefore o. 15883 
is leſs than the true value of z in that equation. 
26. Let us therefore ſuppoſe z to be = 0.15883 + , and let this quantity 
be ſubſtituted inſtead of z in the terms of the ſaid biquadratick equation, but 
with an omiſſion of all the quantities that ſhall be found to involve either , 
or 0, or . And we ſhall then have 
22 (= 0.15883 + wP = 0.15883 +2 X 0.15883 K t &c 
| = o. 158837 + 0.31766 x w + &c) ] 
= 0.025,226,968,9 + 0.31766 X w + &c, 
and 2˙ (= 0.15883 + w}P = 0.15883} + 3 x 0.15883} x w-+ &c 
= 0.15883P + 3 Xx 0.025,226,968,9 X w + &c 
= 0.15883P + 0.075,680,906,7 X w + &c) 


= 0.004,006,799,470,387 + 0.075,680,906,7 & + yak 
an 


. 
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and 2+ (= 0.15883 + w}* = 0.15883) + 4 * 0.15883 x w + &c 
= 0.15883]* + 4 x 0.004,006,799,470,387 X w + & c 
= 0.15883] + 0.016,027,197,881,548 K w + &c) 
= 0.000,636,399,959,881,567,21 + 0.016,027,197,881,548 Xx w+&c, 
and 22874z (= 22,874 X 0.15883 + w | 
= 22,874 X 0.15883 + 22,874 Xx ) 
= 3633-077,42 + 22,874 X w, 
and 109122 (= 1091 X 0.025,226,968,9 + 1091 X o. 317, 66 X ww) 
= 27.522,023,009,9 + 346.567,06 X w + &c 
and 34 (= 34 X 0.004,006,799,470,387 + 34 X 0.075,680,906,7 X w + &c) 
= 0.136,231,181,993,158 + 2.573,150,827,8 Xx w + &c, 
and conſequently 22,874z + 109122 + 34 2*+ 2* = 
3633-077,42 + 22,874 X w 
+ 27.522, 623,069, 9 + 346.567,06 X w + &c 
＋ 0. 136, 231,181,993, 158 + 2.573,150,827,8 X w + &c 
+ 0.000,036,399,959,881,567,21 + 0.016,027,197,881,548 & + &c 
= 3660.736,910,6051,853,039,567,21 + 23, 223.1 56, 238,02 5, 681,548 Xw + 
&c. Therefore this laſt quantity 3660.7 36, 910, 651,8 5,039, 567,21 ++ 23, 223. 
156,238,025, 68 1,548 X w + &c will be = the abſolute term 366 1.435, 187, 449, 
523, 505, 840, ooo, &c; and conſequently (ſubtracting 3660.7 36, 910, 65 , 8 53, 
039, 567, 21 from both ſides,) 23,223-150,238,025,681,548 X t — be = 0.698, 
. 52 5 5272, 
276,797,670, 466, 272, 790, and therefore w will be = Inn = 
= 0.000,030,0. Therefore z, or 0.1588 3.+ w, will be (= 0.1588g + 0.000, 
oo, o) o. 158, 860, o, or 0.15886, and x, or 24 + 2, will be = 24 + 0.15886, 


or 24.158,86; that is, the index æ in the original equation 1 + = ien 


24.165886. 

_—_ This value of x is exact in the firſt fix figures 24.1588, and differs only 
by an unit in the next figure from the true value of x, which is (as we have 
before obſerved,) 24. 1 58, 8 57, 928, og6, 80 5, 5. . 

28. The labour of reſolving the laft equation was ſo conſiderable, and the 
progreſs made by it in our approach to the value of z was fo ſmall, (the value 
of 2 obtained by it, to wit, 0.15886, being not more exact than the next pre- 
ceeding value of it, to wit, 0.1 5383, by ſo much as one figure, but only ap- 
proaching nearer to the truth in the fifth, or laſt, figure,) that it would be by 
no means expedient to ſeek for a nearer approximation to the value of z by 


: : i —.— 22—322 + 23 [62 — 1122 + 623 — 2* 
taking in more of the ſeries S 240,000 


+ &c, (as, for example, five terms, or fix terms, or ſeven terms of it,) and 

ſuppoſing them to be equal to the whole ſeries, and conſequently to the abſo- 

lute term 0.015,255,979,947,706,347,941, &c, and reſolving the equations 

reſulting from ſuch ſuppoſitions. But this purpoſe will be much better anſwered 
2 


by 


OF DR, ENMYND HALLEY YPON, LOGARITEMS. Foy 


by dropping all further conſideration of the equation — — + —=t | 
= Gal 2 

os — 2 + & c = 0.015, 255,979,947, 706, 347, 941, &c, and 

deriving from the value of z already found, to wit, 24. 15886, another equation 

in which the unknown quantity ſhall be a quantity much leſs than z, or o. 15886 

as we before dropped the conſideration of the firſt equation — + — 8 

— — + 222 + Ke q, in order to enter upon that 


6000 2 49,000 2 
. z — 22 2% — 321 + 23 (bz — 1123 + 61 — . 
of the ſecond equation g = + — ahITT, - 4 


&c = o. 015, 255, 979,947,706, 347, 941, &c. This may be done by com- 
puting the value of the 24.158 86th power of the binomial quantity 1 + — by 
means of Sir Iſaac Newton's binomial theorem, in order to diſcover whether 
the ſaid power is greater, or leſs, than 10, or 1 + D , and conſequently whe- 


ther the index 24.15886 is greater, or leſs, than the index x ; after which we 
may ſuppoſe x to be equal either to 24.15886 — y, or 24.15886 + y, (that is, 
to 24.15886 — y, if it is lefs than 24.15886, and to 24.15886 4 y, if it is 

reater than 24.15886) and thereby obtain another equation of which g ſhall 
be the root. This may be done in the manner following, 


29. By the binomial theorem 1 + Ne als 1. S the feries-r + 24.15886 
* & + 2415886 x ED x , + 24.15886 x „ 29 x 
| 7255 + &c = (if the firſt, ſecond, third, fourth, and other following terms of the 


* x A + 23.158856 x B + e x C + — x D + 20.15886 


o . ark ZX4 885 10 b 5 X 10 

19.15 18.15 17.15 * 16.16 

A 2 6x10 REP X 10. * * X10 " 1 510 de ak 

15 14.1 13•1 is 

75 x K MITE * L 2 "FI x M + 77 16 x N + — 
10.15 9.1588 8.15886 7. 18886 

jake 15 X10 _ + r X 10 * * 17 * a 18 X 10 * 8 4 

1 | I 4.15886 1 2.1 

ox e 0 + x Wt ie XX + Fi 
1. 1 P . . 

XY + Dx Z + 7 x A o Kc ad inf 


= 1.000,000,000,000,000,000, 

+ 2.415,886,000,000,000,000,  * 
+ 2.797,458,282,498,000,000, 

+ 2.066,282,681,257,121,076, 

+ 1.093, 04,755, 122,901, 221, 

+ 0.440, 674, 596,757, 36, 970, 
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+ 0.140,713,715,080,440,686, 
+ 0.036,502,866,460, 365,87 3, 
+ 0.007,829, 344,089,901,419, 
+ o. 901,405,703, 163,731,752, 
+ 0.000,213,088, 574,605,671, 
+ o. ooo, o27, 428, 102, 685, 829, 
+ o. ooo, oog, oo), 688, 027, 570, 
＋ o. ooo, ooo, 28 , 308, 135770 
+ 0.000,000,022,421,986,457, 
+ 0,000,000,001,518,5 28522 5» 

: + 0.000,000,000,086,92 5,908, 
+ o. ooo, ooo, ooo, oo4, 17,519, 
+ o. ooo, ooo, ooo, ooo, 166, o66, 

＋ dc. ooo, ooo, ooo, ooo, oo53, 383, 

+ o. ooo, ooo, ooo, ooo, ooo, 138, 
+ o. ooo, ooo, ooo, ooo, ooo, oo2, 
+ & GC 

* 10. 000, o01, 974, 734,8 58, 821, &c; which is ſomewhat greater than ax 


"Therefore 24. 15886 is a little greater than the index x in the equation 1 + — 


= 10. 
30. In order to obtain the value of x to a ſtill greater degree of exadnels, 
let us ſuppoſe y to be the difference by which 24.15886 exceeds it. 


Then will x +. . be = 1 + = = 10. 

886— $86 — I 
— ETD 
X Therefore 1 + 9 * - is = 10, and conſe- 

wg po Bo 5 : 5 > 
quently 1 * _ iS = 10 X 1 +. 
836 12 
e have juſt ſeen that 1 + A" is = 10.000,001,974,7349858, 
B21, c. Therefore 10.000,001,974,734,8 58,821, &c, is =10 X 1 + a , 
and conſequently 1 + 2 ; is = nn X = 1.000,000,197, 
473,485,882,1, Keep We muſt therefore iow endeavour to find the value of 
the index y in the equation 1 + 1297 = 1. ooo, ooo, 197, 473,483,882, 1, &c. 


31. re + Þ n 
* = XxX — + 5 X == = x 22 * — L* = x — x => x 
PH? =2 + P=WEY  LSBEWSS . = 


2 40,000 
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1123 = + 22 "EET LT cc. Therefore che 


2 40,000 


ſeries 1 + 2 ES 4 2=w+7 e 
1500 8905 29,473500 55882, , * and conſequently (ſubtracting 1 from both 
aides, ) the ſeries > — —2 + —5—— WEL... ——ů— + &c will be 


= 2 900,000,197,473,48 004.5, 0 » &c. This equation we we muſt now endeavour 
to reſolve, 


32. Let us where in the firſt id ſuppoſe the firſt term — - alone of. ahe 


laſt-mentioned ſeries to be equal to the whole ſeries, and conſequently to the 
abſolute term o. ooo, ooo, 197,473,486, 882, 1, &c. Then will y be (= 10 x 
0.000,000,197, &c) == 0.000,001,97, &c, and r x, or 24. 15886 
— 9. will be (= 24. 15886 — o. ooo, oo 1,97) = 24.158, 8 58, o3; ; of which the 
firſt ſeven figures, 24.158,85, are exact: ſo that this approximation to the 
value of y (which has been obtained by the reſolution of 3 an eaſy ſimple equa- 
tion,) enables us to determine the value of 24. 15886 — 9, or x, to one figure 
more than we had found before. 

33. In the ſecond place, let us ſuppoſe the two firſt terms gf the laſt-men- 


tioned ſeries, to wit, the terms = — ——=, to be equal to the whole ſeries, and 


2 18 to o. 000,000, 197.4) 3.48 5,882, 1, &c, and then ſeek the value of 
5 ; re ulting this W 


We ſhall then have 2 75 3 — 92 = — — . = wy and conſequently 


— . = D &c, and 19y + yy (= 200 & 0.000, 
009,197,673.4 5,882,r, &c) So. .009039,494,697,176,420,0, &c. There- 
fore — 7 + 19y + will be (= — + o. ooo, o 39, 494, 697, 1 76, 420, o, &c = 


2 1 12 — — — * + 0.00% 157-078,786, 105,280,0) 
4 


4 
_ 2699915997888 10g 680, and a _ + „ will be (= 
x/36.000,157 297% 788,705,680,0 * — and y ja be (= 2 — 


— 2= 000004157, — = 3 and conſequently x, or 24-1 115886 


— , will be (= 24.1 58, 860, ooo — 0.000,002,078) = 24.158,857,922 ; of 
which number the firſt ten figures, 24.158,857, Bo are exact, the more accu- 


rate value of the index x in the equation 1 + 2 = 10 being (as we have 
already obſerved,) 24.158, $57,928,096, 805,5 

34. Of theſe ten figures, 24.158,857,92, which are {a the th figure 5 
was obtained by the reſolution of the ſimple equation == = 0.000,000,197,47J, 
485,882,1, &c, and the three next —_ 7,92 have been obtained by b x 


- 
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tion of the quadratick equation 2 — * — 2 0.000,000, 197,473,498 5,882, 1, 
&c, And more figures of the value of x might in like manner be obtained by 
es IN | | ne 22 8284 

retaining three, or four, or more terms of the ſeries = — Ee + 
— + &c, and ſuppoſing them to be equal to the whole 


240,000 | 

- ſeries, and conſequently to 0.000,000,1y7,473,485,882,1, &c, and reſolving 
the equations reſulting from ſuch ſuppoſitions. But the labour of performing 
_ theſe reſoluions bg vety conſiderable, and the number of new figures of 
the value of x which . we, ſhould thereby obtain would be but ſmall. For I 
have tried the two next equations, to wit, the cubick equation that reſults from 
a ſuppoſition that the three firſt terms of the ſaid ſeries are equal to the whole, 
and conſe yeny to 0.600,000, 197, 473,485, 882, 1, &c, and the biquadratick 
equation hat reſults from a ſuppoſition that the four firſt terms of the ſaid ſeries 
are equal & the ſame quantity, and I have found that the root of ſuch cubick 
equation has been = 0.000,002,071,400, and that the root of ſuch biqua- 
dratick equation has been = 0:000,002,071,941,6, and conſequently that the 
value of x, or 24.15886 = y, obtained by means of the ſaid cubick equation, 
has been (= 28.1 38,860,000,000 — 0.000,002,071,400) = 24. 158, 8 57, 9a8, 
Soo, of which the firſt eleven figures, 24.158,857,928, are exact, and that the 
value of x, or 24.15886 — y, obtained by means of the ſaid biquadratick equa- 
tion, has been (= 24.158,860,000,000,0 = 0.000,002,071,941,6) = 24. 1 58, 
857,928,058,4, of which the firſt twelve figures, 24. 1 58,8 5, 928, o, are exact. 
80 that the reſolution of theſe two equations gives us only two fi of the 
true value of x more than we had before obtained by means of the foregoing 
| —— equation. In order therefore to obtain the value of x exact to a 
more figures than the ten figures 25. 158,857, 92, which were obtained by 
the reſolution of the foregoing quadratick equation, we will have recourſe to 
another method 'of proceeding, which will be lefs laborious than the reſolution 
of either the cubick or the biquadratick equation that have been juſt men- 
tioned, and, 2 fortiori, leſs laborious than the reſolution of any of the higher 
equations that would reſult from the ſuppoſition that more than four terms of 
the foregoing ſeries were equal to 0.000,000,197,473,485,882,1, &c, and 
Which will give us four additional figwes of the true value of # above the ten 
figures, 24.158,85, 92, already obtained by means of the foregoing quadratick 

equation. This method of proceeding 1s-as follows : | 


..35- Let all the quantities that form the left-hand fide of the equation 25 — 


— * i = 1 | 
(=z 4 252+t2 (2 — —— + &c = do. ooo, ooo, 19), 473, 48 5, 


882, 1, &e, be ranged in ſeparate lines according to the ſeveral powers of y, 
thoſe involving the ſimple power of y being placed in the firſt, or higheſt line, 
and thoſe involving yy, or the ſquare of y, being placed in the ſecond line, 
And thofe involving 5, or the cube of y, being placed in the third line, and 

thoſe involving , or the fourth power of y, being placed in the fourth line, 
and ſo on of the following powers of y. And we ſhall then have 
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2 - Lo Mc dE dM iis 
10 200 6009 240,000 12,000,000 720, 00, % 
T2 


200 600 2403000 12,00% % * 720,000,000  *®., + 
3 4 ON 
+l = 5% ME — ST. 
42,000 © 12,000,000 720,000,006 4 
249, 13,000,000 1 11 
* 12,000,000 F 0 
T 7 20,000,000. 


= o. ooo, ooo, 197, 473,485,882, 1, &c. 3 

But, becauſe y is an exceeding ſmall quantity in compariſon of unity, (being 
= to about 0:000,002, or = or —— „ it is evident that all the powers 
of y will be extremely ſmall in — of y itſelf, and conſequently that all 
the quantities contained in the ſecond, third, fourth, fiſth, ſixth, and other fol- 
lowing lines of the compound quantity that forms the left-hand fide of the 
foregoing equation, will be extremely ſmall in compariſon of the 3 
contained in the firſt, or upper, line of it, which involve only the ſimple power 
of y, We may therefore, without erring much from the truth, conſider the 
quantities contained in the upper line alone as being equal to all the quantities 
contained in all the lines together, and conſequently to the abſolute term o. ooo, 
00, 197,473,485, 882, 1, &c; and then the foregoing equation will be con- 
verted into the following one, to wit, 2 = £ + Z = 2 + —— 


240, 12,000,000 


— ——2— + &c = 0.000,000,197,473,485,882,1, &c, or 2 — —2— 


720,000,000 2 Xð 100 
+ 2 X 5 —— Y 2 — = — —. 
3 X 1000 2 X 3 X 4 X 10,000 2X3X4X5% Xx 100, 2.3.4.5. U & 1000,000 


+ &c = o. ooo, ooo, 197, 473,485,882, 1, &c, or 2 + —— — * 


pap WE 
10 2 Xx 100 * 3 X 1000 


77 10,000 T 5 X 100,000 5 x — + &c = o. ooo, ooo, 197, 473, 485, 88a, 
I, &c or y x tt infinite feries 2 = iii ns of 


10 2 X 100 3 * 1000 4 X 16,000 


1 1 


— ＋ & c = o. ooo, ooo, 95.473. 485,882, 1, &c, or (if 


$ X 100,000 — & x 1000,000 
we denote the ' ſeveral terms =, — — — — —. 
oy 10“ 2 X 100" 3 X 10007 4 x 10,000” 5 X 100,000 


. &c, of the foregoing infinite ſeries by the capital letters A, B, C, D, 
E, F, &c, reſpectively,) y X theinfinite ſeries = = —— x A + —— x B 


2 X 10 3 X 10 


= i x C þ „552 x E + & c = o. ooo, ooo, 197, 473, 


4 X 10 * 10 6 X 10 
485,882,1, &c. We muſt therefore, in the next place, compute the value of 
this infinite ſeries to-as great a degree of exactneſs as we ſhall think neceflary ; 
which will not be very difficult, becauſe the ſaid ſeries evidently converges with 
a conſiderable degree of ſwiftneſs, every new term of it being leſs than a tenth 
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part of the foregoing term. And when this value, which we will call S, is 
obtained, we ſhall have y x S = ©. r &c, and con- 
ſequently y = SELLS 


1 


. on 3 
Rn 
att £7 hea n See. 

4 I I 3 
36. NOW the infinite ſeries 15. — —— x A + x B — 0 
04 — xD= 75; x E + &c may be computed in the following 
manner. | 5 — | : 
; Ais = — 2 100,000;000/000,000,000, 
B is = —— 7% T6 * A = 0.005,000,000,090,999,999, 


C == Sr Me B = = 0.000,333-333»333, 333,333 
= —— x C = 0.000,024,999,999,999»999» 


= 7775 D = 0.000,001,999,999,999-999» 
F = . x E = 0.000,000,166,666,666,666, 


X F = 0.000,000,014,28 5,714,285, 


H —— X G = 0.000,000,001,249,999,999, 


— x H = do. ooo, ooo, ooo, 111, 11,111, 


— — — 0.000,000,000,009,999,999, 


= 0.000,000,000,000,909,090, 


12M 
N= 2 eee ee. 


13 N 
OS o. ooo, ooo, ooo, ooo, ooo, 714, 


ND o. ooo, ooo, ooo, ooo, o83, 333, 


O 
32 — — o. ooo, ooo, ooo, ooo, ooo, o66, 
_— 1 P — | 
Q= 7855 = O. ooo, ooo, ooo, ooo, ooo, oob, 


16 
R = 1 = o. ooo, ooo, ooo, ooo, ooo, ooo. 


Therefore + C+E+G+1+L+N+P+Rare = 
o. ioo, ooo, ooo, ooo, ooo, oo, 


+ . . 333,333,333, 333,333 


OF DR, EDMUND HALSEY UPON LOGARITHMS 143 


*. + + 2+ « 1,999,999,999,999, 
924+ 3000 14,285,714, 283, 
cceyoocyeccytilgt iii ith 
*» + + „ + 9+ » » 3+ + » z 900,000, 


e+e yo 0+ ye0+yeueye 75692, 


++++++ 


„% n EE EET EEEIETESED » 
+ „„ „ „ „% „ „„ „ „ „ 4 „„ „ geen 
So. 100, 335, 34,731, 75, 576; and B+SD+F+H+K+M+O+Q 
are = 
o. oog, ooo, ooo, ooo, ooo, ooo, 
Þ+ * . + 3» 24,999,999,999,999, 
+ — „166,666,666, 666, 
+ «©... + 3+ + + 3+ 1,249,999, 999, 
+ ooo + 30 ++ yo ++ 3+ + 9,999,999, | 
+ ooon gene george» „83,333 A 
P * 2 2 . 714, 
Ys + „6 „ „ 4% „ „ 14 4% „ „ % „„ „ „ „ „ ge « Uy - 
= 0.005,025,16 9 50,716; and conſequently A + C + E + G + T + 
L+4+N+P+R—-B—D-F-H-K-M—-O—Q Ke, or, its 
equal, A— BTC - DTE—-FTG—-HTI-KTL-MN-O 
+P-—-Q+R-— &c, will be = 
0. 100, 335,347,731, 075, 76 
— o. ooßg, oa25, 167, 926, 7 50, 716 
= o. og5, 310, 179, 804, 324, 860, &c. 


Therefore the infinite ſeries 8 — I. X AT X B —- 


2 X 10 Sx. 7 W 
s bo I 2 3 . 
. * DN B + BG OE geen nnnn et SED... 


4" adm 


5 7 16 5 77 15 


+ Kc, or the ſeries 8, is o. ogg, 310, 179,804, 324,860, &c. 


37. Therefore y x the ſeries S is X o. og5, 310, 179, 804, 324, 860, &cz 
and conſequently y Xx o. og 5, 3 10, 179, 804, 324, 860, &c is = 0.000,000,197,473, 


a - . ooo, ooo, 197,473,486, 88, 1, & __ 
485,882, 1, &c, and y is = —— — —— o. ooo, ooa, 7 1,903, 


403. Therefore x, or 24. 15886 — y, 1s 

= 24.1 58, 860, ooo, ooo, ooo 

— o. ooo, ooa, 71, 903, 403 5 
= 24.1 58, 8 57, 928, og6, 59 7, or the value of the index x in the original equation 


I + 1 = 10 is 24-158,857,928,096,597; of which number the firſt 14 


figures 24.158,857,928,096, are exact, the more accurate value of * being 


24-158,857,928,096,805,5. 
38. Therefore the proportion of the ratio of 10 to 1 to the ratio of 11 to 10 
is that of the number 24.158,857,928,096,597 to 1, or (becauſe 597 is nearly 
_ = 600) that of 24.158,857,928,096,6 to 1. | is; Bi: Ko 


« © 
39. Coroll. 
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39. Coroll. The proportion of 24. 1 58,8 57,928,096, 6 to 1, is equal to that 


of 1 to es or o. o4 1, 392, 68 5,1 58, 226, 29. Therefore, it a be 
taken for the repreſentative of the magnitude of the ratio of 10 to 1, (as it is in 


Briggs's ſyſtem of logarithms,) 0.041, 392,685, 1 58, 228, 29 will be the repreſenta- 
tive of the leſſer ratio of 11 to 10; or, in other words, the logarithm of the 
ſmall ratio of 11 to 10 in Briggs's ſyſtem of logarithms will be 0.041,392,68 5, 
158,228;29 ; of which number the firſt thirteen figures 0.041, 392, 68 5, 158, 22, 
are exact, the more accurate value of this logarithm (as computed by Mr, 
Abraham Sharp,) being 0.041,392,685,158,225,040,7 50. 

40. And in the ſame manner we may compute Briggs's logarithms of the 


ratios of 10 to , or of 1 + —to 1, and of $1 to 60, or of 1 + = to 1, and 


of 121 to 120, or of 1 4+ 25 to I, and of 2404 to 2400, or of 1 + 22 U k 
and, in general, of m ＋ 1 to m, 0 being any whole number whatſoe ver,) or 
of 1 + — to 1, by firſt finding the values of the index in the ſeveral equa- 


tions 17 10, 1 10, 1+ 2 = 10, + = e, 
and, in general, 1 + Th = 10, and then dividing 1 by the values of « ſo 
found ; the ſeveral values of = or quotients of ſuch diviſions, being the loga- 
rithms of the ſaid ratios of 1 + ＋ e 1, and of 1 4+ 5 to 1, and of 1 + — 


to 1, and of 1 + = to 1, and, in general, of 1 + —to * or of the ratios 


of 40 to 9, and of 81 to 80, and of 121 to 120, and of 2401 te 2400, and, 
in general, of m ＋ 1 to m, in Briggs's ſyſtem, 
41. This method of computing logarithms is not to be compared, in paint 


of eaſe and expedition, to either of the two logarithmick ſerieſes k — = + > 


$ 3 5 
= =+ Fo r + &c ad infiitum, and © + += + ++ La 
+ '&c ad infinitum, which were invented by Mr. Mercator and Dr. Wallis. 
But it poſſeſſes the advantages recommended by Dr. Halley, of being derived 
from the abſtract nature of ratios and the pure principles of arithmetick, with- 
out the aſſiſtance of the hyperbola, or any other geometrical figure, and without 
any recourle to the doctrine of infiniteſimals, or of flux ions, or of the limits of 
ratios, or, in general, of the arithmetick of infinites in any of its modifications. 
And it is, I believe, conſiderably leſs laborious in the practice of it, than the me- 
thods by which Mr. Henry Briggs himſelf computed his logarithms; which were 
likewiſe purely arithmetical *. And it likewiſe ſerves as a notable inſtance of the 


* See above, in » Mr. Euclid Speidell's :Logarithmotechnia, chapter viii, where, in 

oy ing. of Mr. — 2 $'s — 2 8 of the Jogatithen of 2, he has theſe words: 

« Whereby it is apparent that be ded produce the logarithm for 2 to 15 places very true; though I have 

been told it was eight perſons' work for ese which was by large and many 
"extrafions of the Huare- root. 

* 4 exten» 


* 8 
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extenſive utility of Sir Iſaac Newton's wonderful theorem for raiſing the powers 
of a binomial quantity. 5 | 

42. As the ſolution of the foregoing problem conſiſts of a great number of 
ſteps, which, for the eaſe of the reader, have been ſet forth diſtinctly and at 
conſiderable length, it will not be amiſs, before we conclude this diſcourſe, 
to take a ſhort review of all the foregoing proceſſes, and of the gradual ap- 
proximations obtained by means of them, to the value of the index x in the 


equation 1 + D = 10, the diſcovery of which is the object of the Problem. 


A Review of the ſeveral Steps of the foregoing Solution. 

43. The object of the Problem is to find the value of the index x in the 
equation 1 + * = 10. 

The firſt ſtep we took towards finding this value was to expand the quantity 
1 + ay into an infinite ſeries by means of Sir Iſaac Newton's binomial the- 
orem, by which we obtained the equation 1 + — + _ + Ks 8 — 
2 . = + &c ad n = 10, 820 conſequently the equation 
* Xx — Xx x3 — 2xx + 2x * — + 11xx — 1 
26 TI Tt bs 7880 MOL Y 

44. Then we ſuppoſed, firſt, one term, then two terms, then three terms, 
and, laſtly, four terms of the ſeries which forms the left-hand fide of this laſt 
equation to be equal to the whole ſeries, and conſequently to the abſolute term 
9, and reſolved the equations reſulting from thoſe ſuppoſitions. . 

By reſolving the ſimple equation reſulting from the firſt of theſe ſuppoſitions, 
to wit, the ſimple equation _ S q, we found x,to be equal to 90; which was 
therefore our firſt approximation to the value of x in the original equation 
1. + Ay = 10. This approximation is very. wide of the. true value of x, . 
being more than three times as great. | 

From the ſecond ſuppoſition, to wit, that the two terms _ — = were 
equal to the whole ſeries, and conſequently to 9, there reſulted the quadratick 


equation 19x ＋ xx = 1800; by the reſolution of which x appeared to be = 
33-97 3 Which was therefore our ſecond approximation to the value of x in the 


original equation 1 + — = 10. This approximation is much nearer to the 


truth than the former, but yet is conſiderably too large. 
From the third ſuppoſition, to wit, that the three terms — + === + 


2 ET were equal to the whole ſeries, and conſequently to , there 


reſulted the cubick equation 57 2x + 27xx + * = 54,000, by the reſolution of 
which we had & = 27.05, This therefore was the third approximation to the 


Vol. II. U. value 
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value of x in the original equation 1 + | S 10; and it is true in the firſt, 
or higheſt, figure 2, the more accurate value of x being 24.1 58, 857, 928, og6, 
805, 5. | 

From the fourth ſuppoſition, to wit, that the four terms = + === + 


10 200 
— 42 4 
= ELLER — + 2 = T —_ PAS as equal to the whole ſeries, and conſe- 


quently to 9, there reſulted the biquadratick equation 22,874x + 1091xx + 
34 + x* = 2,160,000; by the reſolution of which we had x = 25.07. 
This therefore was-our fourth approximation to the value of x in the original 


- * 
equation 1 + 1 0. 


45. As the difference of this fourth value of x, to wit, 25.07, from the third 
value of it, to wit, 27-05, is leſs than 2, whereas the difference between the 
third value, 27.05, and the ſecond value, 33.95, was more than 6, we con- 
cluded that it was highly probable that the exceſs of this fourth value, 25.05, 
above the true value of x was leſs than 1, and conſequently that x was greater 
than 24, but leſs than 25. We then tried whether x was greater, or leſs, than 


24, by raiſing 1 + = or 1.1, to the 24th power ; which we found to be ſome; 


what leſs than 10, to wit, 9.849,732,675,807,611,094,711,841., We alſo 
raiſed 1.1 to the 25th power, which we found to be 10.834,705,943,388,372, 
204,183,025,1; Which is greater than 10. And we thereby diſcovered with cer- 


tainty that the true value of the index x in the equation 1 + 10 = 10 is greater 


than 24, but leſs than 25. | 
46. We then put_z for the unknown difference by which the true value 


of x in the equation 1 + =} = 10 exceeds 24, ſo that x was = 24 + z. 
And we thereby had u + 2'* © * =1+4 = 10. 

But 1 + 3 21 ** X 1 + DE and 1 + oy had been 
found to be = 9.849,732,675,807,611,094,711,841. Therefore 9.849,732, 
675,807,011,094,711,841 X 1 + Dy is = 10, and conſequently x + Dy is 

10 


(= 5759775555 55575 760 rer) wh 015,255,979, 947. os. 34, 941, Kc. 
And thus we obtained a new equation in which the unknown index 2 of the 


power of the binomial quantity 1 + 175 is leſs than a unit, inſtead of the ori- 


ginal equation 1 += = 10, in which the index x of the power of the ſame 
quantity is greater than 24. 
47- We then expanded 1 + —| by the binomial theorem, and thereby obtain- 


* — 2 2% — 322 + 2 (oz —Tizz + Oz) — 2+ 
200 r 240,000 + Ke 


ed the equation 1 + _ — 


o DR, EDMUND HALLEY UPON LOGARITHMS 147 


= 1.015,255,979,947,706,347,941, &c, and (by ſubtrafting 1 from both 
— — JAY 3 — VT — 
ſides,) the equation 15 —— 4122 28 EE + & = 


0.015,255,979,947»706,347,941, &c. 
48. We then proceeded to find approximations to the value of 2 in this new 
equation in the ſame manner as we had before found approximations to the 
. : x xx — „* — 3 + 2x , x* 6 + 11xx — bx 
value of & in the equation = + === + -= + —— 
+ &c = 9, by firſt ſuppoſing the firſt term — alone of the ſeries that forms 


the left-hand fide of the equation, to be equal to the whole ſeries, and conſe- 
quently to the abſolute term 0.01 5,255,979,947,706,347,941, &c, and then 


ſuppoſing the two firſt terms, — —|——=, to be equal to the ſame quantity, 
and then ſuppoſing the three firſt terms, _ {== = 555 — =, to be 
equal to the ſame quantity, and, laſtly, ſuppoſing the four firſt terms, — — 
= + 2 — — — ==, to be equal to it, and by reſolving 
the ſeveral equations reſulting from 


thoſe ſuppoſitions. 
From the firſt of thoſe ſuppoſitions we had the ſimple equation _ = 0.015, 


255,979,947,706,347,941, &c; by the reſolution of which we had z = o. 152; 
&c, of which the two firſt figures 0.15 are exact. 

From the ſecond ſuppoſition there reſulted the quadratick equation 192 + 
22 = 3-051,195,800, &c; by the reſolution of which we had z = 0.1592. 

From the third ſuppoſition there reſulted the cubick equation 5722 + 272 
+ 2* = 91.535,879,686,238,087,646, &c; by the reſolution of which we 
had z = 0.15883, of which the four higheſt figures, 0.1588, are exact. 

And from the fourth ſuppoſition there reſulted the biquadratick equation 
228742 + 109122 + 342 + 2* = 3661.435,187,449,523;505,840,000, &c ; 
by the reſolution of which we had z = 0.15886, of which the four higheſt 
figures, 0.1588, are exact, and the fifth, or laſt, figure, 6, differs but by an 
unit from the fifth figure of the true value of z, which is = o. 1 58, 857, 928, 
096,805,55 &, This fourth approximation to the value of z enabled us to 
conclude that x, or 24 + 2, would be very nearly equal to 24 + 0.15886, or 
24.15886. 


49. We then dropped all further conſideration of the equation —— — —ͤ— 


+ 2% —=+ 2 62 — 112% + 623 — 2+ + &c = 0.01 5,25 57979,947,706, 347. Ko, 


2 40,000 


941, &c, and made a trial of the exactneſs of the laſt value of x obtained by 
the foregoing proceſſes, to wit, 24.15886, by raiſing the binomial quantity 
r + 75 to the power of which 24. 15886 is the index, which was done by the 
help of Sir Iſaac Newton's binomial theorem. And we found that the ſaid 
power of 1 + = was S 10. ooo, oo, 974, 7 34,858, 821, &c, (which is a little 

2 greater 
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greater than 10) and conſequently that 24.1 5886 is ſomewhat, though but a 
very little, greater thaa the true value of the index x in the equation 1 + — 
a 10. 

o. We then ſuppoſed x to be = 24.15886 — y, and conſequently 
—— 5886 — y | 
1 + 64 to be = 10. 


T8886 — — 
Then, fince 1 + l 2 27 „ = 


IS = 1 ＋ — 


10 10 
1 886 . 8 ] 886 
1 + 95 X — we had 1 + * * 1 8 = JO, and 
9728 Lex 
conſequently 1 + On "3" 2220 X 2+ * and 1 + LY = 1+ 2 
5 1 
= — — = = 1. ooo, ooo, 197, 473,485, 882, 1, &c. 


51. Having thus obwined a third equation 1 + 75 = 1. ooo, ooo, 197, 473, 
48 5,882, 1, &c, in which y is much ſmaller than z in the former equation, we 
proceeded to expand 1 + 2 into an infinite ſeries by means of Sir Iſaac 


Newton's binomial theorem, and thereby obtained the equation 1 + — — 
— — + y3 Oy — 11 == | 
2 A c = 1.000, 000, 19), 473,85, 


200 240,000 
882,1, &c, and (by ſubtracting 1 from both ſides,) the equation 2 —L=L 


uk 200 
FN e 
6000 7 2 40,000 


+ &c = 0.000,000,197,47 3,485,882, 
1, &c. 
52. We then proceeded to approximate to the value of y in this equation, by 


firſt ſuppoſing the firſt term * alone of the ſeries _ —[=2 + &c, (which 


forms the left-hand fide of this equation,) to be equal to the whole ſeries, and 
conſequently to the abſolute term 0.000,000,197,473,485,882,1, &c, and, 


ſecondly, by ſuppoſing the two firſt terms — =_ — of the ſaid ſeries to be 


equal to the ſame quantity, and reſolving the equations reſulting from theſe 
ſuppoſitions. | 
From the firſt of theſe ſuppoſſtions we had the fimple equation 2 = o. ooo, 
000,197,473,485,882,1, &c; by the reſolution of which we had y = o. ooo, 
001,97, and conſequently x (= 24.15886 — y = 24.158,860,00 — 0.000,004, 
97) = 24-158,858,03; of which number the firſt ſeven figures, 24. 158,8 5, 
are exact. 
And from the ſecond of theſe ſuppoſitions there reſulted the eee, 
equation 199 + yy = o. ooo, 039,494,697, 176, 440, o, &c,; by the reſolution of 
which 
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which we had y = 0.000,002,078, and conſequently x (= 24.15886 = y = 
24.1 58,860,000 — 0.000,002,078) = 24.158,857,922 ; of which number the 
firſt ten figures, 24.158,857,92, are exact. 

3. This is a very conſiderable degree of exactneſs. But, in order to ob- 
tain the value of y exact to a few more places of figures, we had recourſe to a 


different method of reſolving the equation = —(2=2 4X — als 


2 — 2 =Z + &c = o. ooo, oo, 197,473748 5,882, 1, &c, which con- 
ſiſted in the omiſſion of all the members in each term of the ſeries that involved 
either yy, or y*, or , or any other power of y, except the ſimple power, or y 
itſelf: by which means the ſaid equation was changed into the following ſimple 


equation, to wit, 2 — = ＋ — —  ——_ + &c 
= orator ane rs &C, or 2 = 228 : 3 — 
6 x y 24 X y wh 120 X y A 78 


2 X 3 X 4 X 19,000 2 X 3 X 4 X 5 X 100,000 2X3X4X 5 X © x 1000,000 


= 0.000,000,197,473,485,882,1, &C, or- 2 2 


2 X 100 3 & 1000 rn 


_ + &c = we &c, or 


5 Xx 100,000 6 x 1000,000 
. . . 1 1 1 1 1 
* d ute 1 77 188 778 778888 7 


+ &c = o. ooo, ooo, 197, 473,485, 882, 1, &c. We then computed 


I 
6 X 1000,000 


I I I 1 I 
the value of the infinite my 8 77155 JN T6880 + Dag — 
7 — — 


Te 77 5-75 10 
© "WF &c, Re found it to be = 8 


7 X 10 8 X 10 
&c; which gave us the ſimple equation y x 0.095,310,179,804,324,860, &c 
= 0.000,000,197,473,485,882,1, &c, by the reſolution of which we had y = 


o, ooo, ooo, 197,47 3z485,882,1, Sc F 
0.095,310, 1 79,804, 324,360, Wc = O. 000, 02, 071, 903, 403. And from this value 


of y we concluded x, or 24.158, 86 — y, to be (= 24.158, 860, ooo, ooo, ooo — 
0. 0.000,002,07 1,903,403) = = 24-158,857,928,096,597, or (becauſe 597 is nearly 
= 600) 24.158, 857, 928, 096,6; which number is true in the farſt fourteen 
figures, 24.158,857,928,096, the more acccurate value of x being (as has been 
before obſerved,) 24. 158,8 57, 928, o96, 80 5, . And thus we obtained the value gh 


of the index x of the binomial quantity 1 + = in the original equation 1 + 2] 


= 10 exact to fourteen places of figures. Q. E. 1. 


54. If any lover of this ſubje& ſhould be inclined to compute the value of 
& to ſtill more than 14 figures, he _ find it to nearly as many figures 


more, or 28 figures in all, by raiſing 1 + — — to the 24.158,857,928,096th power 


by means of the binomial theorem, and then proceeding in the manner 
2 *** 


— 6x 8 
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; 
/ 


0 following. Let the number that ſhall be found to be equal to this power of 1 + = 


be denoted by the letter P. And, as this number will be ſomewhat leſs than 10, 
and conſequently the index 24.158,857,928,096 is ſomewhat leſs than the index 
x, let 24.158,857,928,096 + v be ſubſtituted inſtead of x in the equation 


1 +, = 10; and the ſaid equation will be thereby converted into the equa- 


ti | 24-158,857,928 —1+158,857,948 
tion 1 + = Ry" 10. But 1 + * ä 13 


10 | 
= 1+ rer. * 1 4 Dy =PxX1+ mg Therefore P x 
1 + vin be = 10, and 1 + D will be = F. 
Now let 1 + — be expanded into an infinite ſeries by means of the bino- 


mial theorem; and we ſhall have 1 + 3 20 — zvv + 


— — 1 &c ad infinitum ( 1 ＋ D =2, and — — —.— 


2 40,000 200 


+ r &c = 5 1, and (omitting all 


the quantities that involve vv, or v', or v., or any of the powers of v except the 


ſimple power, or v itſelf, on account of their extreme ſmallneſs in compariſon 


of the terms that involve only the ſimple power of v,) 23 — — + = — 
6 . . . I I © - I 
— — + &c, or v Xx the infinite ſeries — — n I 
1 1 


| . . . I A 
+ 77 roo pre + Wc, or v X the inflaite ſeries = — — — + 


r — 10 
(putting S for the value of the ſaid infinite ſeries computed to a ſufficient num - 


ber of figures,) v x S + — 1; and conſequently v = * — 1, and x (= 
8 
24.1 58, 857, 928,96 + v). = 24.158,87, 928, 96 + = — 1; which will bo 


8 


true to 27 or 28 places of figures. 


55. Or, if it ſhould be required to find the value of æ to only a few figures 
more than thoſe which were found in Art. 3), to wit, 24. 158,857, 928, 096, 597, 
(of which the firſt 14 figures, 24. 1 58, 8 57, 928, og, were exact, ) it may be done 
without raifing the binomial quantity 1 + = to the 24.158,857,928,096th 
power, (which is a very laborious operation,) by retaining ſome of the terms 
that involve the ſquare of , as well as thoſe that involve the ſimple power of 

& n | — — + — 110 + 693 — y* 

3, in the laſt equation 25 g 4 2ZW4Z [pur nn yt og 


2 
= 0,000,000,197,473,485,882,1, &c, and ſuppoſing the terms ſo retained to 


be 
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be equal to the whole ſeries that forms the left-hand fide of the ſaid equation, 
and conſequently to be equal to the abſolute term o. ooo, ooo, 197, 73,485,882, 
1, &c, and then reſolving the quadratick equation which will reſult from ſuch 
ſuppoſition. This may be done in the manner following. 


56. If we retain only the terms that involve y and yy in the foregoing equa- 
tion, it will be converted into the following equation, to wit, 
bs fob ue i = on 
10 200 6000 240,000 I 2,000,000 7 20, 000,000 
2 32 1122 2 2 
T 240,000 127000000 5 720,000,000 e 
o. ooo, ooo, 197, 473,485, 882, 1, &c, 


+ & c 


E . OOTY 
+ 200. 2000 + 240,000 . 240,000 N 720,000,000 &C 


= 0.000,000,197,473,485,882,1, &c, 
4d 2 3 
e 7,600 758885 r 
+ o. oO, ooo, ooo, ooo, oo, o X yy 
— 0.000, soo, ooo, ooo, ooo, ooo X Yy n 
+ o. ooo, o45, 833, 333,333,333 & 
— o. ooo, oo4, 166, 666, 666,666 Xx yy 
+ o. ooo, ooo, 380, 5 5,5555655 X Jy | 
+ &c 
= 0.000,000,197,473,485,882,1, &c, 
2 2 . 2 2 
or & — 2 * 70586 755888 * 8 88885 &c 
+ 0.005,046,213,888,888,888 & yy 
— 0.000,504,201,666,666,666 * yy 
= 0.000,000,197,473,485,882,1, &c 
2 2 2 2 
« £ n ot ann” a+. 
+ 0.004,542,012,222,222,222 X Yy 
= 0.000,000,197,473,485,882,1, &c, or 
0.095,310,179,804,324,860, &c X 
+ 0.004,542,012,222,222,222 X 0 
= 0.000,000,197,473,485,882,1, &c, or (neglecting all but the four higheſt 
figures of the co-efficient of y,) 0.095,310,179,804,324,860, &c Xx y + 0.004, 
542 X Y = o. ooo, ooo, 197,473,485, 882, 1, &c. 
57. This quadratick equation may be moſt conveniently reſolved by approxi- 
mation, by ſubſtituting, inſtead of y, in the quantity o. oo4, 542 X Y the value 


of y derived from the ſimple equation o. o9 5, 310, 1 79,804,324,860, &c Xy = 
. . , 5 8 8 | Ae &c 
0.000,000,197,473,485,882,1, &c, which is = S 55 Tes ot) 


o. ooo, oo, o) 1, 903, 403. We ſhall then have yy = 0.000,002,071,903,403 
S do. ooo, ooo, ooo, oo4, 292,783,711, 362, 980, 409, and conſequently o. 004, 542 
Sd. oo4, 542 X o. ooo, ooo, ooo, oo, 292,783, &c o. ooo, ooo, ooo, ooo, 

019, 
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019,497,820, &c, Therefore 0.095,310,179,804,324,860 X y + o. ooo, ooo, 
000,000,019,497,820, &c, will be = 0.000,000,197,47 3,485,882,1, &c, and 
(dividing all the terms by 0.095,310,179,804,324,860,) y + o. ooo, ooo, ooo, 
000,204, will be = 0.000,002,071,903,403, and (ſubtracting 0.000,000,000, 
000,204, from both ſides) y will = 0.000,002,071,903,199 ; and conſequently 
x, or 24.158,86 — y, will be = | 
24.1 58, 860, ooo, ooo, ooo 
— o. odo, ooa2, 71, 903, 199 
= 241 58,857, 928,096, 801; of which all the figures, except the laſt, are 
exact, the more accurate value of x being (as we have before obſerved in Art. 
6,) 24.1 58,8 57, 928, og6, 805, 5. We have therefore now found tke value of 


the index # in the equation 1 + 75 = 10 exact to ſixteen places of figures. 


Qz E. 1. 

58. The value of * juſt now obtained, to wit, 24.1 58,8 57, 928, o96, 80f, is 
2 . , , ooo, „& 

to 1, as 1 is to- ICE = < = 0.041,392,685,1 58,225,484, &c. 

Therefore the proportion of the ratio of 10 to 1 to the ratio of 1 + — to 1, or 


to the ratio of 11 to 10, 1s that of 1 to o. 041, 392, 685, 158, 22 5, 484, &c, or, 
in other words, Briggs's logarithm of the ratio of 11 to 10 is = o. o41, 392, 685, 
158,225,484, &c; of which number the firſt fifteen figures, (reckoning from 
the place of units,) to wit, 0.041,392,685,158,225, are exact, the more accu- 
rate value of this logarithm (as computed by Me. Abraham Sharp,) being 
0.041, 392,685, 158,225, 040, 750. 
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ARTICLE I. 


HE binomial theorem of the great Sir Iſaac Newton has been ſo much 

reſorted to in the preceeding Diſcourſe of Dr. Halley, and in the laſt fore- 
going Tract, intitled, © An Appendix to the ſaid Tract,“ for the purpoſe of 
computing logarithms, and is fo cloſely connected with that ſubject, that it will 
probably Ge agreeable to the readers of this collection to ſee a demonſtration given 
of it in the ſame volume with the other tracts, of which it is the chief foundation. 
I ſhall therefore now proceed to give a demonſtration of it in the firſt and ſim- 
pleſt caſe, or that in which the indexes of the powers, to which the binomial 
quantity is raiſed, are poſitive whole numbers; which may be done with ſuffi- 
cient perſpicuity and exactneſs within the compaſs of a few pages. 


2. This theorem 1s as follows. 


T H E OR E M. 


If m be any whole number whatſoever, a + M, or the mth power of the 
binomial quantity 4 +86, will be equal to the following ſeries of terms, to wit, 2 + 


L Xx DK 4 + = x = x = * — 73 
P +, XS x = x <= K += x = x =— x 
* x @ "© *Þ + &c continued to the term = x = — 


2 3 
2 3 2 3 
m — 3 m— 4 
4 
Vol. II. X 


2—2 is 


* 3 
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* A x x & c X — K . or to — x —— * 
8922 928129284 1 2 

N. 47 * ; 527 1 C A X 
„& = ; in which ſeries the law by which the ſevaral terms, 
after the firſt term 2, are generated from the ſaid firſt term, is as follows. The 
literal parts of the ſecond, and third, and fourth, and other following terms, to 


wit, a , a „ a2 3B, &c, are generated from the firſt term «an 


by the continual multiplication of the fraction =, the index of the power of 4 


(the firſt term of the binomial quantity a + 5) in every new term decreaſing con- 
tinually by an unit, and the index of the power of & (the ſecond term of the bino- 
mial quantity @ + 6,) increaſing by an unit at the ſame time. And the ſeveral 
co-efficients of the ſecond, third, fourth, and other following terms of the ſeries, 


. * — 31 — mM 1 2 2 "_ m 21 M3 * — 3 
to wit, , * r e Ie * 7F” Her 1 * * 
2 1 1 2 m 


2X 2 x 2 „ — X , &c, are generated from 1, (the co- effi- 
cient of the firſt term ax, or 1 X a,) by the continual multiplication of the fractions 
—. —, . 24 . &c, of which the denominators are the numbers 
1, 2, 3, 4, 5, &c, in their natural order, and the numerator of the firſt fraction 
= is the index m, and the numerators of the following fractions =, —. 


. . &c, are derived from that of the firſt, to wit, , by the continual 


1 : 
ſubtraction. of an unit. 


Examples of the ſaid Theorem, 

3. Thus, for example, if m is = 2, or it is required to find, by means of this 
theorem, the ſquare of the binomial quantity a ＋ J, we ſhall have a + f = 
„ RN NTX N= NN TAX 2 
x % ON H T 2 XX +24 +8. 

And, in like manner, if m is = 3, we ſhall have a + 4 + — Xx 237 
b + I x — rn * 9 =o + £ 

. 2 1 23 2 1 Jn 7 2 
. NL TL +306 + 3 0 
+ P. 

And, if mis = 4, we ſhall hvea + I = a + = x ap += X 


„ 14=2 ja „ $22, 4p ity i322, 42 
—_—MW TT + x xiZzxeTÞ + 4x x5 


* ZExo*h=dt+ixXAb+ExXLIXEF+ Sx x 
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ZX 5 44 ZXIX TN Ie 


And, if mis = 5, we ſhall have FFP =& + x45" 3 += X 
et pain ix sl - Lublin is 
xXx + ix N = + 
r x 


TXEVB + IXEXIXTXETXOP U $1008 


+ 1048 *, 5 ab* + . 
4. Theſe examples are ſufficient both to illuſtrate the meaning of the fore- 
going theorem, and to prove the truth of it in theſe few eaſy caſes. For that 
the theorem is true in theſe caſes,” will appear by raifing the ſecond, third, 
fourth, and fifth, powers of the binomial quantity @ + 4 in the common way 
by multiplication ; which will produce the very ſame quantities for the ſaid 
powers as have been juſt now obtained by means of the foregoing theorem. 
This may be done in the manner following. 
2 4 53 
42 4 5 
aa + ab 
+. ab + bb 
aa + 2ab + bb = a + 6} 
42 ＋ 5 ed 
a* + 2 4a + abb 
Laa + 2 abb + © 
4 + 3aab + 3abb + bf = a + 8\ 
. a +6b n 
41 + 34 ＋ 34*6* + af 
+ b +30} + 3a + b* 
a* + 40 b+ 6 ff '+ 406 +$6*=8 +6 
a + d 
4 +44*h + 64*b* + 44 Þ + 46% 
+4*4b + 40 Þ + 64 ＋ 44b+* + 6b 
FH FiodFFliodF+;of TY = 
Theſe values of the ſeveral powers T, A #13, TM, and a + ds, 
are the very fame with thoſe that have been obtained juſt above in Art. 3 
by means of the foregoing theorem. And conſequently the ſaid theorem is true 
in theſe four inſtances. 
Of the literal Parts of the Terms of the foregoing Products, and the Law of their 
| | Generation one from another. 
5. The law by which the literal parts of the ſecond and other following terms 


of the ſeries that is equal to @ + bn => derived from the firſt term W 
3 m 
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from each other, to wit, that they are generated by the contiyngl multiplica- 
tion of the fraction = will be ſufficiently evident from the foregoing multi- 


plications of 4 + þ and its powers by @ + 5. For it is evident that the in- 
dexes of the powers of @ in thoſe ſeveral products decreaſe continually by an 
unit, and that the indexes of the powers of þ in the ſame products increaſe by 
an unit at the ſame time; ſo that the literal part of the ſecond and every fol- 
lowing term in each of the ſaid products is generated from the term next before 


it by multiplying the ſaid preceeding term into = And it is eaſy to ſee that 


the ſame thing muſt take place in any higher powers of a'+ + whatſoever, if 
the ſaid multiplications by a + & were to be continued till ſuch higher powers 


were produced. This part, therefore, of the aforeſaid binomial theorem ſtands 
in need of no further demonſtration, 


Of the numeral Co-efficients of the two firſt Terms of the ſaid Products. 


6. And with reſpect to the numeral co-efficients of the ſeveral terms of theſe 
products obtained by the foregoing multiplications by a + , (which co-efficients 
are in the ſquare 1, 2, and 1, and in the cube 1, 3, 3, 1, and in the fourth power 
1, 4, 6, 4, 1, and in the fifth power 1, 5, 10, 10, 5, 1,) it is eaſy to fee that the 
co- efficient of the firſt term of every new power of a + & muſt always be 1; 
becauſe it ariſes by multiplying the next preceeding power of à by a, or 1 & a, 
which cannot alter the co- efficient of the ſaid next preceeding power, which at 
ſirſt was 1. And it is alſo manifeſt that the co- efficient of the ſecond term of every 
new power of @ + & muſt always be the index of the ſaid new power, or, in our 
preſent notation, muſt be n; becauſe it is produced by adding the product of 
the multiplication of the firſt term of the next preceeding power of a + b, (of 
which firſt term 1 is always the co-efficient,) by & to the product of the multi- 
plication of the ſecond term of the ſaid next preceeding power of @ + & by 4; 
the effect of which addition is, to increaſe the co- efficient of the ſecond term of 
every new power of a+6 by an unit. And this, it is eaſy to ſee, muſt be the caſe 
in any higher powers whatſoever of @ + 5, if we were to continue the ſaid multi- 
plications by @ . 4 till ſuch higher powers were produced. We may, therefore, 
conclude that the co-cfficients of the two firſt terms of the ſeries that is equal to 
a + N, muſt always be 1 and n, and conſequently that the two firſt terms of 


the ſaid ſeries muſt always be 1 * 45 and 1X a , or an and — "Yong 1 


7. It remains that we ſhew that the co-efficients of the third, fourth, fifth, 
ſixth, and other following terms of the ſeries that is equal to @ + . are gene- 


rated from the co-efficient m, or —, of the ſecond term by the continual multi- 


lication of the fractions , , 2=3, xc; which is indeed by no 
P os OG SR ee i 2 
means Obvious. 


Of the numeral Co-efficients of the third and fourth, and other following Terms of 
the ſaid Produtts, and the Law of their Generation from the ſecond Term, and 
from each other. 


8. Now, in order to demonſtrate the law of the generation of theſe co-effi- 
cients, it will be convenient to get rid of the powers of à and þ in the terms of 
| | the 
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the ſeries that is equal to @ + , and to fix our attention only on the gene- 
ration of the numeral co-efficients of the third, fourth, fifth, fixth, and other 
following terms of the ſaid ſeries. This may be done by ſuppoſing à and & to 
be, each of them, equal to 1, and conſequently a + & to be equal to 1 + 1, 


and @ + Y, to be equal to 1 IV. For, as all the powers of both à and 5 
will, on this ſuppoſition, be equal to 1, our theorem will then be reduced 


to this, to wit, that 1 + 11, will be equal to the ſeries 1 + — + — * 

m * — 1 m — 2 m m— 1 Mm — 2 m —3 * 1 — 1 mm 2 

ruth vor epi bay weed hat mars. . N Is. EY 1 

* 7. * 1 continued to the term — * — * 2. * — 

* eee SEG, — or to che term r & x Re * 
5 m i 2 3 4 

m — 4 


X &C N — or to the term 1. For the laſt term of this ſeries muſt al- 


ways be 1; becauſe the numerators of the ſeveral factors in it form a decreaſing 

rogreſſion of numbers from to 1, and the denominators of the fame factors 
Is. an increaſing progreſſion of numbers from 1 to m, and conſequently, the 
product of all the denominators is equal to the product of all the numerators, and 
therefore the product of all the ſaid factors, or the ſaid laſt term, muſt always be 
equal to 1; which we have ſeen to be the caſe in the laſt terms of the values of 


a + BY, a + 8, T, a + #V, as derived from the ſeries in the theorem 
in Art. 3, which laſt terms were — X =, and 2 X — * IT, and = * — X 


x —X , x = x + A * A, which are, each of them, equal 


to 1. We are therefore now to demonſtrate that 1 + i is equal to the ſeries 
” m m—2 m m—1 m — 2 m m—1 m— 2 n —3 
o 9 IE. A WET he 7 * 


2221 
2 


Of Mr. James Bernouilli's Demonſtration of the Law of the Generation of the ſaid 
numeral Co-efficients. 

9. Now the cleareſt and beſt demonſtration that I have ever ſeen of this uſe- 
ful propoſition is, that which is given us by the learned and ſagacious Mr. James 
Bernouilli in the third chapter of the ſecond book of his excellent Treatiſe 
on the Doctrine of Chances, intitled, De Arte Conjectandi, which is writ- 
ten in Latin, and was publiſhed in a ſmall quay volume at Bafil, or Baſle, 
in Switzerland, in the year 1713, eight years after the author's death. This 
demonſtration is founded on the doctrine of combinations and the proper- 
ties of the figurate numbers, which are there ſhewn to involve in them the 
2 of theſe co-efficients. And the moſt important properties of the 
aid numbers are in the ſame chapter ſet forth and demonſtrated by that 
great author in a very perſpicuous and maſterly manner, though with rather too 
much conciſeneſs to be eaſily underſtood by beginners in theſe ſtudies. Thoſe 
readers, therefore, who are deſirous of ſeeing this theorem demonſtrated from 
its natural and fundamental principles, and in the cleareſt and moſt ſatisfactory 

manner 


+ 2 „ 


Nn Xx = + &c + 1, 
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manner that, as I believe, the nature of the thing will admit of, muſt be referred 
to the ſaid third chapter of the ſecond book of that learned treatiſe ; which, to- 
gether with the two preceeding chapters of the ſame book, I would adviſe them 
to peruſe with the cloſeſt atteation, and to make themſelves thorough maſters of 
their contents; to do which they will find, will require a conſiderable exertion 
of their diligence. | 


Another Demonſtration will be here given of the ſaid Law. 


10. But, though that is the beſt and moſt ſatisfactory demonſtration that has 
been given, and, probably that can be given, of this theorem, yet it may alſo 
be demonſtrated in a ſhorter and eaſier manner, and with the ſame degree of 
certainty as by that method of Mr. James Bernouilli, though not with the ſame- 
degree of originality and elegance. And ſuch a demonſtration I now propoſe to 
give of it in the courſe of the following pages. 

11. The demonſtration which is here intended to be given of this important 
theorem is founded on the obſervation “ that the ſaid theorem is found by 
e trial to be true in ſome of the loweſt powers of the binomial quantity 
&« 1 + 1;” as has been ſeen above, in Art. 4, in the caſes of the ſecond, third, 
fourth, and fifth, powers of @ + 3. For, if this theorem is true when the 
index m is of any particular value, as, for example, when it is equal to 5, it 
may be ſhewn by abſtract and general reaſonings, derived from the nature of 
multiplication, that it muſt likewiſe be true when the index m is increaſed by 


an unit, or that, if » be taken = M + 1, the quantity 1 + ih, or the th 
power of the binomial quantity 1 + 1, will be equal to the ſeries 1 + — + = 


n—T n — „ n—1 n— 2 1 —3 = 
r XX TX +. X 


=} x R xD + &c continued to the term = x = x 


—2 xX==— XxX —< x xc X =, or 1. And this is what I ſhall now en- 
deavour to demonſtrate. 


12. To facilitate the demonſtration of this propoſition it will be convenient 
to premiſe the following Lemma, | 


A LEMMA. 


If the terms of the ſeries 1 + = + = X = + XK x 
I I 2 I 2 3 


FFT 
&c + 1 (in which m repreſents any whole number whatſoever,) be ſet down 
twice together in two parallel lines, or rows, one under the other, but with the 
terms in the lower row advanced one ſtep further to the right-hand than the 
terms in the upper row, ſo that the term in the lower row ſhall ſtand 
under the ſecond term of the upper row, and the ſecond term in the lower row 
ſhall ſtand under the third term in the upper row, and the third, fourth, fifth, 
fixth, and other following terms in the lower row ſhall ſtand under the fourth, 
fifth, fixth, ſeventh, and other following terms in the upper row, reſpectively ; 

7 and 
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and both rows are continued to the ſame number of terms, namely, to the whole 
number of terms in the ſaid ſeries, or to m + 1 terms; and then the terms in 
the lower row, (which, it is evident, will conſiſt of one factor leſs than the cor- 
reſponding terms, or terms ſtanding immediately above them in the upper row,) 
be reduced to the ſame denomination as the terms that ſtand immediately above 
them in the upper row, and, after being ſo reduced, are added to the ſaid terms 
that ſtand immediately above them in the ſaid upper row ;—upon theſe ſuppoſi- 
tions the new ſeries of terms ariſing from this addition of the faid two rows of 


terms to each other, will be as follows, to wit, 1 + 22 + © x 22 + 
a ent 232.2 25,5 x 332 of B28 4 Sat SE 
I 2 I 2 2 3 


x „ c + 1; in which ſeries the laſt term is 1, as well as in 


the two ſerieſes from the addition of which this ſeries ariſes ; and the numerators 
of the laſt factors in all the terms, except the laſt, are always equal to m + 1, 
inſtead of being equal to m—1, m— 2, mM — 3, Mm 4, &c, as in the two 
foregoing ſerieſes ; and the number of terms in the ſaid new ſeries is m + 2, 
_— of m + 1, which is the number of terms in each of the faid foregoing 
erieſes. 


DEMONSTRATION. 

13. This will appear by ſetting down the faid ſeries 1 + => + =SX = 
over, in the manner that has been juſt deſcribed ; which may be done as. 
follows : | 

m * 221 m * — 1 Mm — 2 m m1] m—-2 m7. 
ETZ LF! 


Poe + 2 x2= + Da == Et + &c. 


In theſe two rows of terms it is evident, in the firſt place, that the terms in. 
the upper row, after the two firſt terms 1 and —, conſiſt of two, three, and four, 


and more, factors, every new term having one more factor than the term next 
before it; and, 2dly, that the terms in the lower row that ſtand immediately 
under the third, fourth, fifth, and other following terms in the upper row, con- 
fiſt of one factor leſs than the correſponding terms, or terms immediately over 
them in the upper row; and, 3dly, that the terms in the lower row conſiſt of 
the very ſame factors as the correſponding terms in the upper row, excepting 
that they want the laſt factors of the ſaid terms in the upper row. And hence 
it follows, that, in order to reduce the terms in the lower row to the ſame de- 
nomination as the terms in the upper row, we muſt multiply them by factors 
that ſhall have the ſame denominators as the laſt, or additional factors in the 
upper row, and which muſt have their numerators equal to their denominators, 
ſo as to make each of them equal to 1, to the end that the. magnitudes of” 
the ſaid lower terms may not be altered by the multiplication of them by the 
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ſaid new factors. Thus, for example, the ſecond term of the lower row, to wit, 
=, muſt be multiplied into the factor = in order to bring it to the ſame deno- 


— 1 . 
— , without alter- 


mination as the third term in the upper row, to wit, = — 


ing its magnitude; and the third term in the lower row, to wit, = X = _ -, muſt 


be multiplied into the factor TY in order to bring it to the ſame denomination 


as the fourth term of the upper row, to wit, — * 2 7 * 5 2, without al- 


tering its magnitude; and the fourth term in the lower row, to wit, — * 


X 


„ muſt be multiplied into the factor =, in order to bring it to the ſame 


X 
2 


denomination as the fifth term in the upper row, to wit, — * 


* A, without altering its magnitude; and, for the like reaſon, the fifth, and 
ſixth, and ſeventh, and other following terms in the lower row muſt be multi- 
plied into the ſeveral factors 4, and = and * &c, reſpectively; after which 


multiplications the two rows of terms that are to be added to each other, will 
be as follows, to wit, 


rRNA] YR r e 


2 1 2 1 
— n 3 TITS He op © 
+ PE, hy A x 2 REN I A 3 I 2 * * 


14. And, if theſe two rows of terms, (being now brought to the ſame de- 
nominations,) are added together in the manner above deſcribed ; that is, every 
term in the lower row to the term that 1s immediately above it, the ſum thence 
reſulting will be the ſeries 

m—1T,, m+1 m— 1 12 m+1 


1+ + DX = += x = 1 r + &c, 
in which the numerator of the laſt factor in every term is always m + 1, inſtead 
of m—1,m—2, 3, mM — 4, &c. ; | 

And That this muſt be the cafe in all the following terms of the ſaid new 
« ſeries as well as in the few terms of it that have been here ſet down,” will be 
evident from this conſideration, to wit, That the denominator of the laſt factor 
of every term in the upper of the two rows of terms that are added together is 
always greater by an unit than the number which is ſubtracted from m in the 
numerator of the ſame factor. For from thence it follows that the denominator 
of the new multiplying fraction in the correſponding term of the lower row 
{which is always equal to the denominator of the ſaid laſt factor in the upper 
row,) muſt always be greater by an unit than the number which is ſubtracted 
from m in the numerator of the laſt factor of the ſaid upper term. And, 
therefore, the numerator of the ſaid new multiplying fraction in the lower row 
(which is always equal to its denominator,) muſt alſo always be greater by 
an unit than the number which is ſubtracted from m in the numerator of the 
laſt factor of the ſaid upper term; the conſequence of which, in adding the 


Over . 
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lower term to the upper terin, is to convert the numerator of the laſt factor in 
the upper term from m — 1, or n — 2, or m — 3, or the excels of m above ſome 
other number, into m + 1. | | . k. D. 
15. And the number of terms in the new ſeries, ariſing from the addition of 
the two former in the manner that has been deſcribed, will be greater by one 
than the number of the terms in either of the two added ſerieſes: becauſe the 
lower row of terms, conſiſting of the ſame number of terms as the upper row, 
and being placed one term further to the right-hand, muſt extend one term 
beyond it; and conſequently, as the number of terms in each of the two rows 
of terms is m + 1, the number of terms in the new ſeries, ariſing from the 
addition of the two rows together, muſt be m + 2. . E. v. 


16. And, laſtly, the laſt term of the ſaid new ſeries muſt be the ſame as the 
laſt term of the old ſeries, or of the lower row of terms ; becauſe, as the lower 
row of terms extends one term beyond the upper row, the laſt term in the lower 


row will not have any term over it in the upper row to which it is to be added, 


and conſequently will continue the ſame inthe new ſeries 1 + —.— + — 2 - £ 


_ * = — + &c as in the old 
m— 1 m — 1 mM — 2 Mz * — 2 


. m m m m 
m 5 e e en 
* <A + &c, But we have ſeen above, in Art. 8, that the laſt term of the 


== + Sx = m — 2 mT m-2 


m 
2 2 * 3 PREY 2 
x "2 + &c is 1. Therefore the laſt term in the new ſeries 1 + . + 


T 
m m+1 m 1 — 1 m+1 m ml mM — 2 m + 4 
alſo be 1. Q. E. b. 


* m—1 1 ＋ 1 = - 
ade or ana —— r 


ſeries 1 + = += X 


17. Coroll. 1. Now let the order of the numerators m, m — 1, #m — 2, 
m — 3, m — 4, &c, and m + 1, of the factors of the ſeveral terms of the laſt 


ſeries 1 + = + ED x Zn Dx X == + = x hag 
X "= - + &c, after the two firſt terms, be changed, by making m + 1 the 
numerator of the firſt factor of every term inſtead of being the numerator of 
the laſt factor. The ſaid ſeries will then be as follows, to wit, 1 + ZI + 


I 


Now this change in the order of the numerators of the ſeveral factors of the 

terms will create no change in the values, or magnitudes, of the ſeveral terms 

themfelves ; becauſe the products ariſing from the multiplication of the ſame 

numbers are always the ſame, in whatever order the numbers are multiplied. 

T = wage the foregoing ſeries, after this change in the order of the numerators 
oL. II. Y 


of 
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of the ſeveral factors of its terms, will (till be of the ſame magnitude as before, 
and conſequently will be equal to the ſum that ariſes from the addition of the 


aforeſaid two rows of terms in the manner above deſcribed; that is, the ſeries 
— — m ＋ 1 m — 1 m+1 m n — I 

1 + — —_ X — + = x Werd n 

— eh & +1 "vil be equal to the ſum that ariſes from the addition of the 

aforeſaid two rows of terms in the manner above deſcribed. 


18. Coroll. 2. Now let » be = m + 1. Then will » — 1 be = n, and 
»—2wilbe=m—1, andz— 3 vill be =m — 2, and # — 4 will be = 
m — 3, and, in like manner, #»— 5, #— 6, n — 7, &c, will be equal to 
m — 4, 1 — 5, n — 6, &c. reſpectively. Aud conſequently the ſeries 
mM - [ m+1 m m #+1 I 


+ X = +, 


I 2 1 


55 = , conſiſting of m + 2 


obtained 1n the e Corollary, to wit, 1 + 


3 ho 3 


rerms, will be equal to the ſeries x 1 : 


— mT m — 2 


X 2X O X 


* = x = 


— * — — wack 

| 3 

+ = x — x = 5 x —= + &c + x, conſiſting of a ＋ 1 cate, -There- 
11 2 


fore the ſeries 14 — HONED ONO TE X — 


2 
* — + =Y + 1, conſiſting of # + 1 terms, akbe amt of SZ for 


that ariſes by adding the two aforeſaid rows of terms together in the manner 
above deſcribed. 


The Demonſtration of the principal Propoſition. 


au 19. Theſe things beirig premiſed, the main propoſition ſtated at the end of 
Art. 8, to wit, that, if denote any whole number whatſoever, the quantity 


1 + IP, or the mth power of the binomial quantity 1 + 1, will be equal to 


r 
* —+ 5.x — 3 — „ + &c continued to m + 1 


terms, or to the term 175 may be demonſtrated in the manner Ong 
20. The product that ariſes by multiplying the feries 1 + — _— = X — 


r TN Ma pg 
is the ſum that ariſes by 8 down the ſaid ſeries twice following in 
two paralle] rows, one under the other, with the terms in the lower row ad- 
vanced one term further to the right-hand than the terms in the upper row, in 
the manner above deſcribed, and then adding the terms in the lower row to the 


correſponding terms in the upper row. And the * + 1}* power of 1 + 1 is 
the product of the muluplication of the mth power of 1 + 1 into 1 + 1. 
Therefore, if in any particular value of c the mth power of 1 + 1 is equal to 
: | the 
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1 S 2x 20A — * r —— 


— N © "=34 861, conſiſting of n + 1 terms, the # + 1}* power of 1 + 1 


ill be equal to the ſum that ariſes by fetting down the ſaid ſeries twice follow- 
ing in two 12 rows in the manner above deſcribed, and adding the faid 
two rows of terms together. But, by the ſecond Corollary of the foregoing . 
Lemma, if # be = m + 1, the ſum arifing from the addition of the ſaid two 


rows of terms is the ſeries 1 + — + = x e * + 
” 8 - [ 1 — 2 


a 3 
7 * * * — + &c-+ 1 conſiſting 4 n + 1 terms. There- 


fore, if in any particular value of m the mth power of 1 + 1 is equal to the 


ſeries 1 + + SED SD RESEREEE DS X25 * 2 
Xx == + & + 1, conſiſting of mw + 1 terms, it will follow that the 


m + 115, or mth, or next higher power, of 1 + | will be equal to the ſeries 
* r R ESTES XS ax eg” a 
+ &c ＋ 1, conſiſting of 1 + 1 terms. But it hs hs ſhewn in Art. 3 


and 4 that, when m is equal either to 2, or to 3 or to 4, or to 55 the 
| ID 


the mth power of 1+ 1 is equal to the ſeries 1 + — = + — * — >. - 5c 
M —- 1 


D EZ ESE x 22250223 + be eee e . 


2 
terms. Therefore, if # be equal to 5 + 1, or 6, the 5+7 11 power, or och 
power, or ath power, of 1 + 1 will be equal to the ſeries 1 + — $A = * — 


LA Dx x x *=2 + 8c + 1, coaſting of 


I 2 
1 ＋ 1, or 6 + 1, or 7, terms, And in the lame manner it may be proved that, 


ſince, when m is = 6, the mth power of 1 +1 is equal to the ſeries 1 + = 


+ 2 * — , m—2 1 —1 ,, m— 2 == 


+ * 2 3 X ——— X e 


+ I, crnfifiing GS I, l + I, or 73 W the m + 1, 0 — IJ, 
or 7th, or nine wa 1 2-6 I FIRE power of 1 + 1 will 


be equal to the ſeries 1 + = + — x, + = X = * X 
— * — X —= + &c + 1, conſiſting of u + 1, or 7 + 1, or 8, terms. 
And ſo we may proceed from number to number ad infinitum. And conſe- 


quently, whatever be the whole nuniber denoted by m, it will always be true 


that 1 T U T e ee X 


= 


+ &c + 1, conſiſting of m 3 1 terms. "34. 45 
Y 2 = Ip 
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The foregoing Demonſtration expreſſed in a more conciſe Mauner. 


21. The foregoing reaſonings may be expreſſed in a more conciſe manner as 
follows. If » be = m + 1, and it be true in any particular value of that 


1 ＋ IN is = the ſeries 1 + = + = x == — P 


+ = * X 
x e . te, ir will al be trop that F Ib id b 8 


* * 12 1 n gg — i 22 228 * 2 1 322 2 S = 43 
D oo — Xx x : : bro pO Og 
+ &c. | 
For 1 T I is I +i1"+1 =1+1"xX1+1= the ſeries 1 + — + 
m — 1 n m — 1 m — 2 K m — 3 
r - 1 de poly, - X - 5 er ger ri Fees "Py + &c 
* into 14 1 
3221 Mm n — 1 2823 m”m 21 m —2 . 
1 ＋ TZ HTL H- * 
N m m—] m MT * — 2 
+ $2] 14952 R + &c. 
m m —1 m mT M—2 — — m —2 — 
SN e e eee 
* 2 m M1 m 1 — 1 * —2 
+1+=x EC Bo ibn 5x44 oc 
=1+Z2 +2 x == _ 41064066 n HK. gh ICIS 
a+: 225 m ＋ 1 — * T RN + & 


17 2 29 2 nary 4 ent — += x r Arte 
3 . : 
But it has been ern! in Art. 3 aid 4 that, when m 1s ou_ aber to 2, or to 


3, or to 4, or 7 5 ee ee 1—1 
7 "= * > I 5 — | * — 1 = xc. n 


or 6, 1 +11, or 1 TD aa the ſeries 1 1242 
erer 2 == + &. And it may "WA 
in like manner that, if x | be put for 7 8. 9, 10, &c ad infinitum i e 
1 + 1\* will in all theſe ſuppoſitions be always equal to the ſeries 1 + — + 


— * — += X NS x — 2 * — X = X 244 A 
therefore the vropolition 3 is aatverſally true, whatever be the whole number 
denoted by the letter », . E. 5. 


22. This demonſtration of the binomial theorem in the caſe of integral pow- 
ers, is nearly the ſame with that given by Mr. John Stewart, of Aberdeen, in 
the 6th Section of his Commentary on Sir Iſaac Newton's curious little Tra, 
intitled, Aualyis by Equations of an infinite number of Terms. See his m_ 
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of Newton's Treatiſe on tbe Quadrature of Curves, and of the ſaid Tract 
intitled Analyſis, Cc, with his learned Comments on both, in one volume, 
quarto, publiſhed at London, in the year 1745, page 471, Art. 155. 


Of the Invention of the foregoing Theorem. 


23. This famous theorem is uſually aſcribed to Sir Iſaac Newton: and in 
the caſe of roots, or fractional powers, of a binomial quantity, it is generally 
agreed that he was the firſt inventor of it. But in the caſe of integral powers, 
(which has been the ſubject of this Niſcourſe,) it ſeems to have been diſcovered 
many years before by Mr. Henry Briggs, the ingenious computer of the loga- 
rithms that are called by his name. For it has been lately obſerved by Dr. 
Hutton, (the learned Profeſſor of Mathematicks at Woolwich Academy,) in 
his very curious hiſtorical Introduction to his new edition of Sherwin's Ma- 
thematical Tables, that there is a paſſage in the ſaid Mr. Briggs's valuable 
Treatiſe, intitled, Aritbmetica Logarithmica, (which was publiſhed in the year 
1624,) in which Mr. Briggs ſhews how to derive the third, and fourth, and 
fifth, and other following terms of any integral power of a binomial quaatity 
from the ſecond term of it without raiſing all the intermediate, or lower powers 
of the binomial by continual multiplication ; which is the operation of the bino- 
mial theorem, But Mr. Briggs has only deſcribed the method of doing this in 
words, and has not expreſſed it in Algebraick ſymbols, as Sir Iſaac Newton has 
done, by aſſigning the fractions ===, ===, , 2 - 2 &c, as the factors, 


2 
by the continual multiplication of which the co-efficients of the ſaid terms may 
be produced. The merit, therefore, of being the firſt inventor, or publiſher, 
of this uſeful diſcovery in the caſe of integral powers, muſt be allowed to Mr. 
Briggs, and only that of giving the inyention a more convenient form, by expreſs. 
ing it by a ſhort and ſuitable 11 notation, muſt be aſcribed to Sir Iſaac 
Newton, together with that of extending it by his ſagacious conjectures from 
the caſe of powers of which the indexes are poſitive whole numbers to the vari- 
ous other caſes of it in which the indexes of the powers are either fractions, as 
oY — 75 A mY > and < or, in general, = or negative whole numbers, 
as — 1, — 2, — 3, — 4, — 5, &c, or, in general, — m, or negative fractions, 
as = = =>, ＋ 2, 7 ＋, or, in general, _ which extenſion 
of it is of et utility in various branches of the higher parts of Algebra 
and mathematicks, as we have ſeen in the remarks that have been publiſhed in 
the former volume of theſe Tracts on the Logarithmick Serieſes invented by 
Mr. Mercator and Dr. Wallis, and in the foregoing Tract concerning the reſo- 


; . x s 5 
lution of the equation 1 + — = 10, or the inveſtigation of the proportion 


of the ratio of 10 to 1 to the leſſer ratio of 1 + 170 to 1, or of 11 to 10. 


24. Vet it may reaſonably be conjectured that Sir Iſaac Newton was likewiſe 
an inventor, as well as Mr. Briggs, of this uſeful theorem even in the caſe of 
5757 inventor of it. For it is well known that he 


integral powers, though not the 
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was not an extenſive reader of mathematical works; and he appears to have 
applied himſelf principally in his younger years to the ſtudy of Des Cartes's 
Geometry, with Schooten's Commentary on it, and the other Tracts publiſhed 
by Schooten with it, and of Dr. Wallis's Aritbmetica Infinitorum, and his other 
works on mathematical ſubjects then publiſhed. And therefore he may well be 
ſuppoſed not to have ſeen Mr. Briggs's Arithmetica Logarithmica, in which this 
method of deriving the co-efficients of the terms of the powers of a binomial 
uantity one from another is contained, at the time of his diſcovering this famous 
theorem himſelf, which was about the year 1665, or when he was only 23 years 
old. And, if he had ſeen that book, and obſerved this diſcovery to be contained 
in it, it is hardly to be conceived that, when he was ſpeaking of this theorem, he 
would have omitted to make mention of this diſcovery, and to acknowledge 
that it contained the ſubſtance of the ſaid binomial theorem in the caſe of in- 
tegral powers, though not exprefled in algebraick ſymbols. For theſe reaſons 
I am inclined to think that Sir Iſaac Newton had not ſeen Mr. Briggs's 
Arithmetica Logarithmica, when he invented the binomial theorem, and there- 
fore, that he was truly an inventor of it even in the caſe of integral powers, 
though not the firſt inventor, | | 
25. But it ſeems more ſurpriſing that Dr. Wallis, who was a much more 
copious reader of mathematical works than Sir Iſaac Newton, and who actually 
had ſeen Mr. Briggs's Arithmetica Logaritbmica, and makes mention of it in 
his Algebra, chapter xii, page 60, ſhould not have attended to the contents 
of that ingenious treatiſe enough to have obſerved that it contained this 
moſt uſeful theorem. Yet this appears to have been the fact, from what 
the Doctor tells us in the 85th chapter of his Algebra, page 319, where, in 
ſpeaking of Mr. Newton's method of 8 or deriving, the co- effi- 
cients of the third and fourth, and other following terms of the mth power of a 
binomial quantity from m, the co-efficient of the ſecond term of it, by the 


continual multiplication of the fractions ===, —, ==3, 2=4, &c, be con- 


fefſes that he had ſought after this method of generating, or deriving, theſe co- 
efficients himſelf, but without ſucceſs. His words are theſe, after 8 of 
ſome other excellent inventions in the mathematicks contained in a letter of 
Mr. Iſaac Newton (at that time Profeſſor of Mathematicks in the Univerſity of 
Cambridge, and who was afterwards better known by the title of Sir Iſaac 
Newton,) to Mr. Oldenburgh, (the Secretary of the Royal Society at London,) 
dated October 24, 1676. He | Mr. Newton] then obſerves (what I bad for- 
« merly ſought after, but unſucceſsfully,) that the following numbers are, from the 


« two firſt, to be found by continual multiplication of this ſeries 1 * = 7 2 X 
% * * Kc.“ Theſe are the words of Dr. Wal- 
lis in his Algebra, page 319; from which, I think, we may conclude that, 
though he had ſeen Mr. Briggs's Arithmetica Logarithmica, he had not read it 
with ſufficient attention to diſcoyer that this method of generating the cor effi- 
cients of the terms of the mth power of a binomial quantity, when was any 
whole number whatſoever, was contained in it : though it ſeems indeed un- 
accountably ſtrange that he ſhould not have taken notice of it, | 

| | I | 26, Dr. 


by 3 


Pf . 


0 
* 
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26. Dr. Wallis's Algebra was publiſhed in the year 168 5. And that was 
the firſt time, after Sir Iſaac Newton's diſcovery of it, that the binomial theorem 
(in Sir Iſaac Newton's manner of expreſſing it) was publiſhed in print, and 
made known to the learned world in general, though Mr. Oldenburgh and 
Mr. Leibnitz, and probably Dr. Barrow, (who was Sir Iſaac Newton's great 
friend and patron in his youth,) and ſome other learned mathematicians of that 
time, had ſeen it in that letter to Mr. Oldenburgh, of October 24, 1676, 
ſoon after the ſaid letter was written. But, how Sir Iſaac diſcovered this theo- 
rem, is not known; nor is any demonſtration of it, even in this eaſieſt cafe of 
it, (in which the index m of the power to which the binomial quantity is to be 
raiſed, is a whole number,) any where to be found in all his works. 


07 the Powers of a Reſidual Quantity a — , when their Indexes are whole 


Numbers. 


27. We have hicherto been conſidering the integral powers of a Sinomial 
uantity 2 + 4, or of the /um of two ſingle quantities 4 and 5; and we have 
een that, if the ſaid binomial quantity 4 + & be raiſed to any power of which 


a whole number denoted by m is the index, the quantity @ + , or the ſaid 
mth power of @ + 5, will be equal to the ſeries 2 124 ³ b+= * 
m—T m-2,,, „ „ t „2 13 m „ez 
(/// 
r 
ve put A S 1, B=ZA,C="=B, DS C, E= D, F= 


n and G, H, I, K, L, &c, = EF, G, H. I, _ 
K, &c, reſpectively,) to the ſeries a” + A 3 + —Ba + 
e 22D. E Þ + &c T; in which 


3 
all the terms after the firſt term 4 are müiked with the ſign +, or are added 


to the ſaid firſt term. We will now proceed to conſider the value of a — , 
or the mth power of the refdual quantity a — b, or the difference of the two 
quantities @ and b, upon a ſuppoſition that à is the greater of the two. 


28, Now, if @ be ſuppoſed to be greater than 4, and m be any whole num- 
ber whatſoever, the quantity @ - , or the mth power of the reſidual quantity, 


or difference, 4 — 5, will be equal to the ſeries a” — 242 b + = * 


ET EE ITE IEEE 
49 — * — x x 2. * 2 3* + &c, or (if we 
put A, as before, = 1,andB=—A, and C= == B, and D = = C, and 
E p, nd F E, and G, H, I, k, L. xc, =, = 
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G, 7 N. — I, , &c, reſpectively,) to the ſeries a — — A " pt 
b + — 182 p [= c a3 p43 D 2. · E. 2 5 


2 

4 + Kc, which conſiſts of exactly the ſame terms as the ſeries that is equal to 
a + , or the ſame power of the binomial quantity a + &, but with the ſign 
- prefixed to the ſecond, and fourth, and ſixth, and every following even 
term in the ſeries, which denotes that the ſaid terms are not to be added to the 
firſt term 4, and to the third, and fifth, and other following odd terms, (as 
they were in the former ſeries, which was equal to 2 ,) but to be ſubtracted 
from then. 4" 

29. That this muſt be ſo, will be evident from conſidering the manner in 
which the ſeveral powers of the reſidual quantity @ — & are generated from 
each other by the continual multiplication of 2 — &, of which we will now 
exhibit a ſpecimen with reſpect to a few. of its loweſt powers. The ſecond, 
third, fourth, and fifth powers of @ — & are derived from @ — 6 itſelf by the 
following multiplications. | | 

| a—b 
2 
aa — ab 
— ab + bb 
aa — 2ab + bb = @a — b\* 
a—b 
a — 24 b + 40 
— 6b + 2 ab — 6 
2 — 3 4 b+ 3 — 4 — Fr 
„ f 
a* — 34 T 34 — 405 
— 2 + 342 — 3431 + 64 
af — 44 b + 62 „ — 446 + 5 — 4 
- by 
4 — 44 b+ buf 44 Þ + aff 
= „ 42% * —bo&Þ + 442 — bf 
4 — 5 4 b + 104 bf 10 ,t 5 a =- 2 4 — . 

30. From theſe operations it is evident that, wherever the odd powers of 5 
occur in the ſaid powers of @ — 5, the terms are marked with the ſign —, 
and that, wherever the even powers of 5 occur in the ſaid powers of a — 6, the 
terms are marked with the ſign +. And the ſame thing, it is evident, muſt 
happen in all higher powers of 4 — & whatſoever, as well in thoſe that have 
been here ſet down, becauſe & is marked with the fign — in the two original 
factors a — b and @ — 5; whence it follows, from the nature of algebraick 
multiplication, that, whenever 3 is multiplied into itſelf an even number of 
times, the product will be marked with the fign + ; and, whenever it is mul- 
tiplied into itſelf an odd number of times, the product will be marked with the 
fign —. And it is further evident, from the foregoing multiplications, that 
the odd powers of þ occur in the ſecond, and fourth, and ſixth, terms - the 

Ore. 
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foregoing products, and that the even powers of 4 occur in the third and fifth 
terms of them. And it is eaſy to ſee that the odd powers of & will occur in 
like manner in the eighth, and tenth, and twelfth, and other following even 
terms of all higher powers of a — 3 whatſoever, and that the even powers of 5 
will occur in like manner in the ſeventh, and ninth, and 2leventh, and other 
following odd term$iof the ſaid higher powers of 4 — & And i is allo evi 
dent, from the foregoing multiplications, that the terms themielves of which 
the ſeveral powers of a—b will be compoſed, are exactly the Tame withthe terms. 
of which the ſame powers of @ + þ are compoſed. And heneeit follows that 
the ſeries which is equal to @ — M will be the ſame with the ſeries which is 
equal to 2 + M, when the ſign — has been prefixed to the ſecond, and fourth, 
and ſixch, and other following even terms of it, inftead of the ſign , or that 
2 -V, or the mth power of the reſidual quantity 2 — 3, will be equal to the 


1 | m dv. X m 2 PLAT 


n=} ,*—h_- * m— 1 x m2 * 221 
4 I 2 3 4 
X- = 5 + &c, or A ob + ESR Ba? 


= . _ IE u ec. . v. 
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BINOMIAL THEOREM, 


In the Caſes of Roots and the Powers of Roots, as well as in the Caſe of 
Integral Powers; publiſhed by Mr. John Landen in the Year 1958. 


www . —-.ͤ 


N the year 1758 the very learned Mr. John Landen, of Walton, near 
Peterborough, in Northamptonſhire, publiſhed a mathematical Tract in 

- quarto, containing 43 pages, intitled, A Diſcourſe concerning the Refidual Ana- 
Iyfis: a new Branch of the Algebraick Art, of very extenſive Uſe both in Pure 
Mathematicks and Natural Philoſophy. In this Diſcourſe he has given us a de- 
monſtration of the famous binomial theorem of Sir Ifaac Newton, that extends 
to the caſes of roots and the powers of roots of a binomial quantity, as well as to 
the caſe of its integral powers; and this, without having recourſe to the doctrine 
of fluxions, which had uſually been employed for this purpoſe by the writers 
that had gone before him. The propoſition he demonſtrates is as follows, to 
wit, „That, if m and » be any two whole numbers whatſoever, the quantity 
I + x", or that power of the binomial quantity 1_+ x which is denoted by the 


fractional index —, will be equal to the feries 1 + = x + * + 


1 — * — 22 m m — 1 m— 22 m — 32 ”m m — 1 
* "We. Zu 5 e 3% 83 2 
n Ke, or (putting A = 1, and B = —, and C 
3, and D C, and E P, and F E, and G, 


3% 4n 5 
H, I, K, L, &c, for — — F, 2==6, — f. L p—_ K, &c, re- 


— ſpectively 


. | 
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ſpectively,) to the ſeries 1 + =Ax REO 1 — x "==D x 


2 
+ r + FP "2G + &c. And it is the firſt propoti- 


tion contained in the ſaid Diſcourſe, I ſhall therefore here give the reader both 
the propofition itſelf and the demonſtration of it, in the learned author's own 
words, together with the reflections with which he introduces it; and, as the 
demonſtration is in itſelf rather ſubtle and difficult, and is alfo exprefied in a very 
conciſe manner, I ſhall afterwards ſubjoin ſuch an explanation r ss will, 1 
hope, enable the reader to comprehend it eaſily. The author eas are as 
follows : S 

« Before Sir Iſaac Newton invented the Method of Fluxions, mathematicians 
e had made conſiderable improvements in the algebraic art, and had deviſed 
ce ſeveral curious rules for reſolving certain problems relating to the greateſt 
« and leaſt ordinates, points of inflexion, tangents, curvature, and quadrature 
& of curve lines, and the cubature of ſolids, &c. Thoſe rules, however, were 
ct eſteemed of little value, upon the appearance of the fluxionary method; 
ce which, being of far more extenſive ule, was, by the mathematical world, 
c received with great admiration, and ſtudied with great eagerneſs. Highly 
indeed has that method been extolled by many writers; yea, a certain 
« gentleman has gone fo far as to ſay, The method of fluxions is capable of 
ce reſolving ſuch difficulties as raiſe the wonder and ſurpriſe of all mankind, and 
© which would in vain be attempted by any other method whatſoever. So that 
ce it is juſtly eſteemed the greateſt work of genius, and the nobleſt thought that 
6 ever entered the human mind. Pref. to EMERS. Flux. 

« Yet, notwithſtanding the method of fluxions is fo greatly applauded, I 
cc am induced to think it is not the moſt natural method of reſolving many 
cc problems to which it is uſually applied. The operations therein being chiefly 
& performed with algebraic quantities, it is, in fact, a branch of the algebraic 
ce art, or an improvement thereof, made by the help of ſome peculiar principles 
* borrowed from the doctrine of motion: which principles, F. muſt confeſs, to 
«© me ſeem not ſo properly applicable to algebra as thoſe on which that art was, 
ce before, very naturally founded. We may indeed very naturally conceive a 
& line to be generated by motion; but there are quantities of various kinds, 
« which we cannot conceive to be ſo generated. It is only in a figurative ſenſe 
« that an algebraic quantity can be ſaid to increaſe or e with ſome 
velocity or degree of ſwiftneſs; and, by the fluxion of a quantity of that 
«© kind, we muſt, I preſume, to have a clear idea of its meaning, underſtand 
& the velocity of a point ſuppoſed to deſcribe a line denotin loch quantity. 
6 Fluxions therefore are not immediately applicable to algebraic quantities; 
but in fluxionary computations made by means of ſuch quantities, we, to 
* proceed with perſpicuity, muſt have recourſe to the ſuppoſition of lines being 
* put to denote thoſe quantities, and the generation of thoſe lines by motion, 


It therefore, to me, ſeems more proper, in the inveſtigation of propoſitions by 
algebra, to proceed upon the anciently received principles of that art, than to 
introduce therein, without any neceſſity, the new fluxionary principles, de- 
& rived from a conſideration of motion; and the rather, as the introduction - 
Z 2 v tho 
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ce thoſe new principles is not attended with any peculiar advantage.—That the 
t borrowing principles from the doctrine of motion, Wim a view to improve 
& the analytic art, was done, not only without any neceſſity, but even without 
any peculiar advantage, will appear by ſhewing that, whatever can be done 
« by the method of computation, which is founded on thoſe borrowed princi- 
ce ples, may be done as well by another method founded entirely on the 
_ © anciently-received principles of algebra: And that I ſhall endeavour to ſhew, 
6 as ſoon as have leiſure, in the treatiſe I lately propoſed to publiſh by ſub- 
& ſeriptiog ebe mean time, this effay is intended to give the inquiſitive 
« reader ſome notion of the new method of computation, which is the ſubject 
«© of thatweatiſe.—Which method I call the Refdual Analyfis ; becauſe, in all 
<« the enquiries wherein it is made uſe of, the concluſions are obtained by means 
of reſidual quantities. | 

&« In the application of the Reſidual Analyſis, a geometrical or phyſical pro- 
ce blem is naturally reduced to another purely algebraical ; and the ſolution is 
& then readily obtained, without = ſuppoſition of motion, and without con- 
te ſidering quantities as compoſed of infinitely ſmall particles. 

ce It is by means of the following theorem, viz. 


A 14242 +2 0 


(where m and # are any integers,) 

te that we are enabled to perform all the principal operations in our ſaid Ana- 
& lyſis; and I am not a little ſurpriſed, that a theorem fo obvious, and of ſuch 
& vaſt uſe, ſhould fo lopg eſcape the notice of algebraiſts ! 

I have no objection againſt the truth of the method of fluxions, being 
* fully ſatisfied, that even a problem purely algebraical may be very clearly 
ce reſolved by that method, by bringing into conſideration lines, and their 
* generation by motion. But I muſt own, I am inclined to think ſuch a 
© problem would be more naturally reſolved by pure algebra, without any ſuch 
«* conſideration of lines and motion,——Suppole it required to inveſtigate the 


. * binomial theorem; i. e. to expand 1 + x” into a ſeries of terms of x, and 
* known co-efficients. | 

e To do this by the method of fluxions, we firſt afſume 1 XK = 1 + ax + 
« þx* + x* + dx* &c. We, to proceed with perſpicuity, are next to conceive 
« x, and each term of that aſſumed equation, to be denoted by ſome line, and 
* that line to be deſcribed by the motion of a point: then, ſuppoſing x to be 
e the velocity of the point deſcribing the line x, and taking, by the rules 
« taught by thoſe who have treated of the ſaid method, the ſeveral contemporary 
« velocities of the other deſcribing points, or the fluxions of the ſeveral terms 


by 1 


1 * in the ſaid equation“, we get * 1+x Xx=as + 2bxx + 36x" x 4 
% 4dx*%x &c. becauſe, when the ſpace deſcribed by a motion is always equal to 


cc the 
* See Mac Laurin's Fluxions, vol. 2, page 585, Art. 714. 
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« the ſum of the ſpaces deſcribed in the ſame time by — other motions, the 
« velocity of the firſt motion is 5 equal to the ſum of the velocities of the 
te other motions. . 


« From which laſt equation, by dividing by x, or ſuppoſing & equal to unity, 


1 
« we have * ITT“ = 4 + abr + cr + A. N Conſequently, 


« multiplying by 1 dee * 1 ＋ * or its equal = — * ax += 


« 5 + = n &c S + ee. Fon by 
a comparing the l E che eo-officicats a, ö, c, &c. will be found. 


The ſame theorem is inveſtigated by the Refidual Analyſis, in the following 
an ; Þ {Yi 1 T1359 4 
5 1 | | | -m 


ce Aſſuming, as above, px = 1 + ax + ba* + * &c, ven 1 77 * = 


. „ ao T* — 24.7 —=7 
* If, now, we divide by-the refidual * . we ſhall get 


— . _ 


© 1+x* 
5 = —= D 1 
5 1 +2] 1 2 his I+x 5, A n! 
— #.ch $140 ++ +4. ee which 
equation muſt hold true, let y be what it ll: from whence, by taking 5 
> 


« equal to x, we find, as before, — & TT =4 + 2bx + 3% + 44 
*« &c. The reſt of the operation will therefore be as above ſpecified. 


© Now, as to either of theſe methods of inveſtigation, I ſhall not take upon 
* me to ſay any thing in particular; it is ſubmitted to the reader to compare 
{© one with the other, and judge which of the bo is moſt natural,” 

Upon this paſſage, at the place marked with an aſteriſk ®, the author has 
ſubjoined, at the end of his diſcourſe, in page 41, the following note. > 


wet way - ATM +2 cel 


+2 T +I 


« (as is obſerved in page 5) we have, by writing 1 + x and 1 + b reſpetvely 


DER EF DEW —(CEF, 


f +9 XxX —y 
trig | 


— 
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5 +y 1 +30 . 0 
2 WO LA 

28 * N 1444 ” 

0 = x; + x[* X 'm 2” 5 

ETA 

” e * 


This is Mr. Landen's demonſtration of the foregoing celebrated theorem, ex- 
preſſed in his own words in the above-mentioned Trac, intitled, 4 Diſcour/e 
concerning the Refidual Analyſis, &c, which was publiſhed in the year 1758. 
Six years alterwards, to wit, in the year 1764, Mr. Landen publiſhed a ſecond 
Tract on thefame ſubject, containing 218 pages in quarto, intitled, The Refi- 
dual Analyſis; Book I. To which the former Tract, intitled, 4 Diſcourſe con- 
cerning the Reſidual + Analyſis, Sc, had been only an introduction. In this 
ſecond Tract, pages 5 and 6, Mr. Landen informs us that one of the theorems 
which chiefly enabled him to perform a certain diviſion of one reſidual quantity 
by another, which is of great uſe in his Reſidual Analyſis, was the following, to 
og” op 5 _ | 
=» vr wir Ie po tw ©) 
mY UV — W mm mn Mm 1—32 28 m 4 2am. 


RP rages v1 +7 4@ 
mand r en poſitive integers. And in the bottom of the ſaid page 6 he 
ſubjoins.the following note, containing an inveſtigation of the ſaid theorem. 
This theorem may be inveſtigated as follows : 
It is well known, that 


1 1 
S2 A or w (m) 3 


and that 


- RY kat br ogy * | 
I — is 2 i 2 * 3 p (7), 


NorE. 


m and r being poſitive integers. 


In the ſecond equation write v” and w ' inſtead of 4 and 3 reſpectively; and 
you will have | | 

yo | 8 mm m—2mM m mam 2m 

ELEC == V r +0 rw! +v ). 


v — 0 7 
Then, from the firſt and third equations, it will appear by diviſion, that 
4 Wo N | a | 
3 2 91 + 25 200 (m) 
v2 90 21 n m zm m 7 


» 74 v rw (0 


* 
Ss 


* * 
8 P 4 
* - FRF. - 
4 
. 
* 
1 


$1R ISAAC NEWTON'S BINOMIAL THEOREM, 175 


which being ſo obvious, it is matter of ſurpriſe to me, that algebraiſts have not 
before obſerved it, and own. 1 its fingular uſe in analytics. 


Theſe are all the paſſages that I have found in theſe two Tracts of Mr. 
Landen concerning the foregoing eee e of which I will now proceed 
ff. clear an explanation: as I can. 3 


- _ ” . t 
* 9 — 2 4 PY © » Pu, — b * 2 1 
. 0 * * 9 
— . w 
| * EXP LA. 


* * _—— 
POT SS TITTCT TIT WF IF DTT ITT TT 


AN. 
4.4 . 44 


. e alleen = 
9 N 


E X * L 4 N r . LO; N 


OF T HE. 


FOREGOING DEMONSTRATION 


OFF THR 
BINOMIAL T HE OR E M, 


e dee of he be Index =, invented by Mr. John Landen. 


By FRANCIS MAS ERES, Es q. 
CURSITOR BARON OF HIS MAJESTY'S COURT OF EXCHEQUER, 


— . ——— — 


ARTICLE I. 


HE propofition demonſtrated by Mr. John Landen is as follows : If m 
and u be any whole numbers whatſoever, and x be any quantity not 


greater than 1, the ney TIA „or that power of the binomial quantity 
x ＋ # which has for its index the fraction , will be equal to the ſeries 1 += 
2+ ENTE TN X 
= x — x EE ZE be or (puting A= 3, and B= 
A, and C =——B, Dc and E = = === D, and F = 2B 
E. and G, H, I, K, L, & = E F. and 2=® * G, and . H, and 

==1, and E K, &cg\xeſpeQtively,) to the . + 2 A1 


* c be zr Erg P of + 2 
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+ *ZPHu" + *ZZ1.9+2ZPK4" c. His demonſtration of 
this propoſition is deduced from the two following Lemmas. 


L EMM A T1, 


2. If a and & be any two quantities whatſoever, of which à is the greater, 
and m be any whole number whatſoever, the difference of the mth powers of 
a and 6, to wit, a* — , will be capable of being exactly divided by @ — 5, or 
the difference of the ſaid quantities themſelves, ſo as to leave no remainder ; 
and the quotient that ariſes by ſuch diviſion, or the value of the fraction 
=, will be a ſeries of terms in continued geometrical proportion, conſiſt. 
ing of m terms, of which a vill be the firſt term, and s will be che laſt - 
term, and the common ratio of the terms will be that of @ to l. | 


EXAMPLE 6s. | 
Thus, for example, if we divide a* - b* by a — &, the quotient will be 
a + 3. The diviſion is performed as follows: ; 
22 0 *—#(a+b 
a* — ab 
T + ab — 
+ ab — # 
97 
And, if we divide à˙ = &* by @ — 5, the quotient will be * + aþ + #. 
The diviſion is performed as follows : 
4—b) 4 * * ( +ab + & 
4 — 4 5 
+ 2 b = aff 
* ba —ÞP 
+a 35 
And, if we divide * — % by @ — 5, the quotient will be * + * + 4 
+ . The diviſion is performed as follows: | 
G—b) * * 8 * ( +&b+a& +# 


424 — 43 
"Ia *®% 
+ 48þ - ** 
— + 4 b* * 
+ 4&* b* — 4233 
+ + af — þ* 
| + 4b? — þ* 
3 v 


Vor. II. 2 A 8 And, 


178 AN EXPLANATION OF TH-E FOREGOING 


And, if we divide 4 . by a = 5, the quotient will be a* + ab + 4˙ 0 
+ 2 + 5, The diviſion is performed as follows: | 
Ga—b)o& ** *%* („ 4 T4 A 451 + 
42 — 4 2 
R + g*þ * 
+ a* b _ þ? 
nn : 
+ Ob — a* 35 
. ö ” 
+ a* 6 4. | 
3 
+ ab* — 6 
« 8 4 * , 
3. In alt theſe examples we fee that this Lemma is true; fince each of theſe 
quotients à + &, aa + ab + bb, a* + a*b + ab* + 83, and a* + a*þ + &* Þ 
+ ab* + , is a geometrical progreſſion of terms, of which the common ratio 
is that of à to &, and the number of terms in each ſeries is equal to the number 
of units in m, or the index of the powers of à and & in the dividend ; and the 


Krſt term of each feries is „ to wit, in the firſt example, 3 , or a, and 


- 


in the ſecond example, 431, or a?, and in the third example, 1 or 4, 

and in the fourth example, 217 or 63 and the laſt term of each ſeries is 

n to wit, in the firſt example, | Acai or 5, and in the ſecond example, 

. or #*, and in the third example, 3%, or b?, and in the fourth exam- 

ple, 331, or 3˙. * | 
> 2xnNonstrnarten 


4. And that the ſame thing muſt take place when m is equal to any greater 
whole number whatſoever, will appear. by performing the diviſion of a* — þ* 
by 4 s in general terms; which may be done in the manner following. 


\ 
) an * „ * » = (of bo e e. 
PIES or | | * &c + 40" 
© 487 o& -c. 
4 3 N 
8 „ 
. 
* FS ay " 


+ a | 
„„ 


. 
—— — adi 


| . + a5 53 
*, + of G3 33. 
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Now it is evident that the terms of this quotient, 43 „ „% Ck 


P 42 41324 2 b+4 + 3 b* + &c, decreaſe in the continual propor- 


tion of @ to 5. For the index of the power of & in every new term of it is greater 
by an unit than the index of the power of & in the term next before it; and the 
index of the power of à in every new term of it is leſs by an unit than the index 
of the power of à in the term next before it; ſo that every new term is equal 


to the term next before it multiplied into the fraction =. And, further, the firlt 


term of this ſeries, or quotient, is a; and its laſt term will be 5 for the 


following reaſon. The index of the power of 4 in every term is leſs by an 
unit than the number ſubtracted from w in the index of the power of à in the 


ſame term. Thus, for example, in the fourth term, 2 35, the index of 5 
is 3, which is leſs by an unit than the number 4, which is ſubtracted from m in 


the index m — 4 of the power of a. It follows therefore that, by continuing 


the diviſion, and obtaining more and more terms of the quotient, we ſhall come 
mM 1 


at laſt (whatever be the magnitude of the number m,) to the term a * 


z t, or a K , or X 3 orb"; and this term, being multi- 


plied into the diviſor a , will produce the terms a5 — 3% which being 
ſubtracted from the laſt dividend, (which will alſo be 5 — 3%) will leave 
no remainder. Therefore 3% will be the laſt term of the quotient, as is 


aſſerted in the propoſition, And, laſtly, fince 5 is the laſt term of the ſaid 
quotient, and the terms of the ſaid quotient, beginning with the ſecond term 
w—_ b, involve all the powers of 5, from &, or 6, to 3 , i their regular 


order, it follows, that there will be as many terms in the ſaid quotient that will 
involve ſome power of 5, as there are units in the index mm = 1, that is, m — 1 
ſuch terms; and conſequently, the whole quotient, including the firſt term 


9 (which does not involve ò in it,) will conſiſt of m — 1 terms and one 


term, that is, of m terms. It appears therefore, in the firſt place, that the terms 
of this quotient will conſtitute a decreaſing geometrical progreſſion, in which the 


common ratio of the terms will be that of à to s; and ſecondly, that the firſt 


term of the ſaid progreſſion will be a , and that the laſt term of it will be 


z ; and, thirdly, that the number of the terms of the ſaid progreſſion will 
be n; which are the ſeveral points which were to be demonſtrated, 


LEM 10 1 1 ; 

5. If m and u be any whole numbers whatſoever, and à and 3 be any two 
quantities of which a is the greater, and p and q be any two quantities of which 
2 Az | 9 is 
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2 m 
ry 


5 is the greater, the fraction - , or the quotient of the diviſion of 


p* — q* by Pp — 4, will be equal to the fraction 
S Ty 75 TY „ ＋ Y g Kc, continued to m terms, 
1 m—2m m m = 3m 2m m—qm 3m 5 of 


? "+> *q*® +p *" Xq” +p *® Xq*® +&c, continued ton terms. 


DEMONSTRATION. 


By the foregoing Lemma we ſhall have — = the ſeries a + a2 
342 „ +a" 727 412 3 3. + Kc, continiied to 5'terms. Therefore, 


if we ſubſtitute p* inſtead of a, and q 7 inſtead of 3 in this equation, we ſhall 


wy Cy 7 1 — ” n_ — 
N — — WIR oe 5 5 75 1 + 


* * * 
* . 24 mm 
2 * Fi + © * q*® 7 ＋ &c, continued to terms; that is, — 
| PB 7 25 
„ r wo” 2 


will be = the ſeries p n+p „ X P XA +p „2 
T7 NS. -* _ 
+ *® Xq* + &c, continued to # terms, I herefore, the reciprocal of 


hit or the fraction * will be equal to the quotient that ariſes 
* 


mm — m— 25 = _— 2m 222 


by dividing 1 by the ferics 7 »*+p *xq* +2 *Xq* +2 *" x 


45 18 2 4m * * —q*, 
131 1 *Xgq*" + &c, continued to # terms; that is, the fraction 


will de equal to the fraction 


* 4 


1 


2 
p *+2 *Xq* +p * X q* &c, continued to # terms. 


| | 5:1 a8 
Further, by the foregoing Lemma, the fraction 7 L is equal to the 


ſeries p"" + pq +2" If +2® Lis ht = 8 continued to 
| m terms. 
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m m 
m terms, Therefore, if we multiply the fraction — by the fraction 
5 Foy 
- > - axifibe nn 
Fas pris. 8 
7 m—2m m m=— 3m 2” "IDS 


Pp "EF * Xq* 7 N * 72 &c, continued to terms, by the 


ſeries 2 45 195 + p® P q* + &c, continued to 
m terms, the ds $ _—_ Ting will be equal. But the Lon of the 


multiplication of the ration ES by the baia is rhe atten 
Fe * ” 


221 ; and the product of the multiplication of the fraction 
? ; | 
ff. Poe ns 

? 7 er Fi * * + &c, continued to ꝝ terms, by the 

ſeries “ "+p" "g+2p" "Ip +p" to +p® —5 ＋ &c, continued to 


m terms, is — fraction 
21 


3124 — continued tomterras, 


mn " I-27” MM — Jy 


- Þ n+p gn +» # * + &c, continued to x terms. 
m m . 


* 


* — ry \ 
Therefore the fraction — will be equal to the fraction 
* ＋ FY TY r „r c, continued tom terms, 
m—m m—2m m = = am m—qm 3m 4 me 
? ®"+2 EFT + D. 2 + &c, continued to = terms. 
| Q. E. D. 


6. Coroll. The ſaid fraction 28 is alſo equal to 75 "I x the fraction 


— 4 A a+? + &c, continued to m terms, 


— 


1+ If + If + 4 +L Ph &c, continued to. = int 


For the ſeries ?? - +p"*g +p” ng 7 475 7 ＋ ke, con- 
mT 


| EEG Ain ory * the ſeries 1 + 9” * * ＋ 5 9 + 
8 2424 &c, continued to m terms, 
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=D v. the ſeries 1 +£+£ 184 + &c, continued to m terms, 


| I I 
—y "I the ſeries 1 427 7 + Lf + Lf + bee, continued to c terms. 
m — mm m _— 2m 2 zu 


And the ſeries Þ * + p " q"n ＋ 7 1 * +p * + &c, conti- 
nued to x terms, is = | 
1 — — W Mm - 26 — * - ay 


„ „ theſeries1+p "q® +p *q* +p 27 + &e, continued to 
| n terms, = 
m=m m 2m 2 | 
9 * x the ſeries 1 + 2 + =+=+ &c, continued to terms, = 
pu „ pu 
mM - = = | 
7 n: A + i 5 for, contianed 46/5 rams, 
,£ Pp 5 
5 ; E the N ro gr 
"AND 3 IN 7 42 + 7 7 + p00 5 q + &c, continued to m terms, 
m—m m—2mM m — 2m m— 4m 3m 
7 "+2 "g* +p , »g* +p. * ge + Ke, continued to # terms, 
MW 
will be = the fraftion E. x the fradtion 
.Þ y 


— . — +#+ Lf + &c, continued to m terms, 


| 1+ Tf + If — 0 6 mn | 


eo - 5 — * m — 1-1 
But the fraction Z.. is 2D x = * * * 
$5 43 
- 
25 9 1 
Therefore, if we ſubſtitute p * © inſtead of we 
* 
ſhall have the fraction | 
pe + "5 g+ + Ke, continued to terms, 
* n 1 — 2 = * 2m 1 — 4. 32 


P *"+>. "go +? 7 2 +þ 1 9 + &c, continued to # terms, 
. m 
=2* © X the fraction. 
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bt + ; 2 + Lf + + Lf-+ Lf + &c, continued to m terms, 
17 3 k 
177 ** + £ + Wr R _g. 


Therefore, the fraction 7 (which is ſhewn in the foregoing Lemma 


to be equal to the fraction 
5 12 9 + p*— I 9 + 5 WE + * FD _ &e, continued ton terme) 
mom mm 2 12 2 1 — 4 3m 


* 1 1 2 ＋ 7 * g® + Kc, continued to u terms, 
will be equal to 2 " x the fraction | 
I 1 — + +2 + 2 + xc, continued to m terms, 


(Df If + If + IF + Wo 
Q. E. D. 


Theſe things being tei. Mr. Landen's Demonſtration of the Binomial 
Theorem will be as follows: | 


7. In the firſt place, Mr. Landen n that the quantity 1 N, or the 
—th power of the binomial quantity 1 + #, will be equal to a certain feries of 


quantities, of which the firſt term will be 1, and the following terms will in- 
volve the ſeveral powers of x in their natural order, to wit, x, x*, x*, x*, #*, &c, 
multiplied by certain fixt numbers, as co-efficients, which may be denoted by 


the letters B, C, D, E, F, G, H, &c, or that 7 i = the fri 1 + By + 

+ Cx + Dx* + Ex! + Fx + &c, in which : the co- efficients B, C, D, E, 

F, &c, are hitherto unknown, and are now to be inveſtigated. And this he 

ſuppoſes to be true, of whatever magnitude, not greater 1, the quantity x 
en. 


8. Now, if 1 + i is always equal to the ſeries 1 + Bx + Cx* + Dx* + 
Ex“! + Fs &, whatever be the magnitude of , G, long as it is not greater 
than 1,) it follows that, if we ſuppoſe x to decreafe from its firſt magnitude 
(which we will ſuppoſe to be denoted by x,) * magnitude ſome what leſs than 


K, which we will call y, we ſhall have 1 + * equał to a ſeries containing the 
fame powers of y, combined with the ſame co- efficients B, C, D, E, E, &c, 
relpetuvely, as there 5 anos of x in the former feries which was equal to 


I + A. ; Or 1 IJ. will be equal to the ſeries 1 + By TC +D y* + Ey 
+ Fo + &c. T-Cherefore, if we . 
we 
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we ſhall have 1 T. — ſt + S the ſeries 1 + Be + C + Di? + Ext 
＋ Fai + e — the ſeries 1+ By e + Dy! + Bye 1 Fr + tec. 


B N Y T CNY = ＋ DNA- ＋ E Xx N = ＋ FX 3 
+ &c; and conſequently, if we divide both fides F x — y, we ſhall have 


e D n 


11 + &c = (by the firſt Lemma) ned wt 
EEO + EX + D + +EXX* TN +54 


+ &c. 


But x Y is iT - i +2. Therefore - = ET will be = 
| .I+x-(1+y | | 


IEEE. De ＋E XN ND Y Tt F x 
* + TN + D + &c. Now it has been ſhewn in the Corollary 
| n m 1 | 1 


— 1 


to Lemma 2, hat == is 55 x the fraction 
1 . . + - + &c, continued to i terms, 


+7 +I +D* Tr +7 + &c, continued to # terms, 1 
Therefore, if we ahne 1+x for p, and 1 + for 4, it will follow that 


— : EF will be = ry " x the fraction 
1＋ * — ſi + y 


1+ ETA a — * . _ + Kc, . to m terms, 


2 ; 
1 IEF * = " + Ke, continued to # terms. 


1+x 1+x 1+ 
Kot it bas been ſhewn that 1 Ta CHEF 
1.+T 4 —(0 +7 


TETESL n TY votre et + +9* 
+ &c. Therefore 1 ON "x the fraction . 


1757 i+y 
RE —̃(— 


IT + N + 7 + &c, continued to # terms, 


is=B+Cxx+»3+Dx 
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will be =B + Cx*+5 +Dx#Tg +f+ExXIFS +» +7 
+FxXOA+% +3 +» +5 + &c. : | 

9. Now let y (which was ſuppoſed to be leſs than x,) be ſuppoſed to increaſe 
gradually till it becomes equal to x. 

Then, ſince the laſt equation is always true, however little y may differ from 
x, it will alſo be true when y becomes abſolutely equal to æ; as might eaſily 
be proved by a demonſtration ex ab/urdo, if the matter were not too evident to 
make ſuch a demonſtration neceſſary. But, when y is equal to x, we ſhall have 
x 195 S ax, and * + y + * = z, and & * T +» = 4, and 
* + * TN HD = 5x+*; and, in like manner, in the following 
terms of the ſeries B + C xx TIYT DNN +99 + TENA TN +9* +5? 
+F X x* + # + x*y* + xy + y* + &c we ſhall have 6“, 9x*, 8x", &c. 


And 2 will, in this caſe, be = 1 = 1, and conſequently, _ | and 


1 and 1 „ and all the following integral powers of —— „ and likewiſe 


” 2m 


| 3” 
yy ＋ 1 ſ . . 
_ and _ and . | „and all the fractional powers of 


_ will become equal to 1. Therefore the laſt equation, to wit, 1 + 


x the fraction 
1+ 1 + * 1 + yÞ & 
EYE — + 7 + £2] + &C, continued to m terms, 


| — = — EP 
1 +222] + 22] + 12 + &c, continued to # terms, ; 
= BT CXXTTIZYT DX TOTO EX TINTO 
+ FX +) TN + D Kc, will, in this cafe, be transformed 


_ 


m 
into the equation 1 + -1® . the fraction 
1 ＋ I TI TI ＋T &c, continued to m terms, n 
1 +1+141 + 1 + &c, continued to x terms, 1 re * 24 ＋ D * % 
m 


+E XA +F x * + &c, or 1 TI „BTC 2x + D x 


| * LIN 
3x* ＋ E x 4 +FX5x* + &c, or — * 1+ a" =B+C x 2 + 
D x z ＋ EXA +F x 5x* + &c. Therefore, (multiplying both ſides 


ol this laſt equation by 1 + x,) we ſhall have — X 1 + A = 


B ＋ CN 2X ＋ DN & ＋ E Xx 4 ＋ FN xt + & 
＋ BN XX ＋T CN ＋ Dx ＋ E Xx 4 + &c 
= B + 2Cx + 3Dx* + 4Ex* + 5;Fx+* + &c 
+ Bx + 9 + 4Ex* + &c. 

2 
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85 m | i ' 
But T + * is = the ſcries 1 + Bx + Cx* + Dx) + Ex! + F + &, 
and conſequently — x 7 + * is = = = x the ſeries 1 + Bx + Cx + Dx? + 
Ex* + Fx + &c = the ſeries — + — — By + — Cx: + — Dx? + = — Ex* + 
= Fx + &c. Therefore the ſeries — _ += " By 9 2c e + = 


Ex* + — Fx* + &c will be = 


B + 2Cx + 3Dx* 2 4 Ex + 5Fx* + xc 
+ Bx + 2Cx* rr = 4Ex* + &c. 


| 10. By Bo) help of thus equation. 7. 3 Bx + — = Cx* + — =. Dx: + = = 


Ex · + — Fx: + We = 
B + 2Cx + 3Dx* + 4Ex* + ;Fx* + &c 
+ Bx + 2Cx* + 3Dx* + 4Ex* + &c 
we may determine the values of B, C, D, E, F, &c, or the co-efficients of the 
powers of x in the 1 ſeries 1 * Bæ + Cx* + Dx* + Ex* + Fx* + &c 


(which is = 1 + N 5 by ies in the following manner : | 
11. This equation is always true, how ſmall ſoever we ſuppoſe the magninals | 


of x to be: and therefore, it will alſo be true when & ge 2 0. 2 when 2 
is o, all the terms on both ſides of the equation + — — Bx + — C- + _ 


Dx! + = Ex + — — Fx* + & = 


B + 2Cx + 3Ds* + 4Ex* + ;Fx* + &c 
＋ Bx + 2Cx* + 3Dx* + 4Ex* + &c 


that involve ny power of x, will become equal to o likewiſe, that i is, all the 
terms, except — on the leſt ſide of the equation, and B on the right ſide of it, 


will become equal to o; and conſequently, — and B will be the only remain- 


ing terms of the equation. Therefore B will be = — ; that is, the co- efficient 
of x in Bx, the ſecond term of the aſſumed ſeries 1 8 + Cx* I + 
Ex* + Fx + ke, which is = T T N., willbe = 2. | . . 


12. To find the value of C, the co- efficient of x* in the third term Cx* of 
the ſaid aſſumed ſeries, we muſt proceed as follows: 


Since = + > BY C + = Da? Ex + Kc, is = 
B +2Cx + 3Ds* + 4Ex* + 5Fx* + &c 
+ Bx + 2Cx* + 3D#* + 4 Ext + &c, 
and B has been ſhewn to be equal to , it follows that, if we ſubtract —and B 
| on 
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on the oppoſite ſides of the equariedy? the remaining AER will be equal to each 
other; that is, the ſeries —Bx + — CN + — Dx += Ex“ + e will be 


equal to the ſeries 0% firm 25 
20 T3 D- + 4Ev + 5E. +& , _ 
TB +2 Cx* + JD + 4 Ev* NK. 


Therefore (dividing all the terme by a,) we ſhall have = B * 2c. + = 


Dx* + —Ex? + &c = 
20 +3Dsz T 4E + 5 Fx + & 
＋ B + 2 Cx + 3Dx* + 4 Ext + &c, 


and (ſuppoſing x to become = 0) = B= 2C + B. Therefore 2 C will be = 
—B—B= ZIxB= - x B; and C will be = AE 


2 
m — 


2. 3 2 ; that is, the co-efficient of x* in the third term C x* of the 
affumed ſeries 1 + BV + Cx * Dx* + Ex* + Fx# + &c, (which is = 


I Fa ,) will be =? x B. or Ex E=. | * 


13. To find the value of D, the co- efficient of x* in the fourth term of the 
ſaid aſſumed ſeries 1 + Bx + Cx* * Dx* + Ex“ + Fx + &c, we muſt 
proceed as follows: 


It has been ſeen in the laſt article that = B+ E Cr + =Dr +SEv + - 


8 2C TZ DT T4 EX + ;Fx* + & c 
den 2 ednet irt teh -teile © 1 B 


is =2C +B. Therefore, if we ſubtract this laſt equation from the ner, 
we ſhall have — Cx + = Dx* + — Ex? + & = = 


3D Er 4+ Tx + &c 
+ 2 Cx + 3Dx* + 4Ex? + & 


by x,) = C + De + =Ex* + & = 


3D +4Ex + 5Fx* + &c 
+ 2C + 3Dsx + 4Ex* + &c 


=3D + 2C. Therefore 3D will be = = C —2C=Z"1 x C= === 
x C, and D will be==—— x C, or 2 rn 2 * 22 


}, and r (dividing all the terms 


}, and (ſuppoſing x to became i o, 20 


8 =» ? Or x 2 


* . that is, the co efficient of x* in the fourth term of the ſeries 1 + Bx 


+ Cxn* + , + Fa + &c 9 — T.) will be = — 


* . or X X 


36 ; 2 E. 1, 
2 B 2 | 14. To 
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14. To find the value of E, the co-efficient of x: in the fifth term of the 


ſeries 1 + Bx + Co + Dx + Ext + Fx + &c (which is = 1 x 0 
we muſt proceed as follows: 


It has been ſeen in the laſt article chat C ＋ ZD. + — Ex* + &c is = 


N 3D ＋ 4E + 5Fx* + &c 5 
+2C +3Ds +4Ex* A & , and. fikewiſe that = C is = z3D+2C. 
e if we ſubtract this laſt equation from the e we ſhall have 


| —Dx + — Ex* + &c = It; 557 + 4Ex 1 ke þ 90d conſequently (i 


viding all RW by 4, —D mp ＋ Ex + & = 


4E + 5 Fx + &c 
+ 3D+4Exr + &c 


3D. Therefore 4 E will be Z DD ND D; and 
conſequently E vill be = —= x D; that is, the co- efficient of ++ in the fifth 
term of the aſſumed ſeries 1 + Bx + Co + Dx* + Ex* + Fx* + &c, 


; mw 
(which 1 is = = 1 + my „ — 
q. E. * 


15. Laſtly, to find the value of F, the co- efficient of x* in the fixth term of 
the aſſumed ſeries 1 + Bx *. Cat + Dx* + EN“! + Fx + &c, we muſt 
n as follows: 


It has been ſeen in the laſt article that 2D+=Er+ Ach = 


ns Hcy; and likewiſe that = D is = 4E + 3D. There- 


fore, if we ſubtract this laſt equation from 4 former, we ſhall have — — Ex + 


5 Fx +6Gx* +7 Ha* + &c | 
+ 4Ex+ 5Fx* +6Gx* + &c and on 


fequently (dividing all the terms by æ,) — E + — Fx + — = Gx* + & = 


F + 6Gx Hx* + & 
+ 25 + 55 7862 © "I and Cuppolng x10 become = 0 —E 


=5F +4E. Therefore I A & E æ 2 


* E, * co- efficient of x3 
in the TY term of the aſſumed ſeries 1 + Bx + Cx + Dx + Ex* + Fx 


},a and (ſuppoſing to become = o,) — D=4E + 


—F x ' + GN &c = 


+ &e (which is = 1 + wennn 0 1 7 8 * 
* — Jn. 4 ES . =" 


16. And, 
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16. And, in like manner, we-ſhall have for the determination of the valucs 
of the following co-efficients G, H, I, k, L, &c, the following equations, to 


wit, 
—F=66G+ 5 F, 
—6G=7H +66, 
—H=81 + 7H, 
=I=gK +81, 
and — K = 10L + 9K, 


&c 3 
And conſequently 


0 f ra NTA ==2 > F, 
and 7 H = Z s = x6, 
0g g H- ZH IHE UNE. 
and K I- SS ZA 1=Z x1, 


and toL==K —=gK = — . — x K, 
&c; and conlyirniy | 
== x F, 
and H 1 8 x G, 


_ w— | 
and 1 = _ x H, 


and K = = — x I, 
and L = — — x K. 
And in the ſame manner we . determine as many more of theſe co- 
efficlents as we think proper, the law of their generation, or continuation, un 
each other being manifeſt from the manner in which the final equation 2 ＋ . 


— Bux + C + =D + Ex + = = Ex + &c = 


B + 2Cx + 3D + 4Ex? + eFx+ + ec 
+ Bo + 2Cr b . f tel v AW „, (by mans of 
which they are inveſtigated,) was obtained. & 


18. We may therefore conclude that, if m and n ws any whole "mambers 75 ; 


XA, 


2 +2 


whatſoever, I = —_— 1 + — x by L 


X 


* 22 


KEE 
KX + &c. 
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n r * r + &c, or (putting A=1,B = — A,C == 
B, DS c, E p, F & E, and G, H, I, K, L, xc, for 


n 92 * 
the co-efficients of the following powers of , to wit, x*, X“, „ „ £6, 
derived from the former co- efficients by the ſame law of generation or continua- 


. | . m mM — 7 2 a — 2, * — Jn 
tion,) to the ſeries 1 + —Ax + — Bx* + * C x3? OW Dx“ + 


— Ex fe 4 =” 6x + H= + = 1 + ——— 
| | Q. E. D. 


19. Coroll. 1. If m is leſs than , (as, for example, if m is 6 and u is 17, 
mM — 1 will be a negative quantity, and therefore the third term of the ſeries, to 


- 2 - x*, will be a negative quantity likewiſe, and will be equal to 


"= X ,L, and conſequently muſt be ſubtracted from the two firſt terms 1 


* 22 


and — x, inſtead of being added to them. And, in like manner, = 
— = and all the following factors in the ſeveral co-efficients of the 


S_-— 
wit, — X 


Mm —- 2x 
and 


powers of x in the loving terms of the ſeries, will alſo be negative quantities, 


on account of the exceſs of zn, zu, an, &c, above m: and conſequently, thoſe 
terms in which theſe negative factors occur an odd number of times, will be 


negative, and muſt be ſubtracted from 1 and — x, the two firſt terms of the 


ſeries; and thoſe terms in which the ſaid negative factors occur an even number 
of times, will be poſitive, and muſt be added to the ſaid two firſt terms; that 
is, the third, fifth, ſeventh, and other following odd terms of the ſeries will be 


negative, and muſt be ſubtracted from 1 and — x; and the fourth, ſixth, eighth, 


and other following even terms of the ſeries will be poſitive, and muſt be added 
to the ſaid two firſt terms. Therefore, when m is leſs than , the foregoing 
ſeries, when its terms are ſet down correctly, with the proper ſigns prefixed to 


them, will be as follows, to wit, 1 + — x — — * — * + —" X — * 
2 — 1 ”m ” — Mm 2n — m Za — m m n — 20 — mM 3u — 
33 9 4 8 25 3” * e 2 * 33 42 
* xc, or (if A be put =1,B=—=,C=——=B,D = C, E 
, F k, and G, H, I. K, L, xc, to Ec F, E G, Eg H, 


— I, ——K, &c, reſpectively, I + Ax — Bx* + TY = Cx? — 
= — = 4 — m 2 6n — mm [7n — = 8 — 
= Dx + WWW 


cn 


I == K + &c. 


20. Coroll. 2. If m is an exact aliquot part of u, and is contained in it 5 
times, or, if u is pm, p being put for ſome whole number, the foregoing ſeries 
will exhibit the pth root of the binomial quantity 1 + x. 

18 | 


For 


For we ſhall then have == and ZE = E =, R 2 
* = Drs SLIT = nw — ad = SEES "i 
4" 4pm 4p ? 5 5m 


=, and, like aj * - 6n , and —— and = -, and = and , 


Fong equal to 255i _ „ 2 , and A &c, reſpectively; and 


2 . 
conſequently 1 N will be = 2 and the ſeries 1 12. 
.. — Sx LE x EE x Emp DS x 
— * 5 Xx * E=2x kcc vill be = 1 + 7 23 


70 2 224 x L= x — &ec. Therefore T, or the pth root 
of the binomial quantity 1 + x, will be = the ſeries 1 js F 
p=1 4 212 20 —1 12284 * = x L= 
. l 


An Example to the foregoing Corollary. | 
21, Let it be required to find by means of the een FE _ cube 


root of the binomial quantity 1 + x, or the value of 1 + IT. 
Here p is = 3. We ſhall therefore have 
S= 7 * A 7 A, 
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and M E L = A. L. . 2 UL, . 
a = pl ——— — 
and N = A M= 36 1 38 M, 
and O = = N = PN = BN, 
8 39 3 
and P A O = O O, 
149 42 42 
bi 12 2 4 
0 WE 
and 8 = . R = NR = AR, 
17 51 51 
and T = F— $ . 


Therefore the ſeries 1 + 7 Ar B. ? + 27 Cot — —L= Dee + 
2 Ex. MEET DE ihe gl eye (Ar 4B c — 


Da e 10 F ＋ 4 0 SHY + B10 l 5 
3 g N - - 0 5 p SQ" + n 


f 2 i 4 
n . 8 A 22 _ 93540 


81 243 729 Gor 19683 go 
21505gx8%  55,91340 147,407x"* 1,179,256 x" 41,27 3,960" ” 


1,5944323  , 4+782,909 14, 348,907 129,140, 163 $4936,406,357 © 
112,029,340. 12 978,0 640,424x"5 © 2,526, 261, 166x" 118,734, 274,802x*7 


15,109,399,071 135,984, 591,039 497»953»7 744917 = 20,805, 642,5 20,767 


2,968, 3 $6,870,050x"* 3 
Finds 52346,665,759 + Kc, which therefore is = T T A or the cube root of the 


inomial quantity 1 + x. Q x. I. 


22. Coroll. 3. The foregoing ps demonſtrated by Mr. Landen : 4 


wit, that, if m and » be any whole numbers whatſoever, the quantity — 
or the th power of the binomial quantity 1 + x, is equal to the ſeries 1 + — 


re 43 + = K — 3 * 
. + = 6 * —= * "= 8+ be, includes within it 


4n 5 
the S caſe of the 3 of 1 + x which was the ſubject of the preceeding 
diſcourſe. F or we only ſuppoſe m to be greater than , and to contain it 


7 times, ; 
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— . — K _ * * r f EE. ogra — — OOO” 
2 = — - — — * 


ern U . Therefore 
in this caſe the foregoing ſeries will be = 1 + af. But, bn g is p, and 


m is = pn, we ſhall have 


28 


* 2 | | Ss SS E J 8 
| 30 go © 1 
and Sr 2, 
1 = == 0 
and = =, | 
» ne m — 5 2 1 , 1 — n — 5 
and, in like manner, *—E, ., 2, 22, and FE, kt Sto, 
— ZE, =, and E, &c, reſpectively, or to , 2 —— 
eh, and 2, &e, reſpectivelß; and conſequently the ſeries x 1 
2225 =w 222250222 1 2 2 „2 12 
* + 1 * 2n * 48. » x | 42 2 


2x EE x EE e he vl be = he Ges x + 
F * E280 +p x35 x = x SET 
** x 2 EEE PRE Theme TA! ville = the 
e d 6/36 £2 tap IS x +pxt xi x 


— + 2 n + &c; which is the bino- 


3 4 
mil theorem in the caſe l pomers, which was n in the 


foregoing diſcourſe. 


Var, II. 2 C A DIS. 


FIG 
_—_ 7 c0V'r $ E 
CONCERNING THE 
BINOMIAL T HE E OR E M, 

In the Caſe of fractional Powers, or Powers of which the Indexes are Fractions. 


By FRANCIS MASERES, Es d F. R. 8. 
CURSITOR BARON OF HIS MAJESTY'S COURT. OF EXCHEQUER. 


1 
0 
- * 5 


ARTICLE I. 


T HE Propoſition known by the name of the Binomial Theorem, to wit, 
c that 1 + , or the mth power of the binomial quantity x + x, is equal 
to the ſeries 1 + E T TX SIX XS SS X 


0 Eren 


2 2 | 

is found to be true, not only in the caſe of the integral powers of 1 + x, or 
when the index m of the power to which the ſaid quantity is to be raiſed, is a 
whole number, but alſo in the caſe of its roots, or when the index m is a 


fraction, of which 1 is the numerator, and any whole number whatſoever is the 
I 1 1 1 


denominator, ſuch as the fractions _ T* = — &c; and likewiſe in 
the caſe of the powers of any roots of the ſaid binomial quantity 1 + x, or the 
roots of any powers of it, (which comes to the ſame thing,) or when m is 
equal to a fraction of which any whole number whatſoever is the numerator, 
and any other whole number whatſoever is the denominator, ſuch as the fractions 
—> * 5 &c, or 2, >, 3 = _ &c. The truth of this theo- 


3 7 6 3 2 ? 
rem i the former caſe, or when the index m is a whole number, has been 


already ſhewn in the laſt tract but one in this collection, from page 1 53 to page 
| 169 


* 


THE BINOMIAL THEOREM,” 195 


169; and therefore will here be taken for granted, and made uſe of as a ſtep in 
the reaſonings by which we ſhall endeavour in the preſent Diſcourſe to eſtabliſh 
the truth of it in the other caſes. But, before we attempt to demonſtrate the 
ſaid theorem in thoſe other caſes, it will be proper to ſet it forth in the ex- 
preſſions and forms in which it will appear in thoſe caſes, upon a ſuppoſition 
that the ſaid theorem extends to the ſaid caſes, or to ſet down thoſe expreſſions 
of the firſt theorem above-mentioned, which will ariſe from a ſuppoſition that 
it continues to be true when the index of the power to which the binomial 
quantity 1 + * is to be raiſed, is a fraction, as well as when it is a whole num- 
ber. And, in doing this, it will be convenient to divide the ſubject into three 
caſes, according as the index of the power, to which 1 + x is to be raiſed, 
ſhall be a fraftion of which 1 is the numerator, and any whole number what- 
ſoever is the denominator, or a fraction of which any whole number whatſoever 
is the numerator, and any greater whole number is the denominator, or a frac- 
tion of which any whole number whatſoever is the numerator, and any leſſer 
whole number is the denominator. The expreſſions that will be derived from 

4 . m mm, m—1 m m — 1 „ ”m 
the original ſeries 1 + = # = x Xx — * * + — 
* f OX TLZ 


Of the Binomial Theorem in the Caſe of Roots, as derived from the ſame Theorem 
| in the Caſe of Integral Powers. 


2. When the index m of the power to which the binomial quantity 1 + * 
is to be raiſed, is equal to a fraction of which 1 is the numerator and a whole 
number is the denominator, let a be put for the ſaid denominator, or let be 


ſuppoſed to be = =. Then, by ſubſtituting — inſtead of u in the terms of the 


foregoing theorem, 1 + "ZI+=X+=XE—H + EX = X 


m2 m m — 1 1 — 2 m m m— 1 m=—2 m — 
—— N= * r anne * Y 


2 + &c, we ſhall (if the ſaid theorem extends to the caſe of roots, ) have 


I 
I T = to the ſeries 


A a n nA * n 
r ao att as 
þ T 1 
+ x 1 
I 2 N oe 
„ 
= * * * 
e e 
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S xm 8 
1 5 2 \ 22. 3 | 
— Xx — Xx — X Xx* 
f 3 4 
„ oo ng ot 
J a $ 
I I 1-1 1 r 933 - 
* * 7 ＋ 3 
51+. 4+ XI +/3.X TK — x 
th es ee I IC „ 
nu 28 Zu 
=X = x — —2 E 
— 2 1 22 I = — 1 22 — 1 ; 
ae —4T = 2 * 3 af 
* ee 
A 2n 3u 4n | 
ne.: 
¹ 2 3% 4n 5 


I 
that is, 1 + #\*, or the th root of the binomial quantity 1 + *, will (if the 
binomial 3 _—_ to the caſe of roots,) be equal to the ſeries 1 + = 


8 — I 28 — I I Sg » 7 28 — I. Mi 
RES * 5 3" . 3* 1 
** + — * n=" x wht But * + &c, or (it, for the ſike of 


brevity, we put A = 1, andB = A, and C = "== B, and D = === C, 
and E E P, and F = 2 = E, and G, H, I. K, L, & = E= F, 


, E H, E I, 2. K, ke, e eb . 


AB EE Cn wy Ag SEE BY + 
== G er 122 1 e in * the 


3 term 3 or ＋ is 3 with the ſign +, or is to be added to 


the firſt. term * but all the following terms are marked alternately with the 
figns — and +, or are to be ſongs from, and added to, " ſaid firſt term 
1, or the two firſt terms 1 + = — x, alternately, 


This 1s, as I apprehend, the cleareſt and moſt convenient way of N 
the binomial theorem in the caſe of roots, or of . down the ſeries whic 


is equal to 1 + V, or to * 1+ x, or "E #th root of the binomial quantity 
1 + &. 
6 | Of 


w UH 
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of the Binomial Theorem in the Caſe of the Powers ef Roots, when the Iudex of 
the Power of the Root is leſs than the Index of the Root. | 


3. When the index m ſtands for a fraction, of which a whole number is the 
numerator, and another whole number, greater than the former, 1s the denom1- 


nator, we muſt ſubſtitute — inſtead of m in the theorem ſtated in Art. 1, to 


wit, the theorem, T N . N TN A * 
r x End BW oat oe BOS oe SE 
„ Mo. ; N. NN Tn ng 3 
x* + &c; and then (if the binomial theorem extends to this caſe,) we ſhall 
m | . - a : 
have 1+ „ = the ſeries 1 + = + = | =—x 1 = = —1 | = —2 
; ** — —ͤ— | — — 
„ V e 14 0 3 
n m ” mn m WT „ 
r EE eo 
2 * x * K + = X — X 
NS IS n 2 3 + ; 
* ＋ & TTR AN ZX X += X 


&c = 1 + = + EXE a + <= X 
. EDS REDNESS OX —Ex Apr 


Zu 4: n 22 3a | 
= @ ,, So = n—m,, 2r—©m , mM, 1—M, 20—m 
3 * 2 2 * + 7 * * 32 OT * 21 * 33 
zu — M „erer | . 
a 2 WF 3 * 3 x* + &c, or (if, for 


the ſake of brevity, we put A = 1,and B = =, or — A, and C = _ B, and D 
= 5 „and E = © N and F E E, and G, , I, K, L, &c = 


— 6 — — 8a — — , * 
nk F. =D 6, EH, ==>=1, SK, &c, reſpectively, to the ſeries 


1 + 24. Bx* + = Cs E Das + 2 Eat 2 . — 


Fa! O H HY E 1. E= K Kc; in which 


the ſecond term = A x, or — x, is always to be marked with the ſign +, or to be 


added to the firſt term 1, but the third, and fourth, and fifth, and other following 
terms, ate marked alternately with the ſign — and the fign +, or are to be 
ſubtracted from, and added to, the faid firſt term 1, or the two firſt terms 
1 + Ax, alternately. = 

1 20d This 


, 
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This is, as I apprehend, the cleareſt and moſt convenient way of expreſſing 
the binomial theorem in this caſe of the power of a root of the binomial 
quantity 1 + x, when m, or the index of the power to which the root of 1 + x 
is to be raiſed is leſs than , or the index of the root. 


Of the Binomial Theorem in the Caſe of the Powers of Roots, when the Index of 
the Power of the Root is greater than the Index of the Root. 


4. When the index m ſtands for a fraction, of which a whole number is the 
numerator, and another whole number, leſs than the former, is the denomi- 


nator, we muſt, as in the laſt caſe, ſubſtitute — inſtead of m in the theorem ſtated 
Art. 1, to wit, the theorem, 1 T I + rr Xn + = X 


1 — 1 m — 2 m mr m — 2 m — 3 m m—1 
r r als 
. X I x* + &c; and then (if the binomial theorem extends to this 


ce 
2 2 


cale,) we ſhall have 1 T “ = 1 + — += x E +> x Ai x 
4. | ”m ”m m _y 5 
8 n . 
I 2 3 4 
2 


2n Zu 1 21 32 


m — 22 L mm 7 m — 22 m — In m — 42 
* + > X oo 


s. Now, ſince m is in this caſe greater than a, it will be poſſible to ſubtract 
n from m, and conſequently the term _ X — * will be a poſitive, or affirm- 
ative, term, and muſt be added to the firſt term 1; and therefore the three firſt 


terms of this ſeries, to wit, 1, = x, and = X — = x*, will in this caſe be added 


together, or connected by the ſign +. And, if mw is not only greater than u, 
but likewiſe than 2#, the fourth term — * — X , will alſo be a po- 


* n 

fitive or affirmative quantity, and muſt be marked with the fign +, and added 
to the three former terms. And, in like manner, if # is greater than gz, but 
leſs than 4n, the five firſt terms of the ſeries will be poſitive, or added to each 
other; and, if m is greater than 4, but leſs than 5, the firſt fix terms of the 
ſeries will be poſitive, or added to each other; and, if m is greater than 5#, but 
leſs than 6n, or greater than 6x, but leſs than u, or greater than 7», but leſs 

than 
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than 8», the firſt ſeven, or eight, or nine, terms of the ſeries will, reſpectively, 
be poſitive, or added to each other. But, however great we may ſuppoſe m to 
be in compariſon to #, it is evident that there will always be ſome term or other 
of the ſeries in which the multiple of # that is to be ſubtracted from m, will 
become equal to, or greater than . Let pn denote the greateſt multiple of , 
that is leſs than m. Then it is evident that the next multiple of », namely, 
p + 1X , or pn + u, muſt either be equal to, or greater than m. If it is 
equal to m, m pn — will be = m — m = o, and conſequently that term of 
the ſeries in the numerator of which the quantity p# — occurs, will be 
= © likewiſe; and ſo will all the ſubſequent terms of the ſeries, becauſe they 
are derived from the {aid term by multiplication. Therefore, the ſeries will in 
this caſe conſiſt of a finite number of terms, of which the term in which the 
quantity m — pn firſt occurs will be the laſt. But, if pn + A is greater than m, it 
cannot be ſubtracted from m, but m muſt be ſubtracted from it, and the term 
in which mw — pn — occurs muſt, (inſtead of being added to the firſt term 
1, as the foregoing terms were, ) be ſubtracted from it; after which all the fol- 
lowing terms of the ſeries will be alternately added to, and ſubtracted from, the 
ſaid firſt term 1, juſt as in the laſt caſe, (which is ſet down in Art. 3) all the 


terms after the ſecond term = x are ſo alternately ſubtracted and added. There- 
fore (if, for the ſake of brevity, we put A f, and B = = and C = g, and 
D 2 = C, or —, according as m is greater, or leſs, than zn; and E'= 
| =E D, or =D, according as m is greater, or leſs, than 3"; and F = 
2K. r E, according as m is greater, or leſs, than 4»; and, in like 
manner, G, H, I, K, L, &c'=, reſpectively, to — f. 2 _ G, H, 


m — 82 — — 62 — 1 — * 
l. , kee, or to F, 3 55 , . cr K, &c,) we 


ſhall have 1 * =1+ — Ax + — BY += Ce += + 
| = Ex + &c, till we come to the term in which the generating fraction is 


; —" "5 or == after which the terms will be marked with the figns = and 


+ alternately, or will be alternately ſubtracted from, and added to, the firſt 

term 1, as in the former caſe ſet forth in Art. 3; and the numerators of the 

generating fractions in the following terms will be the exceſſes of the ſucceſſive 

multiples of u, to wit, pn + u, pn + 2n, pn + zu, pn + 4n, pn + gu, &c, 

above , as they before were the excefles of m above the preceeding lower 
multiples of », to wit, zu, zu, 4n, 5n, 6n, &c. 


6. This law of the continuation of the co-efficients C, D, E, F, G, H, I, K, 


L, &c, in the terms of the ſeries that is equal to 1 + Ae, when m is greater than 
n, will be more clearly underſtood by ſetting down a few examples of this ſeries 
according to different relative magnitudes of m and x, This may be done as 
follows: . 

If 


400 4 DISCOURSE eO n= 1 4 NG 


nh © you 


b r is greater hs n, 1 leſs than . we ſhall have 1 Fa = the ſeries 
m — 2 — #1 2 5 2% — 


1.+Zx,+ > X55 En EXETER + Ex * 
3 — u eee 22 — — — 42 — 1 | 
3 N 2 x —— * * ＋ & = 14 2 "Ax 


SEL ppc rg Du. re 4 £52 no nt 
Gar + Et lo 4 EEK — we r ch ai sie 


ie eee chan au, bur leſs than 3n, ve 1 P = the ſeries 
22 * 8 — 8 — 28 m m —n m — 2% 
Sno lp * 23 32 
Rex e ED bem f As 


L x zu 
e, f Div + re GS f. 
| TOR E= H +: a1 be —= Ke" + &c.. . 
If 77 1 2 25 1 ua Dey = ==4þ6: ſerie : 

m m ay MM 2x 


S 
[= 2 Gu" + . — 19 LY * . 5 


And, 7; m * greater than 4», but les — on, we ſhall have 7 7 = 
+ ETD Xx So — ISR Xe 


m— 32. 292222 m — 22 m= Jn — A m — n 
Xa + = x E 7 Fs 7 x* __ 


i — x K —— & = 1 As == De 
Ex EE x EE x EnD a + + + + 


SC at + EH D #1 + SHES ES WT a 1 = 


Hl 1 . =_— Ca + &c. 


Thefe examples will, I prefame, be ſufficient to Huſtrate the courſe of the 
3 C, D, E, F, G, H, I, K, L, OP. Kia the different le a 
— m and n that can be 1 


Ss ET TH 


rived from the original ſeries ft down in Art. 1, by ſubſticuring - — and 7 in 
| its 
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its terms inſtead of ,) to the determination of the values of TF and 
m 14 | ' 


T in a few particular inſtances: after which we ſhall prove, by raiſing the 
particular ſerieſes thereby obtained to the proper powers, that in thoſe inſtances, 
at leaſt, the ſeveral theorems are true; which will be a good introduction to 
the general er of the ſaid theorems in all other values of and », 
which will be preſented to the reader's conſideration in the ſubſequent part of 
this Diſcourſe. | 


Examples of the Extraction of ſome particular Roots of the Binomial Quantity 
1 + by means of the Series given above in Art. 2. 

8. In the firſt place we will extract the ſquare root of the binomial quantity 
1 + x by means of the ſeries given in Art. 2, to wit, the ſeries 1 + — Ax 


— pp 4 =! cu ps., its Kc. 
20 ** * 5 


Now: in this caſe, 1 + A“ is = ITT, ornis=2. Therefore 2m is © 
2X2) = 4, and 3u is (= 3 X 2) = 6, and 4 is (=4X2) = 8, and gn is 
(5 X 2)-= 10, and conſequently 1 1 is (S2 — 1) S 1, and 2#— 1 is 
(=4—1)=3, and gu — 1 1s ( 6 — 1) E 5, and4n—11(=8—1)= 7.' 
We ſhall therefore have 1 + As n . p 


41 — 1 bi . I I 3 2 7 
+ Ex — & g + A#——B#O ++ Ci — Dri += Ext 


on 
Ke T- FTT 256 — Kc. Therefore, if the binomial 


theorem is true in the cafe of roots, 1 + mr „ Or the ſquare- root of the binomial 
2 7 
quantity 1 + x, will be equal to the ſeries 1 + 2 — — _ 420 
— &c. i 8 ä 
9. Now that this ſeries is really equal to the ſquare- root of 1 + x, will appear 
by multiplying it into itſelf. For we ſhall find that the product of the ſaid 
multiplication will be 1 + x. This may be done in the manner following : 


E iz $a 18-4 Eo 
+ To ll dc 


11 2 FTI 11 
2 T- - + & 
F- 5 

+ = + 2 — 1 + &c 

— = — 86 + Ke 

I 1 + E + &c 
1+x * mM * a &c. 
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Ie appears therefore that the ſeries 1 + f — . + Þ > $5 + 25 kee i. 


really and truly, as far as relates to the ſaid fix firſt terms of it, the ſquare- root 
of the binomial quantity 1 + x, and conſequently that the binomial theorem 
is true in the caſe of ſquare-roots. 
; | | I 

10. In the next place we will inveſtigate the value of 1 + , or the cube. 
root of the binomial quantity 1 + x, by means of the ſame feries 1 + — Ax 
_ = BY + I” Cx Ep. + == Ex? — &c. 

Now in this caſe n is = 3, and conſequently we ſhall have 2» = 6, 3n = 
9, 4#=12, and zu = 15, and u — 1 =2, 21 — 1 5, 3t—1 =8, andan—1 


= 11. And therefore the ſeries 1 + = A —== Bx* + f — 
E= Dat + Ee. — &c will, in this caſe, be = 1 + — As Ba 


6 
+ - C — Dx* + TILA & =1 + 122 + + — 4 = 


— &c. 6 


11. Now that this ſeries 1s really equal to the cube - root + of 1x, will appear 
by multiplying the ſaid ſeries twice into itfelf. For we ſhall find that the pro- 
duct of the ſaid multiplications will be equal to 1 + x. Theſe multiplications 
will be as follows: 


IE” * * $3 10x 22x53 
1 ww ww — — — — — 
B 1 a 5 — 4 * 729 * 
Xx a * 22x © 
fo wee won Dads * e 
* x*® 5x? 10x* 2245 EN 
1 — — — — — —kꝛ — 
r 
* * * 43 10x 7 


81 243 729 
10x* Ws 10x5 xc 
243 22 
22X 
1 hg 729 &c 


| 
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3, 2 5 ow 9 
x x 10x 2X 
DET PT To 


þ 20x5 
243 2 928 
* 
8 hr bus 


I en * Tc. 
It appears therefore that the ſeries 1 + S_=+ ir — 7 720 {a 
&c is really and truly, as far as relates to the firſt ſix terms of it, the cube-root 
of the binomial quantity 1 + x, and conſequently that the binomial theorem is 


true in the caſe of cube-roots as well as in that of ſquare-roots, 


Examples of the Extraction of the Roots of ſome particular Powers of the Binomial 
Quantity 1 + x by means of the Series given above in Art. 3; in which the 


Numerator of the Fraftional Index — is ſuppoſed to be leſs than its Denominator. 


2 
12. In the next place we will inveſtigate the value of 1 + 3, or of the 
cube-root of the ſquare of the binomial quantity 1 + x, by means of the ſeries 
1+ EA AZ B+ EZ Ci E Dri + EZ Ev — &c given 


22 35 44 x 


in Art. 3 as the value of 1 T= . 


Now in this caſe m is = 2, and n is = 3. And therefore we ſhall have 2x 
= 6, 3n = 9, 4 = 12, and 5# = 13, 
and 1 — 1 (= 3 — 2) = t, 
2 — ( 6 — 2) = 4, 
Zu — m (= 9 —2) = 7, 
and 4 — @# (= 12 — 2) = 10, 


and conſequently 1 + = Az |= B* + _—_— 8 — Dx he. 


2% 
EE =D = ego = 2 cus > 4 3s 
„ and ag * 5 my 50 2 De + 7 E x5 
— &c=1 +===4S=D=+ === ke Therefore, if the bino- 
mial theorem is true in the caſe of the powers of roots, or the roots of powers, 
x 2 D 2 | 
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I + 413, or the cube-root of the ſquare of the binomial quantity 1 + *, will 
WG EEE _ 
be equal to the ſeries 1 + - © 3 — 755 &c. 

13. Now chat this ſeries is really equal to 1 + V, or to the cube-root of the 
ſquare of the binomial quantity 1-+ x, or to the cube-root of the trinomial 
quantity 1 + 2x + xx, will appear by multiplying the ſaid ſeries twice into 
itſelf, For we ſhall find that the product of theſe multiplications will be the 
ſaid trinomial quantity. Theſe multiplications will be as follows g 


1 T TEE &c 


2 EE 
85 3 9 i: Tri 729 * 
2x x* 4x 7x 14x 5 
0 3 9 ＋ 87 243 + 729 
2x 2x3 8x + 14x5 


4 * 2x3 3 
eee 
8 * 5 


| N ; 
N 24 i — — 437 
"T3 + mn ww 
EIT IE ITN 
8 r 
1414 4. — 4 &c 


222 Ec... 
4143 729 

14x & 
— Cc 

3 1 
a f 0 . ＋ 2x ＋ xx | oh R wy 7 0 &c. 

therefore that the ſeries . 
It appears there the ſeries. 1 + =. > * r 


. is really and truly the cube · root of the trinomial quantity 1 + 2x + xx, or of 
the ſquare of the binomia quantity 1 + x, and conſequently that the binomial 
a | theorem 


"HE BINOMIAL  THEORE Mi 205 


theorem is true in the cafe of the cube-root: of the ſquare of a binomial quan- 
tity, or when m, the numerator of the fraction =, which is the index of the 
power of 1 + x, is = 2, and n, the denominator of the ſaid fraction, is = 3. 


14. As another example of the inveſtigation of the value of 1 + PI by 
. 7 __ Ia 22 — m 3 — = 
means of the foregoing fed x of A HERS Bx* + 7 Cx? — D 
Dr + £2” Ex — Ke, we will ſuppoſe m to be = 3, and u to be = 5, or 
9 . 

Ye to be equal to 1 + x15, or to the fifth root of the cube of the bino- 
mial quantity 1 + x, or to the fifth root of the quadrinomial quantity 1 -þ 3x 
BIDS oo . þ 1 e919) 0 300 

In this caſe we ſhall have 2» = 10, 3» = 15, 4# = 20, and 5# = 25, and 
conſequently „ = 


— — 


. 1 ( 3 „2, 

and 21 —m (= 10 — 3) S 7, 

and zu — m ( 15 3) = 12, 
and 4 — m ( 20 — 3) r 17, 
d AEB C E De e E. 
DR 3 2 1 12 | 17 BEE, 3 * 1 
— 1 rn + 2 Ee. & = 1 + 5 
anne * . , 6 
87 * r &c. Therefore, if the binomial theorem is true 

| | | 3 

in the caſe of the powers of roots, or the roots of powers, the quantity 1 + x\5, 
or the fifth root of the cube of 1 + x, or the fifth root of the quadrinomial 


quantity 1 + 3x + 3 + * will be equal to the ſeries 1 + 1 — 4 2 


21x* 357x5 
G6 5 15625 Ke. 


* 


3 
15. Now that this ſeries is really equal to 1 + 5, or to the fifth root of the 

cube of the binomial quantity 1 ＋ x, or to the fifth root of the quadrinomial 
quantity 1 + 3K T 3 + , e by raiſing the ſaid ſeries to the fifth 
power by multiplying it firſt into itfelf, whereby we ſhall obtain its ſquare, and af- 
terwards multiplying the ſaid ſquare into itſelf, whereby we ſhall obtain its fourth 
power, and, laſtly, multiplying the ſaid fourth power of it into the ſeries itſolf, 
whereby we ſhall obtain its fiſth power For we ſhall find that the product of 
theſe three multiplications) will be the ſaid quadrinomial quantity 1 + 3x + 3 
'+ *. Theſe multiplications will be as follows 1 

> 2 gud 7 21 35er 

— Te ia 
IEEE, 02- 
* ha 71 


— — 2 * X - am 0 * - — 
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it mg” oy ay 
SE+E — Joi mm m3 + tc 
ee 
ee 322 2 — 
G find x — d 1 &c 


. 
oF $ + 25 e 


This is th es 1+ 2 — E ＋ 
the ſquare of dhe feries 1 © . os © 
„ | 
— ic 4 RK: a. 23. 
RP 8 * 26 rr G26 __ 15h25 ai 
CONS A LI OT — 
* + 25 125 3 15625 + &c 


i 1562 
42 DDr A 


"3 Tax © 
EP —- + 25 125 525 * 18625 
This is Ge fourth power of the ſeries 1 + 2 To + = %: 
12x , 42x* 28x37 __ 214% 168 r 


E 

1562 5 *. 
374 

2 &c. 
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| Seats od, 3* 33? a 75, 2145  g9747 
Ie appears therefore that the ſeries'1 + © — f + Dum 2 1857 — 


$ 8 ; 
&c, is really and truly the fifth root of the quadrinomial quantity 1 + 3x + 3** 
+ x*, or of the cube of the binomial quantity 1 + x, and conſequently that 
the binomial theorem is true in the caſe of the fifth root of the cube of a bino- 
mial quantity, or when m, the numerator of the fraction =, which is the index 


of the power of 1 + x, is = 3, and », the denominator of the ſaid fraction, is 


= &- 


Examples of the Extraction of the Roots of ſome particular Powers of the Binomial 
Quantity 1 + x by means of the Series given above in Art. 4 and 5, in which 


the Numerator of the Fractienal Index _ is ſuppoſed to be greater than its De- 
nominator. 0 8 | 


_ 3 
16. In the next place we will inveſtigate the value of 1 + , or of the 
ſquare-root. of the cube of the binomial quantity 1 ＋ x by means of the ſeries 
ſet down in Art, 4 and 5. Now in this caſe m is = 3, and u is-= 2, and con- 
ſequently „ is greater than , but leſs than 2». Therefore, by Art. 6, the ſeries 


that is equal to 1 + a" will, in this caſe, be 1 + © A += B& — 
c + — Di - 2. — E= + &c. 


0 gn a 
Now, ſince # is = g, and u is = 2, we ſhall huem 1 (= 3 2) 1, 
and 2 = 4, 3 = 6, 4 = 8, and 5n = 10, and 
26 —m(=4—3)=1, 
Bat ny pres. pray: 
BH —=B(=0—3)= 5 
and the ſeries 1 + © As + S B. [ZZ Co E De 
E I & = TTA + TBT — + Ci De- SEE 


11 2 4 + 1 2 T Ke. Therefore, if the binomial theorem 


T7 128 


| s 
is true in the caſe of the roots of powers, the quantity 1 + l, or the ſquare- 
root of the cube of the binomial quantity 1 ＋ , or the {quare-root of the quadrino- 


mial quantity 1+ 3x + 3x* +x?, will be equal to the ſeries 1 + - + 3 — 75 + 


2 
17. Now that this ſeries is really equal to the ſquare-root of the cube of 
1 -+ x, or to the ſquare- root of the quadrinomial quantity 1 + 3x + 3% + , 
will appear by multiplying the ſaid ſeries into itſelf, For we find that the 
product of the ſaid multiplication will be the ſaid quadrinomial quantity, This 
multiplication will be as follows : = = 
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” ® „ * x* 
1 ＋1 2 ＋ == =+ = — 256 K 


e e 
e 
TM 
＋ . ＋ 6 —E + Ke 
SES + 
+ 456 + 2 + &c n 
— 256 — KC we 


TIFF TT» 


It appears therefore that the ſeries 1 + E + 2 — 7 * 28 — 256 + Ke, i 


realy and truly the ſquare root of the quadrinomial quantity 1 + 3x 55 23x + *, 
the cube of the binomial quantity 1 + *, and conſequently that the bino- 
mal theorem is true in the caſe of the ſquare root of the cube of a binomial 
quantity, or when m is = 3, and # is 2. 

18. I ſhall-add one more example of the ſeries given in Art. 4 and 5, in 
which it is ſuppoſed that the numerator # is greater! than the denominator n. 


Let it be required to find, by means vo ** ſaid ſeries, the value of 1 I, 

or of the cube-root of the fifth power of the. binomial quanticy I+x, — of 

the cube-root of the ſextinomial quantity 1 +-5x + 10 + 10x* + 5x4 + x*. 
In this caſe m is = 5, and u is = 3. Therefore m * Re than n,) 


is leſs than 20, and conſequently, (by Art. 6) 1 T =» will be to the 
; "ou m — x ** — x — mM 47 — mM 
+5 Ax + Bx = C + — D — _ Evo + 
c 


Now, ſince m is = 5, and u is = 3, we ſhall have have 12 — 25 —3) 
r E 
— Ne 288 
WI I 
_ and 4n — m (= I2—5)= 7, 


and conſequently the ſeries 1 + ＋ Az + — Br) — MSC + age 
Das —(£ poetic =3+LAn+ ee + 2 De. — 
mug hen. hes" A * I BALL + ae a 


729 
boca theorem is true in the caſe of sf roots of powers, the quantity 


TS Cas obe bor er the fifth power of the binomial quantity I 3 
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che cube · root of the ſextinomial quantity r + 5x + 10 + 108 + $f + &*, 
vill be equal to the ſeries 1 + © + = — + © — EE + e. = 

19. Now that this ſeries is really equal to the cube-root of the fifth power of 
1 + x, or to the cube-root of the ſextinomial quantity 1 + 5x-+ 10 + 10 
+ 5x* + x*, will appear by multiplying the ſaid ſeries twice into itſelf. For 
we ſhall find that the product of the ſaid multiplications will be the faid ſexti- 
nomial quantity. Theſe multiplications will be as follows : | 


do off 9 — 243 22. * 
5 * x x "*; 
I += + L 23 &c 


: e 
+ + => + e 
— r c | 
+ St S+e 
— Ew 
- TELE EE xc. 
1 = _ c 
1 
1 I. 5 &c 
+E + E=+ + e 
++ = +3 + E== & 
== = £=— L=+ & 
+ + £= + & 7 
Po: 


1 ＋ 5 T＋ 10 +1087 + 5 + x &c. 1 

It appears therefore that the ſeries 1 + © + Ty — 7 * 5 755 + &c 

is really and truly the cube- root of the power of the binomial quantity 

I + x, or the cube - root of the ſextinomial quantity 1 + 5x + 10x* + 10 K 

5x* + x*, and conſequently that the binomial theorem is true in the caſe of the 

cube-root of the fifth power of a binomial quantity, or when m is = 5, and # 
is 3. | 
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20. Theſe fix examples of the application of the binomial. theorem to tlie 
inveſtigation of the ſquare and cube-roots of the binomial quantity 1 + x, and 
of the cube-root of the ſquare of 1 + x, and of the fifth root of the cube of 
1 ＋ x, and of the ſquare-root of its cube, and the cube-root of its fifth power, 
may ſuffice for the purpoſe of illuſtrating the meaning of that celebrated theo- 
rem,. and the manner of applying it to. particular caſes, when the index of the 


power of 1 + x is either the fraction Tor the fraction = And the proofs that 


have been given of the truth of the ſerieſes obtained by means of the binomial 
theorem in theſe examples, by raiſing the ſerieſes ſo obtained to the proper 
powers, and ſhewing that the powers thereby produced are exactly what they 
ought to be, afford a very ſtrong preſumption, ** that, ſince the binomial theo- 
ts rem is true in theſe particular values of m and x, it muſt alſo be true in all 
© other values of them whatſoever.” But in the mathematical ſciences we 
ought to aim at ſomething more than this high degree of probability, and to 
endeavour, if poſſible, to demonſtrate the propoſitions we advance. And this. 
is what I ſhall now proceed to do with reſpect to this theorem in the caſes men- 
tioned in Art. 2, 3, 4, and 5. And, that we: may. not fall. into. confuſion by 
making our inquiries too. extenſive, and embracing; too many objects at the 
1 b 


fame time, I ſhall firſt conſider the caſe of 1 + A*, or the mth root of the 
binomial! quantity 1 + x, and endeavour to demonſtrate, that, whatever be 


1 
the whole number denoted by , the value of 1 + will be equal to the ſeries: 


1 1 8 — 1 1 #8 —T 28 — I 3 821 28 — 1. 
ren 
38 — 1 1 Sg — TI gy — + $0 — 8 4n — 1 3 ' 1 
X x* + E * * 7 * &c, or 1 +— Ax 


De * Dx+ + 2 Ex+* — &c, ſet forth above 


in Art. 2, and afterwards ſhall proceed to give a like demonſtration of the 
truth of the other ſerieſes ſet forth. in Art, 3, 4, and: 5, for the values of 
= 


—_  -- Tp 
Before we enter on the inveſtigation of this ſeries, it will be neceſſary to make 
the following obſervations. _ 
| 5 
Obſervations preparatory to the Inveſtigation of the Series that is equal to 1 + K, 
* ar the nth root of the binomial quantity 1 + X. 


21. In che firſt place, we muſt obſerve that the firſt term of the ſeries that is 
1 . 


equal to'1 + A* or VIA x, muſt always be 1. 


This follows from the common manner of extracting the roots of a binomial, 
or other more compound quantity, of which 1 is the firſt term. For, if we 
were required to extract the ſquare - root, or the cube-re2t, or any other * 
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of ſuch compound quantity, according to the common rules laid down in books 
of arithmetick, or algebra, for ſuch extractions, the firſt ſtep of ſuch an ex- 
traction would be to extract the ſquare - root, or the cube · root, or other higher 
root, of its firſt member 1; which ſquare- root, or cube- root, or other higher 
root, of 1, would be 1; ſo that 1 would be the firſt term of the ſaid ſquare- 
root, or cube · root, or other higher root, of the ſaid binomial, or other more 


compound, quantity 1 + x, or 1 + * + &c. | 1 
The truth of this obſervation may alſo be deduced from the following conſi- 
1 


deration, to wit, * that the ſeries that is equal to 1 + Y, or VII, muſt 

« be equal to it in all magnitudes of x, or while x is of any magnitude leſs than 

« x, which is ſuppoſed to be the firſt and greater member of the binomial quan- 

« tity 1 *. For, it follows from hence that the ſaid ſeries muſt be equal to 
T x 


1 ＋ , or to 1 x, when „ is = ©. But, when is =o, 1 +a" is = 
1 1 


1+of = I = 1. Therefore, the ſaid ſeries muſt, in that caſe, be = 1. 
Therefore, the firſt term of the ſaid ſeries cannot be involved with any of the 
powers of x, (by which it would be made to become equal to © when x was 
equal to o,) but muſt be = 1, | Q. E. b. 


22. In the next place we muſt obſerve, that the ſecond and third, and other 
, | 1 : 


following terms, of the ſeries that is equal to 1 + x}, or V Ii + x, will con- 
tain the ſeveral powers of x, to wit, x, *, *, *, x*, &c, in their natural or- 
der, without interruption, and conſequently that the ſaid quantity will be equal 
to a ſeries of the following form, to wit, 1, Bx, Cx*, D, Ex“, Fx“, &c; 
in which the ſecond and third, and other following terms, Ba, Cx*, Dx, 
Ex+*, F x5, are to be either added to the firſt term i, and in that caſe to have 
the ſign + prefixed to them, or to be ſubtracted from the faid firſt term, and 
in that caſe to have the ſign = prefixed to them. But, as it is not yet certain 
to which of the ſaid terms the fign +- is to be prefixed, and which of them are 
to be marked with the ſign —, or which of them are to be added to the faid 
firſt term 1, and which of them are to be ſubtracted from it, I have not, on this 
occaſion, (where it was only neceſſary to mention the form of the ſeries which 
I 
is equal to 1 + x\®,) prefixed either of theſe ſigns to any of them, but have 
only ſeparated the ſeveral terms of the ſaid ſeries one from another by placing a 
comma after each term. 
| R I 

23. Now, that this obſervation is true, or that 1 + , or I Tx, 
© will be equal to a ſeries of the ſaid form, 1, Bx, Cx, Dx, Ex, FV, &c,“ 
has already been ſhewn in two inſtances, to wit, when is = 2, and when u is = 
3 or in the caſes of the ſquare · root and the cube-root of i + x. For it has been 


ſhewn by Art. 9, that the ſeries 1 +5 -F+53= S+- &c is equal 
N 2 E 2 to 
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> 2 2 

And both theſe ſerieſes are of the fame form as the general ſeries 1, Bx, Cx*, 
Des, Ee, F, &c above-mentioned. And, that all other roots of the bino- 
* mial quantity 1 + x muſt likewiſe be equal to ſerieſes of the ſame form,” will 
appear from conſidering the manner of extracting any root of ſuch a binomial 
quantity. For the firſt ſtep of ſuch an extraction gives us the firſt term of the 
root ſought ; which firſt term (as we have already obſerved) is always 1: and 
the ſecond ſtep of ſuch an extraction is to ſquare the ſaid firſt term, 1, of the root 
ſought, if we are performing the extraction of the ſquare-root of 1 + #; or to 
cube the ſaid firſt term, 1, of the root ſought, if we are performing the extrac- 
tion of the cube-root of x + x; or, in general, to raiſe the ſaid firſt term, 1, of the 
root ſought to the mth power, if we are performing the extraction of the nth root 
of 1 + x; and then to ſubtract ſuch ſquare, cube, or mth power of the ſaid firſt 
term, 1, of the root ſought (which will always be 1, becauſe all the powers of 1 
are equal to 1), from 1 + x, or the original quantity of which the root is ſought : 
in conſequence of which ſubtraction there will remain the quantity x (which is 
the ſecond and leſſer member of the binomial quantity 1 + x,) for the ground- 
work of the gradual evolution of the ſecond and third and other following terms 
of the ſeries, or root, ſought. And the third ſtep, or proceſs, of ſuch extraction 
(whereby we ſhall obtain the ſecond term of the ſeries that is equal to the root 
ſought) 1s to double the firſt term of it already found, to wit, the term 1, in the 
caſe of the extraction of the ſquare root; and to treble the ſaid firſt term 1, in the 
caſe of the extraction of the cube-root ; and, in general, to multiply the ſaid firſt 
term, 1, by » in the caſe of the extraction of the ath root; and then to divide the 
ſaid remainder x by the ſaid product; to wit, by 2 X 1, or 2, in the caſe of the 
ſquare-root; and by 3 X 1, or 3, in the caſe of the cube-root; and by » x 1, 


or u, in the caſe of the mth root: which will give us = in the caſe of the ſquare- 
root, and — in the caſe of the cube- root, and 2 in the caſe of the ath root, for 


1 4 

the ſecond term of the ſeries that is equal to I Ty, Is, or TT 7": fo 
| | 

that the two firſt terms of the ſeries that is equal to 1 + x12 will be 1 +=, 


1 
and the two firſt terms of the ſeries that is equal to 1 F will be 1 + =, and 


| 1 
in general, the two firſt terms of the ſeries that is equal to 1 + x]* will be 1 + =. 
And the next operations of theſe extractions will be to raiſe 1 + to the ſe- 
cond power in the extraction of the ſquare-root, and to raiſe 1 + 3 to the third 


power in the extraction of the cube · root, and, in general, to raiſe 1 + 1 to the 
th power in the extraction of the mth root; and then to ſubtract theſe powers 
from rhe@riginal binomial quantity 1 + x, of which we are ſeeking the root; or, 

I do 


* 
*s 


* 
— 


1 


5 5 
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to ſpeak more correctly, (becauſe theſe powers of r +=; 1+ 7 and 1 + = 
will be greater than 1 + ,) to ſubtract 1 + x from the ſaid powers ; aſter which 


4.) hind cam of the fie that fs n RIS or 1 => . + 
will be obtained by dividing the remainder ne += 
or 2 + x, in the extradtion of the ſquare-root; or by 3 XU + „or 3 + x, in 


| the extraich of the tubbToct 3 or, in general, by K + n in the 
extraction of the nth root. Nr that, by raiſing the aforeſaid 


powers of the binomial quantities 1 + =, I ＋ , and 1 + = (in the ſecond 


member of each of which the ſimple power of x occurs,) we ſhall obtain quanti- 
ties in which the powers of x will occur in their 9 order, to wit, x, , *, 


| *, x*, wy without any interruption. Thus 1 += "b=r + x + . and 


| 9 1252 xx , x3 

17 2 ee 

and 1 ＋ is (by the binomial theorem in the caſe of integral powers, which 

mn I TC 
11 1 — 2 


page 169,)=1 += * 2 ＋ 2 * 2 * Ex + 
Mx EXE XN + Dx x Ei Sixx 


& =1+=X=+= * Xx A ER N A 7 
= x ee n 2 * N tx HN 
| pI n—=2  n— ni #2 
tho inte Bl lv Ex i x 2 + Db BS x 
ot + &c; in all which powers of the ſaid binomial quantities 


1+= 2 +5 and 14 = = the powers of x occur in their natural order, to 


wit, 2 „ x3, *, x*, &c, without any interruption. Therefore, when 1 + x 
has been ſubtracted from each of theſe FROG the remainders, (which will be 


21 in the caſe of the {quare-root, and — + —in the caſe of the cube-root, and - 
r | 222 N F K gee Eo 


2% 


2 * * 22 * 2d * . e e ee will conſiſt of the 
regular powers of x, beginning with xx, combined with certain numeral co-effict- 
ents ; and conſequently the quotients ef the diviſions of theſe remainders by 2 
+ x, and 3 + x, and # + x, reſpectively, will be quantities that involve in 
them the ſquare of x; to wit, in the caſe of the ſquare-root, the ſaid quotient 

wilt 


l 
- * 
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will be = = =— &c = = Ke; and in the caſe of the cube-root the 
+: 2+x 2 | 15 

. . . XX „ 4K — * - . 
ſaid quotient will be — + — = I &c = 9 Kc; and, in the caſe of the mth 


9 37 * 3 
root the ſaid quotient will be —= xx + — — > = * * + & = — 
n+ x u 
= 
2 


&c = = _ xx &c; ſo that the third term of the ſeries that is equal to 1 + x| 


| 2 
will be = d the third term of the ſeries that is equal to 1 + #13 will be _ 
1 
and, in general, the third term of the ſeries that is equal to T T l will be —= 


xx; all which third terms involve in them the ſquare of x. And thus we ſee 
} T 


that the three firſt terms of the ſeries that is equal to 1 T* will be 1 + = — 

a | 1 1 

==, and the three firſt terms of the ſeries that is equal to 7 ＋ #3 will be 1 a 
| 5 «A 


— — and the three firſt terms of the ſeries 'that is equal to 1 + Ag will be 


1 + - — . xx; in all which ſerieſes the powers of x aſcend regularly. 

And as the following terms of theſe ſerieſes are derived from the three firſt 
terms of them by the repetition of the ſame proceſſes of multiplication, ſubtrac- 
tion, and diviſion, by which the third term is derived from the firſt and ſecond 
terms, and the ſecond term is derived from the firſt, it follows that the fourth 
and fifth and ſixth and other following terms muſt involve in them the cube and 
fourth power and fifth power, and other following powers, of x, in their natural 
order, without interruption, and conſequently that the form of the ſeries that is 

T 
equal to 1 + * will ber, Bx, Cx“, Dx“, Ex,, Fx“, &c, or, rather, (ſince 
we now know that the ſecond term of the ſeries is to be added to the firſt term, 1, 
and that the third term of it is to be ſubtracted from them,) x + Bx Cx, 
De, Ex“, Fx“, &c. „ 


24. The foregoing reaſonings may, perhaps, ſeem rather abſtract and diffi- 
cult, as they are expreſſed in words in the laſt article. But the force of them 
will become more apparent by actually exhibiting to the reader's view an ex- 
ample of the extraction of a root of the binomial quantity x + „ in the manner 
alluded to in them. Now the extraction of the ſquare-root of 1 + x is per- 
formed in the following manner. 


The 


* 
„* 
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The Extraction of the ſquare-root of the binomial quantity 1 + x. 


e 
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25. It appears from the foregoing extraction of the ſquare-root of 1 + K, 
chat the ſaid ſquare- root is equal to a ſeries of quantities of which the firſt ſe- 


| 5 2 3 4 $ 6 - 
ven terms are 1 +=— ＋ + = — X 7" — in which the powers 


of x increaſe regularly from x to * And it is plain from the manner in which 
he ſecond of thoſe terms, to wit, = and all the terms that follow it, are gradu- 


ally derived from æ, or the remainder of the firſt ſubtraction, that the following 
terms of the ſeries, to whatever. number they ſhould be continued, would in- 
volve in them the next following powers of x, to wit, K“, x*, «, x, ü. &c 
in their natural order. And the ſame thing would appear in the extraction of the 
cube root of 1 ＋ x, or of its fourth root, or its fifth root, or any higher root of 
it whatſoever ; though the operations neceflary to theſe extractions would be 
much more complicated and laborious than thoſe that occur in the foregoing; 
extraction of the ſquare- root. And therefore we may conclude in general from 
the nature of theſe extractions, that the th root of the binomial quantity 1 + x 
will in all caſes be equal to a ſeries of the before-mentioned form, to wit, 1, Bx, 
Cx“, Dx?, Ex“, Fx“, &c, in which the powers of x occur in their natural order, 
or increaſe gradually by the continual multiplication of x. . E. b. 
26. In 
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26. In the third place we muſt obſerve, that the ſecond term B x, of the ſeries 
| W : 


1, Bxz,Cz*, Des, Ex*, Fx*, &c, which is equal to 1 + KI, or i + x, 
mult be added to the firſt term 1, and conſequently have the ſign + prefixed 
tO It, | 
This obſervation has been already ſhewn to be true in the reaſonings uſed in 
Art: 23 to demonſtrate the ſecond obſervation. But, as it will be referred to in 
the following inveſtigation as a neceſſary preliminary propoſition, it will not be 
- amiſs to give the following additional demonſtration of it before we begin that 
inveſtigation. | | 


* 1 
Now, ſince 1 + x is greater than 1, it follows that 1 + A, or the mth root 
of 1 + x, or the firſt of x — 1 geometrical mean proportionals between 1 and 
1 + x, mult alſo be greater than 1. Conſequently the ſeries 1, Bx, Cx, D x3, 
. 1 5 R 


Ex“, F x*, &c, which is equal to 1 ＋ , muſt alſo be greater than 1. And 
this muſt always be true, of how ſmall a magnitude ſoever we ſuppoſe x to be 
taken, ſo long as it has any magnitude at all. But, in order that the ſeries 1, 
Bx, Cx*, Dx*, Ex+, Fx, &c, may be always greater than 1, however ſmall 
the magnitude of x be taken, it is neceffary that B x ſhould be added to the firſt 
term 1, and not ſubtracted from it. For, if B x were ſubtracted from 1, it would 
be poſſible, by diminiſhing the magnitude of x, to make all the terms Cx, D x?, 
E x+, Fx“, &c that follow Bx, put together become leſs than B x, however great 
we may ſuppoſe the magnitudes of the co-efficients C, D, E, F, &c, to be; in 
which caſe it is evident that the whole ſeries z B, Cx, Dx“, Ex, Fx“, 
&c would (even though all the terms after B were to be added to the firſt term 
x, and the ſeries were to be 1 = By +Cx* + Dx Ex* + Fx + &c,) 
be leſs than the firſt term 1: which is contrary to the ſuppoſitien, "Therefore 
the {ſecond term, Bæ, cannot be ſubtracted from the. firſt term 1, but muſt be 
added to it, and conſequently muſt be marked with the fign + ; and therefore 
T 


the ſeries that is equal to T T*, will be of this form, 1 + Be, Cx", Des, 
Ex*, Fx5, &c. | Q. E. b. 


27. By the help of theſe three preliminary obſervations we may now proceed 
| I 
to the inveſtigation of the ſeries that is equal to 1 + xd, or the nth root of the 


binomial quantity 1 + x, when # is ſuppoſed to ſtand for any whole number 
whatſoever, This inveſtigation may be made as follows. 


An 


| 4 
AN ADDITION 


T0 FEW 


Diſcourſe on the Binomial Theorem. 


[The Binder is deſired to place this and the other ſheets with ſtarred ſignatures and 
falios after page 216 in the ſecond volume. | | | 
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ARTICLE 1, The foregoing concluſion contained in articles 22, 23, 24, and 


1 
25, to wit, © that 1 + A*, or wat + x, or the z»th root of the binomial 
uantity 1 + x, is equal to a ſeries of the before - mentioned form, to wit, 1, 
By, Cx*, Dx*, Ex*, Fx*, &c (in which the powers of x follow each other 
in their natural order without any interruption, or increaſe gradually by the 
continual multiplication of x) or that a ſeries of this form may always exiſt (to 
whatever whole number we ſuppoſe the letter x ta be equal) which ſhall be 


| > 
equal to the ſaid quantity 1. + , or "ſi + x,” may be alſo ſhewn in the 


following manner. 


2. Whatever whole number may be ſuppoſed to be denoted by u, it is evi- 
dent that a ſeries of the before-mentioned form, to wit, 1, Bx, Cx, Dx?, 
Ex*, Fx*, &c, will be equal to it, if the ſeveral numeral co-efficients B, C, 
D, E, F, &c, of x, x*, X, x*, x*, &c, in the ſecond and other following 
terms of ſuch. ſeries, are of ſuch magnitudes, and the ſaid ſecond and other fol- 
lowing terms, to wit, By, Cx*, Dx, EA“, F x5, &c, are ſo connected with 
the firſt term 1, by the figns + and —, or by addition and ſubtraction, that, 
when the ſaid ſeries 1, Es, C, De, Ex“, Fx“, &c is raiſed to the mh 
power, or multiplied n — 1 times into itſelf, the compound ſeries which, it is 
evident, will be produced. by fuch multiplication, ſhall be equal to the binomial. 
quantity, 1 + x, or that the two firſt terms of the ſaid compound ſeries ſhall be 
1 and x, and that the fign prefixed to the ſaid ſecond term x ſhall be +4-, and 
that the third, and fourth, and fifth, and ſixth, and other following terms of the 
ſaid compound ſeries ſhall, each of them, be equal to nothing, or that the mem- 
bers of each of the ſaid terms of the ſaid compound ſeries, after the ſecond 
term, ſhall be marked. with both the figns + and —, that is, ſome of them 
with the ſign +, and. others of them with the fign —, and that the ſum. of 
thoſe of the ſaid members, of each term which are marked with the ſign — ſhall 
be equal to the ſum of the other members of the ſame term which are marked 
with the ſign +, ſo as thereby to counterbalance, or deſtroy, them, and make 


the whole of the ſaid compound term be equal to nothing. 
Vol. II. a E * 3. Thus 
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3. Thus, for example, if » is 2, the ſeries 1, Bx, Ca*, Dx*, Ext, 


ee i a | 
Fx*, &c, will be equal to 1 + N 2,o0r = f + x, or the ſquare- root of the 
binomial quantity 1 + x, if the numeral co-efficients B, C, D, E, F, &c, of 
*, **, x*, *, x*, &c, in the ſecond and other following terms of the ſaid ſe. 
ries, to wit, B, Cx*, D, Ex*, Fx, &c, are of ſuch magnitudes, and the 
faid ſecond and other following terms of the ſaid ſeries are ſo connected with the 
firſt term 1 by the ſigns + and —, or by addition and ſubtraction, that, when 
the ſaid ſeries 1, Bx, Cx*, Dx?, Ex“, Fx“, &c, is raiſed tb the ſquare, or ſe- 
cond power, or multiplied 2 — 1 times, or once, into itſelf, the compound ſe- 
ries which, it is evident, will be produced by fuch multiplication, ſhall be equal 
to the binomial quantity 1 + x, or that the two firſt terms of the ſaid compound 
ſeries hall be 1 and x, and that the ſign prefixed to the ſaid ſecond term x ſhall 
be +, and that the third, and fourth, and fifth, and ſixth, and other following 
terms of the ſaid compound feries ſhall, each of them, be equal to nothing, or 
that the members of each of the ſaid terms of the ſaid compound ſeries, after the 
ſaid ſecond term, ſhall be marked with both the ſigns + and —, that is, ſome 
of them with the ſign +, and the others with the ſign —, and that the fum of 
thoſe members of each term which are marked with the ſign — ſhall be equal 
to the ſum of the other members of the ſame term which are marked with the 
fign +, ſo as thereby to counterbalance, or deſtroy, them, and to make the. 
whole of the faid term be equal to nothing. 07 TEL 


4. And, if u is = 3, the ſeries 1, Bx, Cx“, Dx?, Ex*, F“, &c, will be: 


1 

equal to 1 + x13, or i + x, or the cube: root of the binomial quantity 
x + x, if the numeral co- efficients B, C, D, E, F, &c of x, «*, x*, x*, &, &c, 
in the ſecond and other following terms of the ſaid ſeries, are of ſuch magni- 
tudes, and the ſaid ſecond and other following terms of the ſaid ſeries, to wit, 
Bx, Cx, Dx*, Ex*,Fx*, &c, are ſo connected with the firſt term 1 by the 
ſigns + and —, or by addition and ſubtraction, that when the ſaid ſeries 1, B x, 
Cx*, Dx*, Ext, F x5, &c, is raiſed to the cube, or third power, or multiplied 

— 1 times, or twice, into itſelf, the compound ſeries which, it is evident, will be. 
produced by the ſaid two multiplications, ſhall be equal to the binomial quantity 
x + x, or that the two firſt terms of the ſaid compound ſeries ſhall be 1 and x, 
and that the ſign prefixed to the ſaid ſecond term x ſhall be +, and that the 
third, and fourth, and fifth, and ſixth, and other following terms of the ſaid 
compound ſeries ſhall, each of them, be equal to nothing, or that the members. 
of each of the ſaid terms of the ſaid compound ſeries, after the ſaid ſecond term, 
ſhall be marked with both the ſigns + and —, that is, ſome of them with the 
ſign +, and the others with the ſign —, and that the ſum of thoſe members of 
each term which are marked with the ſign — ſhall be equal to the ſum of the 
other members of the ſame term which are marked with the ſign +, ſo as there- 
by to counterbalance, or deſtroy, them, and to make the whole of the ſaid term 
be equal to nothing, | 


5. We 


IN-THE CASE OF FRACTIONAL POWERS, 2199 


3. We muſt therefore endeavour to ſhew that, if x be equal to 2, or to 3, or 

to any other whole number whatſoever, it will be poſſible for a ſeries of the be- 
fore - mentioned form, to wit, 1, Bx, Cx*, Dx*, Ex*, F x5, &c, to exiſt, in 
which the magnitudes of the numeral co-efficients B, C, D, E, F, &c, of x, x*, 
„*, x*, and the following powers of x, in the ſecond and other following 
terms of the ſaid ſeries, to wit, Bx, Cx*, Dx*, Ex*, F x5, &c, are ſuch, and 
the ſaid ſecond and other following terms of the ſaid ſeries are ſo connected with 
the firſt term 1 by the ſigns + and —, or by addition and ſubtraction, that, if 
the ſaid ſeries be raiſed to the ſquare or the cube, or the th power, or be multi- 
plied into itſelf 2 — 1, or 3 — 1 times (that is, once or twice) or # — 1 times, 
the compound ſeries that will ariſe from ſuch multiplications ſhall be equal to 
the binomial quantity 1 + x, or that the two firſt terms of the ſaid compound 
ſeries ſhall be 1 and x, and that the ſaid ſecond term x ſhall have the fign + 
prefixed to it, or ſhall be added to the firſt term 1, and that the third, and 
fourth, and fifth, and ſixth, and all the following terms of the ſaid compound 
ſeries, ſhall, each of them, be equal to nothing, or that ſome of the members of 
each of the ſaid terms of the ſaid compound ſeries, after the ſecond term, ſhall 
be marked with the fign +, and the others with the fign —, and that the ſum 
of the latter members which are marked with the ſign —, ſhall be equal to the 
ſum of the former members, which are marked with the ſign +, ſo as thereby 
to counterbalance, or deſtroy, them, and to make the whole of the ſaid term be 
equal to nothing. 


k hs | — 
Of the Square-root of 1 + x. b 9 


— — — — 


1 11 


6. Now that it is poſſible for ſuch a ſeries of the before - mentioned form, 1 
Bx, Cx*, Dx, Ex“, Fx*, &c, to exiſt in the caſe of the ſquare · root of 
1 + x, or when n is equal to 2, may be ſhewn in the following manner. 

Let the ſeries 1, By, Cx, Dx*, Ex“, Fx, &c, be multiplied into itſelf; 
which may be done as follows. + — 


n Ex“, Fx, & 
15 BA, C, De“, e 
een 
2 Bx, 'B*x*,  BCx?, BD, BEN, & 
Cx*, BC“, Cn, CDx5, &c 
De, . BDx*,' CDx5, &c 
Ex, BENZ, &c: | Ms 
. Fx, &c 01 
1, 2 Ba, 20, 2 Dr, 2Ext,, '2F x5, &c ; | 
B*x*, 2 BC, 2 BDx+, 2 BEx*, &c © 
2 (TOON STDs*%; a0 
2E 2 * This 


— 


BY 
| 
| 
| 
| 


vi 
* 
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This compound ſeries is the ſquare of the fimple ſeries 1, Bx, Cx“, Dx“, 
Ex“, F x*, &c. Tberefore, if we can prove that it is poſſible that the co- effi- 
cients B, C, D, E, F, &c, may be taken of ſuch magnitudes, and that the ſe- 
cond and other following terms of the ſimple ſeries 1, Bx, Cx*, Dx*, Ex“, 
'Fx*, &c, may be ſo connected with its firſt term 1 by the ſigns + and —, or 
by addition and ſubtraction, as to make the ſaid compound ſeries become equal 
to 1 + x, it will follow that the faid 'Gmple ſeries 1, Bx, C, Dx?, Ex“, 
F x*, &c, will be equal to the ſquare-root of 1 + x. We muſt therefore endea- 
' Your to ſhe that it is poſſible for the numeral co-efficients B, C, D, E, F, &c, 
to be of ſuch magnitudes, and for the terms Bx, Cx*, Px, Ex“, F x*, &c, to 
be ſo connected with the firſt term 1 of the ſimple ſeries 1, Bx, Cx“, Dx?, 
Ex“, Fx*, &c, by the figns + and —, or by addition and ſubtra&ion, that the 
hole compound ſeries aboye-mentioned. ſhall be equal to 1 + x. This may 


˖ 


be done in the manner following. 
133 LIM 11 4-16 Ko he - 1 


7. In the firſt place it is evident that the firſt term of the ſaid compound ſe- 
ries is 1. This is too plain to admit of any proof. | 
In the next place it is plain that, if we prefix the ſign + to the ſecond term 
Bx of the fimple ſeries 1, Br, Cx, D, Ex*, Fx*, &c, ſo as to convert 
the ſaid ſeries into the ſeries 1 + Bx, Cx*, Dai, Ex*, Fx“, &c, the ſign + 
will likewiſe be prefixed to 2 By, or the ſecond term of the compound ſeries 
u, 2 Bæ, 2 Cx*, &c | 
dre, &c 


equal to 2 X = X , or = X x, or æ, and conſequently the two firſt terms of 


„ort +2Bx,2 Cx, &c a 
| | rr T0 0, MeL way 
bert+x 


If, therefore, we can prove that it is poſſible to take the following numeral co- 
efficients C, D, E, F, &e, of ſuch magnitudes, and to co — hird and 
ie „Ke, of es, con the third an 
fourth, and other following terms of the ſimple ſeries 1, B A*, CX, Dx*, Ex“, 
Fx*, &c, to wit, the terms C **, Dx?, x*,'Fx*, &c, with the two firſt 
terms 1, Bx, or 1 + Bx, or 14 — by the ſigns + and —, or by addition 
_ ſubtraction, in ſuch a manner, that every following term of the compound 
Il +2Bg, 2 Cx*, 2D, 2 EY“, 2 F,, & 
!=, 250, BD, BE, &c 
my 2 RG 'r“, 2 CDx5, &c| 
A.-S* 8 or 
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t + X, 2 C, 2 Do, 2 Ex“, 2 Fs, & nog 21d 1 

1 Baakz SBC x*, 2 BD, 2 BE], c 1 3 

42 50 Euumeme irt, CDi, &6} Ad mis 
ſhall be equal to nothing, or that ſome of their members (for each of theſe 
terms is. eyidently a compound quantity, or a quantity conſiſting of more than 
one member) ſhall be marked with the ſign +, and others of them ſhall be 
marked with the ſign —, and that the ſum of the latter members in each term, 
which are marked with the ſign —, ſhall be equal to the ſum of the former 
members in the ſame term, which are marked with the ſign +, ſo as to exactly 
counterbalance, or deſtroy, the ſaid former members, and make the whole term 
become equal to o, it will then be evident that the whole compound ſeries 
above mentioned will be equal to its two firſt terms 1 + x, and conſequently 


—_ * 


that the ſimple ſeries 1, By, Cx, D#?, Ex“, Fx*, &c, or 1 + By, Cx*, 
D, Ex., Fx*, &c, or 1 + =, C, De, Ex,, Fx*, &c, (of which the 


ſaid compound ſeries is the ſquare) will be equal to the ſquare-root of 1 + x. 
This therefore is what we muſt now endeavour: to pro e. 

' | | | X * 380 19h TILT g 
g. In order to this, we muſt obſerve, in the firſt place, that in the firſt, or 
upper, horizontal row of terms in the faid compound ſeries, to wit, 1, 2 B x, 
2 C, 2 De, 2 Ex, 2 Fæœ, &c, or ITX, 2 C, 2D, 2 EY 2 F, 
&c, the fign + or —, that is to be prefixed to every term of it, muſt be the 
fame which is prefixed to the correſponding term of the original fimple feries 1, 
Bx, Cx*, Dx*, Ex“, Fx, &c, or 1 + =, Cx, Des, Ex, Fa, &c, or 
term which involves the ſame capital letter, C, or D, or E, or F, &c. Thus, 
if che ſign — is to be prefixed to the term C x* of the ſimple ſeries 1, Br, 
Cx, Dx*, Ext, Fx, &c, the fame ſign — muſt likewiſe be prefixed to the 
term 2 Cx*, in the upper horizontal row of terms in the compound ſerie; 


1, 6 B, a Ca, De Te] HE * | 
| B*x*;2 BC, &c), or + #,2Cx*, 2Dx?, &c 
* ＋—— | 8 2 & 


/ 


**, 2 BC x?, &c); becauſe the 


* 


* 


faid term, 2 C, in the faid compound ſeries, ariſes from the addition of the 
two like terms C x* and C x* to each other, of which the firſt C“ is the pro- 
duct of the multiplication of C x* by 1, and the other C x* is the product of the 
multiplication of 1 by C, and each of theſe products muſt evidently have the 
fame fign 4+ or — prefixed to it as is prefixed to its factor Cx, or the third 
term of the ſimple ſeries 1, Bx, Cx*, Dx*, Ex*, Fx*, &e, its other factor be- 
ing 1. And for the ſame reafon each of the following terms 2 D, 2 Ex, 
2 Pe-, &c, in the faid firſt, or upper, horizontal row of terms muſt have the 
fame fign + or — d to it as is prefixed to the correſponding term, or 
term involving the fame capital letter D, or E, or F, &c, in the fimple ſeries 1, 


Ba, Cx, Dx*, Ex“, Fes, &, or 1 + =, Cx*, D, Ex, Fa, &c. | 
la the ſecond place, it is evident from the laſt obſeryation chat, if we can de 
1192 D | termine 
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termine the ſign, + or —, which oyught to be prefixed to any term in the ſaid 
upper horizontal row of terms 1, 2Bx, 2Cx*, 2 Dx, 2 Ex“, 2 Fx, &c, or 
1+x,2Cx*', 2 Dx*, 2 Ex*,2F x5, &c, we ſhall at the ſame time determine 
the fign + or —, which ought to be prefixed to the correſponding term (or 
term involving the ſame capital letter, D, or E, or F, &c) in the fimple ſeries 


1, By, Cx*, D*, Ex,, Fx*, &c, or 1 +=, Cx“, Dx*, Ext, Fx", &c, the 


ſigns to be prefixed to the ſaid two correſponding terms being always the ſame, 
In the third place it is evident that in the firſt, or upper, horizontal row of 
terms in the above-mentioned compound ſeries | 
I, 2 Br, 2Cx*, 2D,  2Ex*, 2Fx", kee) 
| \B*x*, 2 BCx*, 2BDx*, 2 BE, &c 
1 313 10 N', 20D“, — 
(which is equal to the ſquare of the ſimple ſeries 1, By, Cx, Dx?, Ex“, 
F.x*, &c) the co efficients of x, x*, *, x*, x*, &c, are 2 B, 2 C, 2 D, 2 E, 
2 E, &c, or exactly the doubles of the co-efficients of the ſame powers of x in 
the ſimple ſeries 1, By, Cx*, Dx*, Ex“, Fx, &c, fo that a new capital letter 
C, or D, or E, or F, &c, enters into every new term of the ſaid firſt, or upper 
horizontal row of terms. 
For each of theſe terms in the ſaid upper horizontal row is the ſum of two 
equal terms, of which one is placed in the higheſt horizontal row of terms of 
the original ſet of ſeparate products ariſing from the multiplication of the ſeries 
1j Be, Cx*, Dx*, Ex“, Fx*, &c, into itſelf, before the ſimilar terms in the 
ſaid ſeparate products are added together at the bottom, and the other is placed 
at the bottom of the ſame vertical column of terms in which the former is the 
upper term. Thus, in the firſt vertical column of terms in the ſaid original ſet 

products ariſing from the multiplication of the ſeries 1, Bæ, C x*, Dx3, Ex!, 
F x5, &c, into itſelf, there are two equal terms, to wit, Bx and B x, whoſe ſum 
forms the term 2 B& in the upper horizontal row of terms of the compound ſe- 
xies at the bottom, to wit, the ſeries | 

1, 2 Bx, 20 *, 2 Dx, 2Ex* 2 F, &c 

8, 2 BCx*, 2 BDx*, 2 BEA, &c 


. 
o 


1 | „ 
which is equal to the ſquare of the ſeries 1, Bx, Cx*, Dx*, Ex, Fx“, &c; and 
in the ſecond, vertical column of the ſame original ſet of products, there are the 
terms C x*, B*x*, and Cx*, of which the higheſt and loweſt are equal to each 
other, and their ſum is conſequently equal to 2 Cx*; and in the third vertical 
column there are the terms Dx?*, BCx?, BC, and Dx?, of which the higheſt 
and the loweſt are equal to each other, and their ſum is conſequently equal to 
2 Dx; and in the fourth vertical column there are the terms Ex-, BD x+*, 
C', BD“, and Ex“, of which the higheſt and the loweſt are equal to each 
other, and their ſum is conſequently equal to 2 Ex“; and in the fifth vertical 
column there are the terms Fx, BE x*, CD, CD, BEx:, and F x5, of 
which the higheſt and the loweſt are equal to each other, and their ſum is con- 
ſequently equal to 2 Fx. And it is evident that the ſame thing would take 
place in all the following vertical columns of terms, to whatever number of 
4-4 terms 
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terms the ſaid ſeries 1, Bx, Cx*, Dx*, Ex*, F x3, &c; ſhould be continued: 
So that the following terms of the upper horizontal row of terms after the term 
2Fx* muſt be 2Gx*, 2 Hx', 21x'%, 2K, 2 L 2 Mx", &c, ad i- 
uitum. ' | EY | 1 1 1% TW rey > 

And in the fourth place it muſt be obſerved, that the capital letter C, or D, 
or E, or F, &c, which enters into the higheſt term of any of the ſaid vertical 
columns of terms (which higheſt terms are 2Cx*, 2 Dx*,, 2 E, 2Fx*, 
2 Gx, &c) will not enter. into any of the other terms of the ſame vertical co« 
lumn, but the ſaid other, or lower, terms of the ſaid vertical column will in- 
volve in them only ſuch capital letters as had appeared in the upper terms of 
the preceeding vertical columns. Thus for example, in the vertical column 
2 Cx*, B*x* (which is the firſt vertical column of the compound ſeries in 
which the ſimilar terms have been added to each other) the letter C enters only 
in the upper term 2 Cx, and the other term B*x* involves only the preceed- 
ing letter B; and in the ſecond vertical column of terms in the fame compound 
ſeries, to wit, the vertical column 2 D x?, 2 BC x?, the letter D enters only in 
the upper term 2 Dx?, and the other term 2 BC & involves only the preceed- 
ing letters Band C; and in the third vertical column 2 E., 2 BDK“, C*x*%, 
the letter E enters only in the upper term 2 E, and the two other terms 
2 BD x*, and C*x*, involve only the preceeding letters B, C, and D; and in 
the fourth vertical column 2 Fæꝰ, 2 BE x5, 20D“, the letter F enters only in 
the upper term 2 Fx, and the other two terms 2 BE x* and 2 CDx* involve 
only the preceeding letters B, C, D, and E. 4 | 14 ce tu 

And it is eaſy to perceive, from the nature of the multiplication. by which the 
ſaid compound ſeries is obtained, that the ſame thing would take place in all the 
following vertical columns of terms in the ſaid compound ſeries, to whatever 
number of terms the ſaid ſeries ſhould be continued. We may therefore con- 
clude that there will be one, and but one, new capital letter B, or C, or D, or 
E, or F, &c, contained in every new vertical column of terms in the above- 
mentioned compound ſeries, which is equal to the ſquare of the ſimple ſeries 1, 
Bx, Cx*, Dx, Ex,, F x5, &c, and that this new letter will appear only in the 
upper term of ſuch vertical column. "Th 

This is a moſt important remark, and ought to be well underſtood and re- 
membered. 

In the 5th place it is evident, that when the ſigns and —, which are to be. 
prefixed to Bx and Cx* and Dx?*, or any greater number of the terms of the 
ſimple ſeries 1, Bx. Cx*, Dx, Ex*, F x5, &c, after the firſt term 1, have 
been determined, the ſigns that are to be prefixed to all the ſeveral terms in the 
next eng vertical columns, except the higheſt term, will be thereby deter- 
mined likewiſe. Thus, if the figns + and =, which are to be prefixed to the 
ſecond, third, and fourth terms, Bx, Cx*, and Dx?, of the ſimple ſeries 1, 
By, Cx*, Dx?, Ex+*, Fx“, &c, are determined, the ſigns of all the terms, ex- 
cept the higheſt, in the next following vertical column of terms, which involves 
in it the next co- efficient E, to wit, the column containing the terms 2 Ex, 
2 BD x*, C, will be determined likewiſe ; becauſe they will involve in them 
only the old letters B and C and D, which are the co-efficients of the powers of 

| | x in. 
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in the. terms By, Cx*,'and Dx*, of which the ſigns are already ſuppoſed to 
be determined. For example, if che firſt four terms of the fimple ſeries 1, B, 
Cx*, Dx, Ex“, Fx“, &c, are 1 + Bx C + P“ (as in truth they are 
found to be ) the ſaid following vertical column of terms, which involves in it 
_ the letter E, to wit, the column containing the terms 2 Ex“, 2 BD, and 
Csnt, will be 2 Ex +.2 BD x* CK“. For 2 BD x+ and C*x+ being pro- 
duced by the multiplications of B x into Dx? and of Cx* into C x*, it is evi- 
dent that, when it is aſcertained that the ſign + is to be prefixed to B & and to 
De“, andthat the ſign — is to be prefixed to Cæꝰ, it will neceflan}; follow that 
BDx+ will be . + BT Xx +'D#x3) 2 '+ BDx#, and confequently that 
2 BD. will be = + 25D, and that Cx* x C x* will be = —'C x 
e CNY = + Cs, or that the ſign + muſt be prefixed both to the term 
2 BDx* and to the term C*x+*,- This is a neceſſary conſequence of the com- 
a rules of multiplication in Algebra, according to which when the figns of 
| — of any product are known or determined, the ſign to be 1 ah 

product may be thence determined like wiſe. 
Theſe ñ ve obſervations. being well underſtood and aſſented to as ſufficiently 
demonſtrated, we may now deduce from them a proof of the propoſition that 
was ſtated in the latter part of art. 7, to wit, that it is poſſible ts a ſeries of 
the form 1, Bx, Cx, Dr., Ex+, F x*, &c, to exiſt, in which the co-efficients 
C, D, E, F, &c; of the third, fourth, fifth, ſixth, and other following terms of it, 
to wit, C, Dx, Ex+, Fx*, &c, ſhall be of ſuch magnitudes, and the ſaid 
s themſelves ſhall be connected with the two firſt terms 1 + Bx, or 


1 7 by the figns + and —, or by addition and ſubtraction, in * Re 
115 ; dice following term of the compound ſeries 


IB. + A Bang 2 C, 2Ds', 2Ext, ; 2Fx*, &e 1 
* * _- K Br. 2 2 BC", 2 BD. 2 BEAN, 344; 11% 
S rar E. **, 2. De, 8 


bd „ 
4 : 


\ B*x*, 2 BC, 2 BD x5, 2 BEA &e 


| or 1 +x 2Cx*, Der, 2 Ext, 2 F,, By 


News, » CDx* &e)j, 


ſhall bs equal to nothing, or that ſome of its members (for each of theſe terms 
is evidently a compound quantity, or quantity conſiſting of more than one mem- 
ber) ſhall be marked with the fign +, and others of them ſhall be marked with 
the ſign —, and that the ſum, of the latter members in each term, which are 
marked with the ſign =, ſhall be equat to the ſum of the former members in 
the ſame term, which are marked with the ſign +, ſo as to exactly counterba- 
lance, or deſtroy, the ſaid former members, and make the whole term be equal 
to nothing ; in conſequence of which the whole of the 550 compound ſeries, will 


be equal to its two firſt terms 3 + 2Bx, or 1 ＋ 2 X — — * or 1 + 4. This 
propoſition may be proved in the manner following. 


9. Since the ſecond term By of the ſimple ſeries 1, Bx, C, D r 
Bs, &c, is to have the fign + prefixed to it, fo that the x Il 


*, 
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＋ B., C, De, Ex“, F x*, &c, it follows (by art. 8, obſ. 5) that the 
quan 5c. which forms the ſecand member of the third tera, 2 x*, Bir“, 
« the compound: ſeries | 


— 2 De, 2 Ex“, Pe " 


* "== 2 BC x?, 2 BD 2. 2 BE 
nh, 2 CD x1 


muſt alſo have the ſign + prefixed to it. For it is the product of the multipli- 
cation of + B x into + Bx, which is + B*#*. 

And, fince the ſaid ſecond member B*x* of the third term 2 C, B*x* of 
the ſaid compound ſeries is to have the + xed 40 it, it is evident that, 
in order to make the whole of the ſaid term 2 Cx*, B*x*, or 2 Cx* + B, 
be equal to o, we muſt cefix che contrary Ggn — to its firſt member 2 C, 
and at the ſame time take C of ſuch a magnitude that the (aid firſt member 
9 Nee 


= * => or J. And then ve hall ue the whole and erm e. 


ever * * e! 
= 6. 1 1 — 


And, becauſe the fig reste che aforeſaid com- 
Ber ſeries, which is Chal to the fquare of the fimple ſeries 1, B, Cix*, 
Ex“, Fr, &c, or 1 + Bx,,Cx*, Den, Ex*;Fx*, &c, it muſt like- 

wiſe viſe (by art. 8, ob. 1) be prefixed to the correſponding, or third, term C x* of 
limple ſeries ; and conſequently the three firſt terms of the ſaid ſimple 


e or 1 2. For i 12. 


And therefore, if the three firſt terms of the ſimple ſeries 1, B, C, Dæs, 
Ex“, Fx, ward ed inns e er e e e on 


pound ſeries andre Sim ae | E 
22 : : 7-4 — * 0 


* 
40 


(LY 1B, 20 2 Des, ED” . dec 2 — 


— 2 BC x", 2 BDx*, 2 BE x*, Kc 
* mer n — — 


- * * „ 


ks AM — ͤ—Uĩ— 4 


Fes is * to te aucb c fimple ſeries Is Bx, Cat, De, Ex, 


** nt TOE | 5 — — 
5 U + 2 Bx — Cot 
| "IP BR» gn „ 188 8 to; #4: 8 0 


or 1 ＋ 2X: 2 — 0 or x + #03 Sas et +8. 879 


2 


r i 2 F of . 76s 
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11120. The fourth term of the foregoing compound ſeries is 2 D x*, 2 BC x?, or 
{becaiſe'the three firſt terms of the ſimple ſeries 1, Bx, C, Pes, Ext, Fe) 


Te, have been ſhewn to be 1 4 B — Cx*) 2 Dæ = 2 BC“. 
Now, ſince the ſecond member, 2 BCx3, of this fourth term, 105 


= 2 BCx?, has the ſign prefixed to it, it is evident that, in order to make 
the whole term be equal to o, we muſt prefix the ſign + to its firſt member 
2 Dx?, and we muſt at the ſame time take D of ſuch a magnitude as ſhall make 
2 Dx” be exactly equal to 2 BC , chat is, we muſt take D g BC, or (becauſe 


e ee e eee 


. 5 
PE becauſe the 624 + is to be n to 2 Des in the ee. "ry 


und ſeries, which is equal to the ſquare of the fimple ſeries 1, Bx,'Cx*, 
pon E Fs, &c, or 1 4 BX —Cx*,Dx?, 1 F x*, &c, it muſt likewiſe 


„ obſ. 1) be prefixed to the corref or fourth, term, Dxs, of 
$2 ld ſimple ſeries, ' Bid conſequently t the — 5 terms of the faid Gmple 


ſeries Will be 1 n or 1 F *, or 


(£2 \þ n 71 411 iG 61444 -* | 
1 2 . ? K - ' i v ih A462 * Nene 2 


An mehere, if che four firſt terms of the ſimple ſeries 1, By, C, Dx?, 
Ex“, Fx, &c, are 1 + _— T = + = the four firſt terms of the foregoing 
„ _ en is . to the ſquare of the ſaid n ſeries) will be 


l (1+ 2By — Ce ). 
N B*x* — 2 5Cx* 


or 1 4 4 1 * Oro; which are equal to 3 + . 


e 1 


0 2 Bx, a C., 2D. , 2 Ex*, 2F x5, &c 
TO . * —_— 2 BC#?, , 22BDx*, 2 BE xs, &c | 
1 « ts 1 ir“, 2CD xi, & "= F 


or rente proper k s to the ſeveral terms that involve * the letters 


which have already inveſtigated) of the 8 ſeries 


ir 1+ 2 Bu — a C 2 Der, 2 E., z2Fx?", &c | 
& B*x* — 2 BCx* + 2 BD x*, 2 BE. ;. Ae 8 
* N Ox? — 22 &c 


$2 


De Der Cay. ar rt 

© Now, fince the 4 + is prefixed to A* ſecond nd third 8 

25D and C-, this fourth term, W in order to make the 
= _ 
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ul term be equal to o, we muſt ceſs the contrary >-/toats firſt mem ; 
ber 2 Ex*, and muſt likewiſe take E of ſuch a magnitude that 2 Ex“ ſhalt be 
rr to the ſum * Fe 7 ** ee of =D and MW hand has mut 


2 


* 
U 


* = 

And, becanſe the ſign — is to be prefixed to the quantity, 2 1E. 1 in "hd tire. 
going compound ſeries which is equal to the ſquare of the ſimple ſeties 1, B x, 
CM, De, Ex, Fx, &c, or 1 + B — Cx* +Dx*; Ex*, Fx*; &c, it 
mult likewiſe (by art, 8, obſ. 1) be prefixed-to the correſponding, or fifth, term, 
Ex“, of the ſaid ample ſeries; and conſequently the five firſt ans the ſaid 


ſimple ſeries will be 1 + Bx = Cx* + Dx! E“, or 1 92 2 97 


e e ELIE 
And therefore, if the five firſt terms of te funple ſeries I, Bx, Cx*, De, 
Ex“; F x5; &c, are-1 + 77+ _ — 278. the five firſt terms of the fore- 


1 
going 1 ſeries (which | is equal to = ſquare of tho ſaid han ona) 
will, de 

1 +2 B 287 PD" Lis Wes AAR 
+ B*x* Nu ＋2 BDx*% - 138 
„ Ser, 


S eee eri e e en which are cqualto 
I + X, G a . — 4 | 
12. The ſixth term of the foregoing compound | ſeries = 
u, 2 Be, 2 Cx“, 2Dx?, 2 Ex“, . xc 
hey 


B* x* 1 2 BC, 2 BD x* J 2 BEX“, &c > 
me Cs, 2 CD, & | 


or ( preſixing the proper ſigns to be ſeveral terms that —. 8 orily the letters 
* n D, and E, which have been already inveſtigated) of the compound ſeries 


11423 2x 42D - 2 Ex. is 2Fx*:&c. SD 
N Ai — + 2 BDx* — 2 BEA &c E 5 
| riff r ok Cine l Ec e 
Far 2 BEA. — 2 CD". 6 Bp gee er | 
Now, ſince the ſig ign — is prefixed 10 che ſecond and third a 2 BE x* 


and 2 CD x*, of this ſixth term, it is evident, that, in order to make the whole 


term be equal to nothing, we muſt prefix the contrary ſign & to its firſt mem 
vet 2Fx*, and muſt likewiſe take E of ſuch: A, magnitude chat. the aid fit 


2 F 2 * ember: 
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e ber 4 ; 41 GON! val * the fy of the other members, 2 RES. 
J tl ; that . mu 4 fon equal to BE + By. or (becauſe 1 it has 


— der Big a = and that C is = and n = ny wa 
191712 en 19 4 10 og 4-3 1 
1 eitel Ferie Kay hg * 0 e + 1 0 


Wedmun 01 levy 
256 8 +; =p or to 256 
And, becauſe the fign + is to be e prefixed to the Caantity 2 Fx? in the fore- 
going compound ſeries which is equal to the ſquare of the fimple ſeries 1, Bx, 
x*, Dx, Ex“, Fx3, &c,.-or.1.+. Bom C r D Ex, Fx, &c, 
it muſt likewiſe (by art. 8, obſ, 1) be prefixed to the correſponding, or fxth, 
term, Fx“, of the ſaid imple ſeries and conſequently the fix. firſt terms of = 
abe Gries will be,.1 + BX -C + Dx? — . + 222 1 ＋ = 
in 1 X 7 
. 18 e er 4. 7 = += ES $96 
88 if the fix wc of thi faid on ſeries 1, Bx, Cx“, D#*, 
Ext Fx, &c are 1 += — ＋ —= +25 the fix Hüft tems of the 
— compound ſerie 8 is 1 to hs _ of the * ods ane 


3 971. 


Id: io if 


N J0 mer f . ee, ee eee 
3 of 7 r n | 1 * 98 2 CDx? 


2 JA ar lied 
ven axX2u—0+0-0+0o1+x—0+0—0 +0; which 
wens +, 1 


WY And in like manner it will enden be "oils to take the following nu- 
co-efficients G, H, I, K, L, M, &c of x*, „, x*, *, x**, x, and of the 
oh er following powers of n in che ſeventh, eighth, ninth, enth, eleventh, and 

elfth, and other followin * terms of the ſeries 1, Bæ, SK, B, Ex, Fx, 
GN, H „ I, K, L, Mx", &c, of ſuch magnitudes, and ſo to con- 
neat the ſaid ſeventh, eighth, ninth, tenth, eleventh, twelfth, and other follow- 
ing terms of the ſaid feries with its firſt term 1 by the figns ＋ and —, or by ad- 
dition and ſubtraction, as to make che whole of the fer ech. and of the eighth 
2 of the ninth, and of the tenth, and of the eleventh, and of the rwelfth, and NO; 

following term of the compound ſeries which is che ſquare of the ſaid fim- 

pc eries 1, Br, C, D, Ex, F&, G, H, Ir, K, Lint, Mx, &c, 

equal to o and conſequentiy to make the whole of the ſaid compound ſeries 
be equal to its two firſt rerms 1 + x. And therefore we may conclude that 
there is a * infinite ſeries of che aforeſaid form, to wit, 3, Bx, Cx*,D 5 
Ex, Fx“, 27 'Hx7; 1, K. Lx, Me &c, which is equal to 1 + A. 

or to V [1 + © or the [quareroo ofthe binomial quantity x + v. Q. E. v. 


14. Having 


5 FA LCs + 2Dx* LA Wig * Ee 5 8 
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er oo TSS 
- 11 5W£350):30 tity, 07 ps ff D481 en e cel 1H S K 


229990 19 
preſñon 2-4 N, or = fr K x, js equal to a, we will n proceed 1e Ir chunt 
it is alſo true in the caſe af the lo of 3 + x, or when ui vans 933 after 


which we wilzendeavour to ſhewthar it wilt alſo be true ir t fany other 
root of 1- ＋ x, or when # is equal to any other whole number whatſoever. 2 
e 2171 N = 5 Ah 3 


, C *+ A 4 2 Py 8 47 * 1 ** * ” | , Te " 4 % 7 - . 5 1 r — 
: Z | d | g 1 , - - | . = R $ a 41 
he cube root of the bimmial quantity 1 86 0 0 0 200 
N * 1 L q - - 
53 23 1 4 — 42 — — — Trg A. x4. 2» 


110 


1 
75 
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15; Now'it is evident (as has been already obſerved'in art. 4) that T PN, 
or fi x, or the cube- root of the binomial quantity 1 ＋ &, will be equal to 
an infinite ſeries of this form, to wit, 1, Bx, C, De, Ex, Fx, &c, if it is 
ble to aſſign ſuch magnitudes to the numeral co-efficients B:C, D, E, F, 
of the powers of x in the ſecond and other following tenms of this ſeries, and 
ſo to connect the ſaid ſecond and other following terms of the ſaid ſeries med the 
firſt term r, by the figns'4.and —, or by addition and ſubtraction, tliat the ſe 
cond term of the compound ſeries which is the cube of the ſaid ſeries, or s the 
product that ariſes by multiplying it twice into itſelf, ſhall be equal to x and ſſiall 
have the ſign + prefixed to it, or ſhall be added to 1 (which muſt eyidently be 
the firſt term of the ſaid cube or compound ſeries), and that the third term of the 
ſaid compound ſeries ſhall be equal to nothing, and that the fourth term of it 
ſhall alſo be equal to nothing, and that every following term of it ſhall in like 
manner be equal to nothing, or that each of the ſaid terms, after the ſaid ſecond 
term, ſhall conſiſt of two, or more, members, and that ſome of the ſaid mem- 
bers of each term ſhall be marked with the fign +, and the other members of 
the ſame term ſhall be marked with the fign , and that the ſum of the latter 
members of each term, which are marked with the ſign —, Hall be equal to the 
ſum of the former members of the ſame term, which are matked with the, 1 5 
ſo as to counterbalance, or deſtroy, them, and to make the whole of th faid 
term be equal to nothing. We muſt therefore ſhew chat it is Wu op AP 4 
ſuch magnitudes to the numeral co-efficients B, C, D, E, F, &c, and To to con- 
ne& the terms Bx, C, Dx, E, Fx, xc, of the imple feries 1, BY, C#, 
Du, Ex, Fx, Ke, with its firlt term 1 by the figns + and. —, as to produce 
the effects juſt now deſcribedl. ods bo bot 


16. It bas been ſhewu above in art. 6, that, if the ſimple ſeries t "BY, Ce, 

De, Ex*, F., &c, be multiplied once into itſelf,” the product thence at ing, 

or the ſquare of the ſaid ſimple ſeries, will be the following compound feries, 
QI # Oo 4 LF) J. by 11119 41 21 24 2 


5 ' 
to Wit, "$a 
; & » *% 


£7155 8 21 81241 


9-923, t tutb rote ab ip edit anni ni 
1, 2Bx, 2Cx*, 2Dx?, 2 Ext, 2 F, &c 
rp BIN 2 BC x2, 2 +415 <a DAT „ A 
by. &“, 2 * * 0 
ern 5 . 2 Dare e bre 
re, 
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Thereſbre; in order to Obtain the cube of che ſimple ſeries 1, Bx, G, De 


Ext, F, &c, we muſt multiply this compound ſeries (which is equal to its 
ſquare) into the ſimple ſeries 1 B, ou D, £7 Bow de, ok. This 
rn, 0 * H eneiog n isrraot of 


3 1 e 


Lanier ee ee as 
i : * 
Cat * enn Al Wenn 1 * nnn nn " 
Ld oy 9 * A * 
: f * Tax . 


| I 2B, 20 2 D, 2E, 2 F, &c 
1985 | 'B*x*, 2 BOxt, 2 BD ., 2BEx**, 14 
TH 25 * N : C, | 2 CDs", 


44-4 .40 ty — — — — — . — — — | 
is D r 2 = bad 7 
ado LL — Tree — —öä—3 0 * 
1 #\ CL! | * 1D. . 
1 
LEACTH 11 Er 2 B 785 „2 Dæs, 2 Ext, 334 NI 6 6h: Te 
* 2 BC A5 2 BB +, N, "MC. 4 


| Cie 2020 &c- 
a 13 B*x*, 2 BCx?, 2 BD x*, 2BE x5, &c 
I 228}. babe M ito oe rBagl.co CE, D &c 
„ ag: Sos! d | 155 | e 
zee, Ae ien, rn Ac... I 
bexfto1g..2d + 19-21 31.1 | B*Cx*, 2 BC*x*, &c 
i Nen 314 5% | Dx?, 2BDx*, 2 CD, & Cad 
SOLON Yo, £21 4s | +60 B*D x*, & 3 
ae 5 Ex“, 2 BEA, &c N IT 


Ter AS + Tp i, OS B'S; 1 4 1 | Fx, &c 
18 + - =. > FED 3 21 . * n 1 Gn IF ac}; 
J 0 I, 3Bs, 3 C, 3 Dx, 3Ex*, 3Fx', &c 
n ä 3 B*x*, 6 BCx*, 6 BD , 6 BEA, . 
ehe baw Ts > 5118 4 729 B*x3, - '3 C, 6 Da, 5 
3B· CA 3 B* Des, "os 4 
„. 


* 
1 
N — —— — 


— 


i 1, 3Bx, i Can, SD t ae” 2 090 000 
; B*x*, 6 BCx*, 6 BDx*, 6BEx*, &c ab 
BS 


[2 4 „ 3C*x*, 6CDx*:, &c 
5 2 * : 3 B. Ca,, 3 B. D, &c 
s | BCA, & 


will 
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will be the cube of the ſimple ſeries 1, Bx, Cx*, Dx, Ex“, Fx*, &c, ad in- 
fnitum, Let this compound ſeries (for the ſake of brevity) be denoted by the 
Greek capital Jetter T. $119} vUYUOQINUOG EL FICBLSA = V4. II late cl 
i We are therefore now to prove that it is, poſſible to aſſign ſuch magnitudes to 
the numeral co-efficients B, C, D, E, F, &c, of the powers of æ in the ſecond 
and other following terms of the ſimple ſeries 1, Bx, Cx*, Dx?, Ex“, Fx, 
dee; and ſo to connect the ſaid ſecand and other following terms of the ſaid ſeries 
with its firſt term 1 by the ſigns + and —, that the ſecond term 3 B& of the 
ſaid compound ſeries I ſhall be equal to x and ſhall have the ſign + prefixed 
to it, or ſhall be added to the firſt term i of the ſaid ſeries, and that the whole 
compound third term of the ſaid ſeries, to wit, 3 Cx*, 3 B*x*, ſhall be equal to 
o, and that the whole compound. fourth term of the ſaid ſeries, to wit, 3 D x2, 
6 BC x?, B3x*, ſhall alſo be equal to o, and that the whole compound fifth term, 
to wit, 3 Ex“, 6:BDx*, 3 C*x*, 3 B*Cx+*, ſhall alſo be equal to o, and that 
the whole compound ſixth term, to wit, 3 Fx*, 6 BE“, 6CDx*, 2B*Dx?, 
3 BC*x*, ſhalt alſo be equal to o, and, in like manner, that every following 
compound term ſhall alſo be equal to o, and conſequently that the whole of the 
ſaid compound.ſeries T ſhall be equal to its two firſt terms, or to the binomial 


quantity I + + "1 * ©} ba 1 1 


17. Now, to the end that the ſecond term 3 B of the compa ſeries T 
may have the fign + prefixed to it, we need only prefix the ſame fign + to 
the ſecond term B x of the fimple ſeries 1, B x, C, Dx3, Ex+, F x5, &c; it 
being evident from the rules of multiplication that, if the ſign + be prefixed 
to the term B in the ſeries 1, By, C, Dx?, Ex,, Fx“, &c, it muſt like- 
wiſe be prefixed to the term m5 B x in the ſeries T, which ariſes by multiplying 
the ſaid ſeries twice into itſelf. bk IK 
And to the end that 3 Bx, or the ſecond term of the compound feries F, may 
be equal to x, we need: only fuppoſe that 3 B is equal to 1, or that B is equal 
to =. For then, we ſhall have 3 BU N N XE. | 
Therefore, if che two firſt terms of the fimple ſeries 1, By, C x*, Des, Ex, 
Fx*, &c, be 1 + 7 or 1+ 55 the two firſt terms of the compound ſeries C 


will be 1 + . 


- 18, In the next place we muſt obſerve. that in the compound ſeries F (which 
is equal to the cube of the ſimple ſeries 1, B, Cx*, Dx?, Ex*, Fx+, &c) as 
well as in the former compound ſeries (which was equal to the ſquare of the ſaid 
ſeries) one new capital letter C, or D, or E, or F, &c, and but one, will enter 
into every new compound term, ar vertical column of terms; and this new letter 
will appear in the higheſt term of every ſuch vertical column, and only in the 
faid higheſt term, and the other terms of ſuch vertical column, or thoſe which 
are placed immediately under ſuch higheſt term, will involve in them only ſuch 
of the capital ur Bets D, E, F, &c, as had occurred in the preceeding — 
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pound terms, or Vertical calumits of terms. And, further, when the 
toe fre number of the {aid capital letters, B, C, D, E, F, &c (or co-efficients of 
BY eee Ce, Dr, Br“, Fr., 
&c) the fi : Which are to be red to 
re? er gs he terms B x, , Ds, Es Frs 8 of the ſaid ag keis, in 
which the {aid letters are involved, have. been likewiſe determined, the magni- 
tudes of all the quantities in the compound feries F which involve the ſaid letters 
of which the magnitudes have been determined, and the figns + and —, that 
are to be prefixed to ſuch quantities, will all be determined likewiſe. . 
"Theſe obſervations are obvious conſequences from the rules of algebridick 
multiplication and the manner in which the compound ſeries T has been derived 
from the fimple ſeries t, Ba, Cx*, Dx?, Ex“, Fe, &c, to wit, by multiply- 
ing it twice into itſelf. And they are true likewiſe, with reſpect to all higher 
ers of the ſeries 1, N Des, Ex“, Fx“, Ke, IN as 


2 Ry. 
- . 2 * K 
- * af 4 * Y j | : 
Fr e -4 N 8 y Yo — 4 15 N 7 121 41 F 


ended denen de 


46... Sete, TIT „ ae 


4 n l. Bal, Ex*, Fx*, &c, is to have the ſign + prefixed to it, it 
is 


the ſame ſign muſt alſo be prefixed to the quantity 3 B*x*, wah. 
ſecond member of the third term, 3 Cx?, 3 B*x*, of the 
T, ſo that the ſaid third term will be 3 Cr: + 332. eee ponpray 
— — Ay „ 
we contrary — to member of it, to wit, 3 Cx*, and 
RT e en! a regis * 
re. chat ie, we muft take C cqual-co N, or ts 
2 * 2 . PPP 
CHN = XFN +3XxX= == 3 32.0. 


And. becauſe „ . 
the thind term x* in the ſimple ſeries 1, 2. Cx*, 927 7 Exe, Fx, &c, 


1 which correſ; to it, muſſ alſo. have the — prefixed to it, "ul conſe- 
E quently the firſt terms of the ſaid fimple eres will be x + Be Ces, 
* — — + —>—— 


And, therefore, if the three firſt terms of the ſaid fimple feries 1, BY Cu, 
Den, E, F x5, &c, are 1 +>—-D the three n 
ſeries r (which is equal 0 the Cube of the ſaid fmple ſeries) will be 


« >; © 


l 21 Tu i | <4 we MS {4 
1 1 33 — 8. 
en 5 ours 


— * 2 of or i — we-equal 0-5. + x, ly 
20. The 
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0. Phe fourth term of the compound feries P ia 3 D., (BGA, B, ar 
(becauſe the three firſt terins ſeries 1, Bx, CA, Dr, Br, Pars 
dc, have been found to be 1 B- C D = GC e 


nnen C has bees found to b 
0 De 6 -3 Shot Eat * * 4 14 , or 50 [h "oy S 
ese. — 3 =. Now frontal Gm — prefixed ro "io cond mien. 


ber of this — to wit, 255 cli it is evident that, in order to make the whole of 


the ſaid term be equal to o, we muſt fix the ſign · T to the firſt member af it. 
3 D, and we muſt alſo take D ot r firſt: 


member of it 3 D be equal to the ſecond member 772 o that, de wulk ne I" 
equal to — * =, or T. And, becauſe the fign + —— 


e und ſeries T, we muſt prefix the ne has + hho 
contoadad conn Did.afths ſimple ſeries 1, By Cats Dis Eee, Fs, 
and conſequently the four firſt terms of the laid imple {cries will-he 4 +: 2 
eee eee il 
And thepefore, if the four arg terms of the ömrle {cries 2, Bu, CD. 
Eu. Pei, ke, are 1 + — E +5; the four firlbrerms, eee foe 
| ries T. (which! i is equal to the cube of the ſaid ſimple { ſeries) will be t + 3Bx” 
—0,+0,ort d K e! + * e lich af equ 


* 1 . b enn 1421 9 LE os 
? ; : - TP + 4 


— "NY 5 — 
a The fifth — aid com * kerle Dis Ex. \6 BD", 2 
wo 1155 members of 


55 ;x*, or (prefix the proper figns + and — three laſt 
term, to wit, , 3 Cr, and 3 B. CM, which invotee! 
co-efficiehts BG and D, which have already been inveltiguredy”s Bae 


T. * 


+ BDA + 3 C* * 3B*Cx1, or (becauſe B has been found to he = => = 


_ 
4 9 


and C has been found to be. = £1, and D hax ben found p be = h Ef. 
XN +13. 3 7 NN g 
r ＋ Now; in order to make this 


whole term, 3 E x* +7 — de- (of which the ſecond member = is marked with 


the ſign Die en the contrary ſign to its firſt mem- 
ber 3 Ex“, and we muſt likewiſe 1 E of ſuch a maguirude that 3 Ex- ſhall 


be equal to gr &, that is, we wuſt jake E = > * g rn 
Vor. II. | 2 G * 
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the ſigh = is to be prefixed to 3 Ex. in the compound ſeries T, it muſt alfo be 
refixed to the correſponding term, Ex“, in the ſimple ſeries 1, Bx, Cx*, 
Bes, Ex, Fx, &c; and conſequently the five firſt _ of the ſaid imple 


Ml be nene or 1 . 71 * — TAX + fi 
LE xs, of 144 - 4, bl 390 44 H An. | 5 

And therefore, if the fire firſt . of 9 ſimple ſeries 1, 1 Ce, Pe. 
— Fs, &c, are 1 5, e + r, the firſt five terms of the com- 
pound ſeries T (which is in bare to the cube BY the ſaid ſeries) will be 1 + 3Bx 


be 


oe 0,00 1+3X74—0 0 a 1 1 0 + mu 
ene 


And the Gxth term of the aid See ſeries Di is 3 Fe 1, 6 BEA . 
| 1055 3 B*Dx*, BC, or (prefixing the proper ſigus and — to che 
ſecbnd, and third, and fourth, and fifth members of this term, to wit, 6 BE x-, 
6 0D, 3 B* Das, and 3 BC*x*, which involve only the co-efficients B, C, D, 
and E, which have already been inveſtigated) 3F x*— 6 BE — 6 CD 1 


+ 3B*Dx* + 3 BC*x5, or (becauſe B has been found to be = —, and C to 
de = , and D to be i, and E to be = 5 6 Ex Ex ; 


—  D RNOy „ 3 EA 7 * = * 5 75 or 


8 Ta + Za + 5 or dF = + Lie 


or 3F x5 — _ *. Now, in order to make this whole term 3 — 2. 
(of which the ſecond member 2 * is marked with the ſign -) be equal to o, 
we muſt prefix the contrary ſign -+ to its firſt member 3 F x*, and we muſt like- 
OO EY Wt a9 eu 


muſt take F N 7572 © And, becauſe the ign f to be prefixed r 


3 Fx in the 1 Ay; 7. it muſt alſo be prefixed to the correſſ 
tem Fx; of the fimple ſeries 1, Bx, Cx, Dx, Ex“, Fx*, &c; and conſe- 
quently the firſt fix _ of the * ſeries will bex + B hs Cx* + * 
* 8 10 22 | 
1 
| 4 11 the 2 firſt terms of the fimple Gricn 4 B x, cu Des, 
Exe, Fes, GA, Hx?, &c, are 1 + ES 22 7 ＋ =D, the firſt 


ix terms of —— ſeries T (which is equal 1 to che cube of the aid: _— 
wi 
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will be 1+ 3:Bx - f = oe, or 1+ 3 * op o h -o 0 


or 1 LX O +'6—0 o; which are equal to t T . 
& + MG (74 I $44 r} vv rt 5 of? x44 . 24890 4 Tp » 4 on 4 2 - 2 52 01 


23. And in the ſame manner it will evidently be poſſible to take the following 
numeral co-efficients, G, H, I, K, L, M, &c, of x, &, x*, x9, x, un, &c, in 
the 7th, 8th, gth, roth, 11th, 12th, and other roving terms of the funplc ſe- 
ries 1, Bæ, C, D, Ex, Fx“, G, Hi", I,, Kr, LV, Me, '&e; of 
ſuch magnitudes, and ſo to connect the ſaĩd th, 8th, th, roth, 11th, ach, and 
other following terms of the ſaid feries with us firſt term 1 by the ſigns + and — 
or by addition and ſubtraction, as to make the whole of the ſeventh term, and the 
whole of the eighth term, and the whole of the ninth tetm, and of the tenth term, 
and of the eleventh term, and of the twelfth term, and of every:following ter 
of the compound ſeries T (which is equal to the cube of the ſaid fimple ſeries) be 
equal to nothing, and conſequently to make the whole of the ſaid compound ſe- 
ries be equal to its two firſt terms 1 + x. And therefore we may conolude that 
there is a certain infinite ſeries of the aforeſaid form, to wit, , Buy Cx*, Ds?, 
Ext, Fx, G, Hs", Is, Kr, La", Mx", &c, Which is equal to 


1+ #3, or to ſt + x, or the cube-root of the binomial quantity 1 . 
| . E. D, 
* 4 A: 


oregoing form, 1, Bæ, 
| Got 
Cx*, Dx?, Ex“, Fx“, &c, may exiſt, that ſhall be equal to 1 + * 7, or 


vV*(1 + x, or the ſquare- root of the binomial quantity 1 + x; and that ano- 
ther fake. ſeries of the ſame form, 1, By, Cx“, Da?, Ex, Fx*, &c, but 
with different values of the co-ethcients B, C, D, E, F, &c, may exiſt, that 


» T 

| ſhall be equal to 1 + x13, or W* ſi + x, or the cube · root of the binomial 

quantity 1 + . It remains that we prove that, if » be any other whole num- 

ber whatſoever greater than 3, it will always be poſſible for an infinite feries of 

the ſame form 1, Bx, Cx, D#?, Ex“, Fs, &, to exiſt, that ſhall be equal 
I 


to T F Ar, or y/* tE% or the nth root of the binomial quantity t T2. 
20 f ' 2 « 4 : F ö an 1 
{ £31 


00e nth root of the binomial quantity 1 + x, when n i: 
. 22a while number whatſoever. * 


4 


1 


4. We have now ſhewn that an infinite ſeries of the 


— 


* 12 =» 
K . N v 1 * 1 1 the 


* 


25. Now the Nickel of the exiſtence of ſuch a ſeries in all values of the 
index # may be deduced from an attentive confideration of the two foregoin 


compound ferieſes (which are equal to the ſquare and the cube of the ſai 
ſimple ſeries 1, Ba, Cx*, Dx?, * e &c) and of the ſeveral properties 
a nd h Nun a ieee 2 * N eee > £1 


- 


2 


of 
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of their terms deſtcribed above in art. 8, and reſulting from the nature of multi- 
' plication. For, it will appear, upon ſuch a conſideration of thoſe ſerieſes, that, 
if we were to raiſe the {a Hample feries 1, Bæ, C, Dx*, Ex,, Fx, &c, to 
the fourth power, and to the fifth power, and to the fixth power, and to the ſe- 
"venth power, and to any greater number of its following powers whatſoever, by 
continual maltiplications of the next preceeding powers of it into the ſaid ſeries 
% B C, Ds, Ex“, Fa, &c, itſelf, the obſervations contained in art. 8 
would always be true of all theſe powers, or products, as well as of the two for- 
mer and leſs complicated compound ſerieſes which are equal to its ſquare and 
cube. nin 21:24 3:6 oF 9:4. 308 Sv oi dann rtdintt bats: 
— Taft ang sc Dag tmr 1:9 id gu dn enn ef tes EQUIV IT OL) 
{4444 pabd 95i83 003 tit tene os, nt ii]: 2011-1 ay too got ions 184 
26. And hence' it follows that, if the ſaid fimple ſeries 1, Bx, Cx?, Det, 
„Ewe, Fes, &, were to be raiſed to the mth power (u being any whole number 
-whatſoever) the firſt, or upper, horizontal row of terms in the compound ſeries 
that would be equal to ſuch th power of 'it, would be 1, 1 Bæ, Cx, Des, 
„E', F, &c ad infinitum; juſt as, when was 2, we have ſeen thut it 
ewas 1% 2 Bx, 2 C., a DS, Es“, 2 Ex“, &c; and, when u was = 3, we 
have ſeen that it was 1, 3 Bæ, 3 Cx“, 3Dx?*,3Ex*, 3 Fx, &c. 
155 200 SW 2213-0) ens: XI 1d 926.» u 74190 x 
-And it will likewiſe be evident that the ſecond term, or term involving x, in 
the ſaid compound ſeries will be only a ſingle quantity, to wit, » Bx, but that 
every following term of the ſaid compound ſeries involving any of the following 
. powers of x, to wit, xx, & K, x*, x*, x7, &c, will be a compound term, or 


il conſiſt, of tyg, or more, ſingle quantities. 


Acad. zdly, it will be evident, that in the third term, or term involving xx 

"Gybich will be the firſt compound term, or vertical column of terms) the capi- 
tal letter C, which enters in the higheſt term of the ſaid vertical column, to wit, 
in the term n Cx, will not be contained ĩn the other, or lower, terms of the ſame 
vextical 85 but the ſaid lower terms will only involve the preceeding ca- 
1 ital letter B. Nags in like manner, the capital letter D, which enters in the 
195 te m of the next vertical column of terms, involving , to wit, in the 
term n Dx?, will not be contained in the other, or lower, terms of the fame ver- 
tical column; but the ſaid lower terms will only involve the preceeding capital 
letters B and C. And, in like manner, the capital letter E, or F, or G, or H, 
Kc, chat will enter in the higheſt” term of any ſubſequent vertical column of 
"terms, will not be contained in the other, or lower, terms of the ſame vertical 
column; but the ſaid lower terms will involve only the capital letters preceed- 
ing the ſaid capital letter that enters in the higheſt term of the ſaid vertical co- 
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A L 7 4 
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1 


4 _ q 0 


And therefore, 4thly, if the magnitudes of the capital letters contained in any 
given number of terms in the firſt, or upper, horizontal row of terms of the ſaid 
compound ſeries, to wit, 1, »Bx,uCxt, Dx%,nEx*,nFx*, &c, have been 

determined, and the ſigns + and —, which are to be prefixed to the ſaid terms 
* . in 
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in the {aid horizontal row, have alla been determined, Te ene he 6 
which are to be prefixed to the correſponding terms of the ſimple ſeries 1, 
C, Dx*, Ext, Fx“, &c (Which are always the ſatme with 55 former 8. 
by art., 8, ob. 1.) have allo, been determined, the magnitudes of all the terms of 
the next following vertical column of terms, except, the bigheſt term, will be 
thereby determined; and likewiſe the figns 4 and — which are to be prefixed 
to all the ſaid terms of the ſaid next following vertical column of terms, exc 
the higheſt term, will alſo. be thereby determ ind. 

HM 916865 3LE08 NORTE ee fi oOQalefT: 1313 gm 6 1930 
And therefore, 5thly, ſince both the magnitudes of all the terms in the ſaid 
next vertical column of terms, except the higheſt term, and the ſigns + and —, 
that are to be prefixed to the ſaid terms, are determined, in the caſe here ſup- 
poſed, or when the preceeding terms of the firſt, or upper horizontal row. of terms 
1, BC Dat, E“, F, &c, and the ſigns 4 and , that are to 
be preſixed to them, have been determined, it follows that in the ſame caſe! ihe 
reſulting value of all the terms of the ſaid next vertical column of. terms, except 
the higheſt term, or the value reſulting from the computation of their ſeparate 
values, and the addition of thoſe ſeparate values to each other, or the ſubtraction 
of ſome of them from the others, or from the firſt term 1, of the {aid compound 
feries, according as the ſigns + or - are prefixed to them, will likewiſe be deter- 
mined. ien 70 + F N00 I '7>6@ RO UDO HI (3434 Huw þM In4a 
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27. If thele concluſions are allowed to be juſt, they will enable us to prove 
that che ſaid compound ſeries (which is equal to the th power of the fimple ſe- 
ries. 1, Bx, Cx, D, Ex“, F x*, &c) may be made to be equal to the bino- 
mial quantity 1 ＋ x, and conſequently that the ſaid ſimple ſeries may be made 
to be equal to the ath root of the ſaid binomial quantity, by taking the co“ effi- 
cients B, C, D, E, F Nc, of certain proper magnitudes, and by connecting the 
ſecond, and third, a 4 other following, terms of the ſaid ſimple ſeties, to wit, 
the terms B, Cx*, D, Ex*, F x*, &c, with its firſt term 1 by the figns + 
and =, or by addition and ſubtraction, in a certain proper manner ;—l fay, the 
foregoing concluſions, if admitted to be juſt, will enable us to prove this propo- 
M . OO 


. x 4 7 : 11 7s 
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In the firſt place, let the ſign +. be F the ſecond term B x of the 
ſimple ſeries 1, Bx, C., DI, Ext, 


x*, Frs, &c. And it will follow that the 
ſecond term # B x of the compound, ſeries which is equal to the ath power of the 
ſimple feries 1, By, C#*, Dx?, Ex“, Fx*, &c, or 1 + Bx, Cx, Dæs, 
Ex“, Fr, &c, muſt likewiſe have the ſame ſign + prefixed to it; and con- 


ſequently the two firſt terms of the {aid compound ſeries will be 1 + »Bx, 


. 00 1 ERES One alete 0191543 Dak 
6 | . ; MLA . | i , T 
Secondly, let us ſuppoſe B to be-equabta —.| Then will a Bx be =2/#1X/— x 


=.x, and conſequently the tyo firſt terms 1 + » Bx of che compound "ſeries 
| N my LOT III EVE? 7 gon tf 7 e 0/97! 203 Dig 155440 20m 
- which 
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which is reren ach pont of the ſimple eds 000 As wa er 
Fes, &, will bet ＋ N N ＋ , ot N ock ich 10 bin 


ee 
Thirdly, ſince 85 1195 +, is „Feng d to the 7 1 term By + of os ant fe. 
nes Iy/B x, ors „D or 1 + Bx, Cz, Des, Ex“, Fs, | 


&c, and B has eee T let 45 reſult of che value of che lower term 


of the firſt vertical column of terdin in the ſaid compbund ſeries (in which lower 

term only the capital letter B will enter) be computed, and be marked with its 

per ſign + or E; and then let the contrary ſign be ptefiæed to C or the 

er term of the ſaid vertieal column; and let C be- taken of ſuch a magnitude 

as to make # C x* equal to the ſaid refult. And, laſtlyn let the ſame ſign — 
, Which is prefixed to C, be alſo preſixed to the c 

Cx, of the imple ſeries'1,'Bxj/Cx*/D v2, EN, Fx, &c. And the _ 

vence will be that the whole of the ſaid vertical column, or third term of the 

| got compound ſeries, will be equal to o, and conſequently that the three firſt 

terms of he ſaid compound ſeries will be t x5 © which! are equal to whe 


T Fourthly, fince the values of B and Care no determined, and likewiſe.the 
das + and —, vhich are to be prefixed to the terms B x and Cx? in, the ſimple 
ſeries 1, Bx, Cx*, Dx*, Ex“, Fx*, &c, let the values of the ſeveral lower 
terms of the vertical column 'of terms which involves &, and of which the 
higheſt term is » Dx?, be computed ; which will evidently be poſſible, becauſe 
all the faid lower terms will involve only the two capital letters B and C, which 
have been already determined: and let the values of the ſaid ſeveral lower terms 
be added to each other, or ſome of them be ſubtracted from the others, or from 
the firſt term 1 of the ſaid compound ſeries, according as the fign + or the fi 
— is prefixed to them ; and let the reſult of ſuch editions and fubtractions 
marked with its proper ſign + or —. And then let the contrary ſign be pre- 
fixed to the higheſt term, » D x?*, of the ſaid vertical column, which involves the 
new capital letter D; and let the ſaid capital letter D be taken of ſuch a magni- 
tude that the ſaid higheſt term a D x? ſhall be equal to the ſaid reſult of the values 
of all the lower terms placed under it in the ſame vertical column. And, laſtly, 
let the ſame ſign which is prefixed to x D x7, be alſo prefixed to the corre pond- 
ing term Dx? of the ſimple ſeries 1, B x, Cx*, Dx, Ex*, F x5, &c. And it is 
evident that the whole of the ſaid vertical column of terms of which nDx* is the 
higheſt term, or the whole of the fourth term of the ſaid compound ſeries will 
be equal to o, and conſequently that the four firſt terms of the ſaid compound 
ſeries will be 1 + , o, o; which are equal to 1 + K. 

And, in like manner, by computing the ſeveral lower terms of the next verti- 
cal column of terms, of which x E x* is the higheſt term, and finding the reſult 
of them, and prefixing the proper ſign + or = to ſuch reſult, and then prefix- 
ing the contrary ſign to the ſaid higheſt term » Ex, and ſuppoſing E to be of 
ſuch a magnitude as to make Ex! be equal to the ſaid refult, and, laſtly, pre- 
fixing to the correſponding term, Ex-, of the ſaid ſimple ſeries 1, Bx, Cx*, 
Dx*, Ex*, Fx“, &c, the ſame ſign as was prefixed to the ſaid higheſt term, 
nEx*, 
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„E x+, of the ſaid vertical column involving #*, we ſball make the whole of the 
faid vertical column, or the whole fifth term of the ſaid compound ſeries, to be 
equal to o, and conſequently the five firſt terms of it to be 1 + x, o, o, o; whi 
af dquad WH #9 n:31 baoos) 5d3 01. bandone . alin Een 
And in the ſame manner it will be poſſible to aſſign certain proper, magni- 
tudes, or values, to the following capital letters 'F, G, H, I, K, L, M, &c; 
which are involved in the following terms Fx*, Gx*%, H“, IK“, K., Lx?, 
M x**, &c, of the ſaid fimple ſeries 1, Bx, C', Dx“, Ex“, Fx, Gx, Hx?, 
Ir“, K, L, Mx, & to whatever number of terms the ſaid ſeries may 
be continued) and to connect the ſaid terms with the firſt term x of the. ſaid ſe- 
ries by the ſigns ＋ and , or by addition and ſubtraction, in ſuch, a manner, 
that the whole of the fixth term, and of every following term, of the compoun 
ſeries that is equal to the #th power of the ſaid ſimple ſeries, or that ariſes hy the 
multiplication of the ſaid ſeries » — 1 times into itſelf, ſhall alſo be equal to o, 
and conſequently that the whole of the ſaid compound ſeries ſhall be x + x, o, 
o, o, o, o, o, o, o, o, o, &c ad infinitum ; which are equal to 1 ＋ *. And therefore 
an infinite ſeries of the foregoing form, 1, Bæ, Cx, Dai, Ext, Fx, Gs“, 
T 


H, I, Kew, L#*, Mx", &c, may exiſt, which ſhall be equal to 1, +. 
or to "ft + x, or to the mh root of the binomial quantity 1 + 


: by ; | 
THE BINOMIAL THEOREM. => oo 


An Inveſtigation of the Series 


I 4 " Bx* + 5—- C Cx? = Dat + == Ext &c 
which is ſet down \. Ma: in Art. 2, as being equal to 


r 
1 # x\nor Ve + x. 
28, 1.6 55 Da. C, D, Ex,, F x*, &c, be the ſeries chat is equal to 


I + x A or V 1 ＋ in which ſeries che capiml lerters B, C, D, E, F, &c, ſtand 
for certain numbers, or numeral co- efficients of the ſeveral powers of x, which are 
hitherto unknown, and which it is the object of this inveſtigation to diſcover. 0 
And further, ſince we have ſeen that the cond term, B x, of this ſeries, is al- 
ways to be added to the firſt term 1, let us prefix the ſign + to the ſaid ſecond 


1 
term; and then we ſhall have 1 + 90 * = the ſeries 1 + Bx, Cx, Dx, Ex“, 
F x5, &c. | 
29. Further, let all the terms of the ſaid ſeries 1 + Bx, Cx*, Dx?, Ex“, 
I 


F x5, &c, except the firſt, be repreſented by the letter y; ſo that 1 + x\= ſhall 
be equal 1 + y. 


, I 18 
Then will the ath power of T T be equal to the mth power of 1 ＋9; that 
is, 1 + * will be = 1 +]" = (by the binomial theorem in the caſe of integral 


powers, which has been already demonſtrated e in hs 4 tract * one, in 4 - 
pages 1 53, 1 54, &c, . 169,) to the ſeries 1 + —y + 5 — x = 4458 2 | 


_ 


X 25% N N eg þ > 4 r e N 25 x 125 
y* + &c; and PCA PREY I from N — x will be equal to 
the ſeries = 22 + = 


Bp +2 x ax = x . 
For the ſake of brevity, let the ſmall letters c, d, e, and , &c, be ſubſtituted in- 


ſtead of * =, n = X — „*. and x — 


3 3 4 2 


X * X 223 x At, xc, reſpectively, in the laſt equation. And we ſhall then 
have x = ny + cy + dy* + ey* + fy* + &c. 


30. In the next place let the ſeries By, Cx*, Dx, Ex“, Fx, &c, which is 
N to y, be raiſed to the ſecond, third, fourth, fifth, and other following 
Vol. II. 2 F powers, 
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powers, in order to have the values of 5% ,, „* &c, d in as powers. 
of x, This may be done in the manner following. 


| 5 Bz, Cx, Dx, E x4, F, &c 
* 5. B, C De, Ex, Fs, &c 

d Fr BCx7 BD x*, BEA, &c 

| BC x, C* x4, CD#*, &c 

. . BD x4, CDs, &c 

BE x=, & 

B* x*, 2 BC, 2 BD, 2 BE x5, &c. 

5 C'“, 2 CDx*, &c 


"New Bx, C, Dx, &c 


— 


Fe Fe FD 
| B' Cx· BC* x5, & | 
__2BC x, &c 


ts; . B' Ds, &c 
"BY, 3ÞCcx, FD, c 
Na e | 4 "23 BC*#s, &c- 


5 = By, Cx, &c : 2 
B+ x*, IBC, XG 
L : | B' CA, & 
a 9* = B* x+, 4B*Cx), &ce 
e 
2 = = Bs x*, & 


Now let theſe values of y, v, y*; y*, 3*, &c, be ſubſtituted inſtead of y, y*, Y. 
y*, , &c, reſpectively, in Ab equation x = ny + N + dy) + e9* + fo 
+ Kc. And we ſhall have | | 


(B CW, 1D, „Ex“, nF x5, &c. 


| +cB*#,2cBC#", 20 BDA, 20 BE, &c 
. 20 CK · 2 c.CDx5, &c 


- 


x FT + d4B*x*, 34B*Cx*, 24B*Dx*, &0 
| | 3.4 BC“, &c 
Je, 4eB* Cx5, &c: 

| | + /B* x5, &c.. 


* 


By means of this equation we may determine the values of as many of. tlie 
co-efficients B, C, D, E, F, &c, as we think proper, by proceeding in the 
manner following. ; 


31. To 


* * 
«A % 
* * 41 * 
* 
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37. Te o find the value of B, we muſt proceed as follows. Divide all the terms 
__ this equation by x; and we ſhall have : 


4B & \ ** oe © 1E x, nFx*, &c 


+ cB*x, 2cBCx*, 2 BD, 2cBEx*, &c 
ar Ce, 20 CD., &c 


cat | + 4e, 34 CV 3dB*Dx+, &c 
# | » | | 34BC x*, &c 

| | + eB*x3, 4eB*Cx*, &c 

. N ö + 7B x*, &c 


This equation is 8 true, of how ſmall a magnitude ſoever we ſuppoſe x 
to be taken. And therefore it will be true when x is = o. But, when x 1s = o, 


all the terms that involve x in them will be equal to o likewiſe, and conſequently 


the equation will be 1 = # B, Therefore B will be = — —; and conſequently the 
end firſt terms of the ſeries 1 + Bx, Cx*, Dx, Ex“, Fos, &c, Aan 
re be r n Q% . 1. 


This value of the co-efficient B agrees with that which we before found for it 
in Art. 23, in e that the three firſt terms of the ſeries chat is 


equal to 4 FA. would be 1 +5 — f x, or 14 2 — f Ter *. 
32. To find the value of E the co-efficient of the third term, C we the 


faid ſeries 1 + B, C, Dx, Ex*, Fs, &c, which is equal to 1 + AT, and 


likewiſe to determine, which of the two figns + and — 1s to be prefixed to the 


ſaid term, or n the ſaid term is to be added to the two foregoing terms 


' 1+Bx,orr + =, or to be ſubtracted from them, we muſt proceed as follows. 


Since , which forms the left-hand fide of the _—_— obtained in Art. gr, 
is equal to = B, which is the firſt term of the upper line of terms on the right- 
hand fide of that equation, it follows that all the other terms on the right-hand fide 
of that equation, taken rogather, muſt be equal to o; that is, the COMPOUNT ſeries 
aCx, „Dex“, nEx, nF x*, &c 
+ cB*x, 2cBCx, 20 BD, 2cBE x4, XS 
2 “r, 2cCDab, &c 
+ dB'x?, 34 C, gdB*Dx+," & 
34BC* x4, & 
+ eB*x*, 4eB* Cx, &c 
+ f B* x*, &c 
will be = o; that is, ſome of hs terms of this ſeries muſt be ſubtracted from 
the others, and the ſum of thoſe that are ſo fubtrafted muſt be * to the ſum 


of the other terms from which they are ſubtracted. 
DER: | Now 


* 


Sp” + 
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No let all the terms of this compound ſeries be divided by x. And it is 
evident that the terms that were ſubtracted from the others, and which were 
equal to them before ſuch diviſion, will ſtill be equal to them after it. There- 
fore the new ſeries that will reſult from fuch diviſion, will ſtill be = o; that is, 


the compound ſeries 
1 C, # D x, "Ex, „Fes, &c 
+ c BY, 2cBCx, 20 BD, 2cBEx?, &e | N 


2c C, 20 CD, &c 

+ dB*x, 3d4B* CWM, 3dB*Dx?, &c 

6 34 BC* x*, &c 

+ eB* x*, 4eB*Cx?, &c 
+ FB , &c 
will be So. And this equation will be true in all the poſſible magnitudes of 
x; and therefore it will alſo be true when x is = o. But, when x 18 = o, all 
the terms of the ſaid feries that involve x in them will be equal to © likewiſe, 
and the whole ſeries will be reduced to the two terms # C + c B*. Therefore 
theſe two terms C + c B* will be = o; and conf uently x C muſt be ſubtracted 

from c B*, and marked with the fign —. For, if it were to be added to c B., 

it would not be poſſible that a C + c B*, (which on that ſuppoſition would mean 
the ſum of the two quantities a C and c B*) could be equal to o. Therefore 2 C 
muſt have the ſign = prefixed to it; and conſequently the third term, C, * 


the aſſumed ſeries 1 + By, C, Dx?, Ex,, Fs, d . 
(from which third term che ſaid quantity u C has been derived by multiplication 
and diviſion in the courſe of this iveligation) muſt likewiſe have the ſign — 
prefixed to it, and muſt be ſubtracted the two former tems 1 ＋ Bx, or 


t =; i three firſt terms of the ſaid aſſumed — RA a 


3 ie + nen . 
And, iu determining the magnitude of the co-<liicient C, we ee 
n = o; whence c B* will be = C, and C vill be == * 


cB* = — * = X*= x B* = = e = x £. 


I por 5 2% * 


Therefore the three fiſt terms of = aſſumed ſeries 1 + 55 *, DE, Ex“, 
F x=, we, wich i equi — will be 1 + = 2 2 1 + 


* * B xx. 4 | . E. 1. 


33. To find the value of D, the co-efficient of D x?, the fourth term of =y 
aſſumed ſeries 1 + Bx, BY. l Dx?, Ex“, F x*, ' &c, which is equal 1 + FA, 
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and to determine whether the fign + or the ſign — is to be prefixed to the ſaid 
fourth term, we muſt proceed as follows. | 
In the courſe of the laſt article we obtained the following equation; to wit, 
| C, De, „E, F, &c 
+ cB*, a2 C, 2cBDx*, 2c BE, &c 
| 14.., _2cC**x*, 2cCDx?, &c 
+ dB*x, 3d4B*Cx*, 3d4B* Dx?, & )} = © 
| 34 BC* x*,, &c 
+ eB*x*, 4eB* CM, & | 
W i2a2uþps | + F B* x?,, &c — 
And ĩt was alfo found in the laſt article, that the term C in this equation was 
to have the gn — prefixed to it, Therefore the terms 2 c BC x and 3 4 B* 
Cx*, and 4eB* Cx?, in the ſame equation, (which contain the ſimple power 
of C, or are produced by multiplications into C,) muſt likewiſe have the ſign 
refixed to them; but the terms 2c C* x* and 34 BC* x?, (which contain the 
quare 6 +- prefixed to them, becauſe — C x'— C is 
= + C*. Therefore, if theſe ſeveral terms have their proper figns prefixed to 
them, the ſaid equation will be as follows; to wit, | 
C , „Dx, 1 Ex“, * Fr, &c ) 
+ <B* = 26 BC, 2cBDx*, © 2cBEx?, &c 1 
+ 2eC*x*, 2cCDr, &c 
+ 4B*x — 34B˙ C], $3d4B* Dx?, &c | = 0 
F | | + 34 BC* #*,, &c 


+eB*x* —4eB* Cx?, &c * 


4 + F B* *, &c ) g 
But it has been alſo ſhown in the laſt article, that — »C + cB* is = 


Therefore, if we theſe two terms, the remaining terms on the left-hand fide 


of the equation will ſtill be equal to o; that is, + 

{8D 3s. x Ex“, 1 F, &c 

— 2 BC x, 2 c BDx*, 2 c BE, &c 

+2cCx, 2c CDx*; &c 

+ dB* x - 34B*Cx*, 3d4B*Dx?, &c 

+ 34 BC* x?, &c 

+ eB*x* - 4e B C, &c 

+ fB* x*, &c 


And, if we divide all the terms on the left-hand fide of this equation by x, the 
equation will {till be true, or the terms on the left-hand fide of it will ſtill be 
equal to ©, or thoſe of the ſaid terms which are marked, or to be marked, with 
the ſign —, and are to be ſubtracted from the other terms, will ſtill be equal to 


the terms from which they are ſubtracted; and therefore the equation will be as 
follows, to wit, 


I » D, 
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D,, eB. ee 
— 20 BC, ' 2cBDx, 20 BEN, & 
+ 2cC*n 2eCDx*, &c | 
+ 4B — 34B* Cx, 5 &c So. 
+ 34BC* x*, &c 
+ eB*x — 4eB* C, &c 
+ fB* x*, &c 
And this equation will be true in all the poſſible magnitudes of x : and there- 


fore it will alſo be true when x is = o. But, when x is = o, all the terms that 
involve x will be equal to o likewiſe, and conſequently the equation will be » D 


2 BC + 4B* = o. Therefore, by adding 2c BC to both fides, we ſhall. 


1 


—_ 4 
F K 6 (ane = 5 : wil be = * 


have n D 4B? S2 RC, that is, (becauſe d is = K "= x 2 
D BS ache, or. (becauſe B is = = 

220 X "7, * C. , or (bale c= 2) 0 D + 72 2 dons 
S = — X A 


S 


| — 285 5 


1D + XY Ker 2 X c. Now, becauſe # is a whole number, 2 conſe- 


quently greater than 1, 1 + # muſt be greater than #-+ 1, that is, 2 # muſt be 


greater than » + 1, and, @ fortiori, 3 u (which is greater than 2 u,) will be 


greater than 1 + 1. Therefore ag x c will be greater than => *; and 


conſequently, to the end that 1D + = * e may be equal to 2 * c, it is ne- 
Gffary that n D ſhould be added to IT eee e e en b Ws 


muſt therefore prefix the ſign + to D, and conſequently to the fourth term, 


Dæs, 1 1 + Bæ, Cx, Dx*, Ex*, Fx, &c, (which is equal 


to 1 7 „ from which fourth term che term 1 D was derived by the opera- 


tions OF multiplication and diviſion in the courſe of this * There- 


fore the four firſt terms of the ſaid ſeries, which is equal to 1 + x]*, will be 1 + 


Bx Ce- + Dx?, or 1 + r + Dx3; Sd cc 


the points we were to determine. ä 
And to determine the magnitude of the e D, we ſhall have the ſaid 


equation + #D + Ir x © n x en whence #D will be = xn. 


22 — 1 


* 1 


=. | ». 
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** = 2 = "=, 2nd e n 
„I X === x C. Therefore Dx?, or the fourth term of 
32 25 1 32 : 


1 , 
ccc Garwidey io oquetyy 1 TN, will be 
. or DCs and conſequently the four firſt terms of 


3" 
na—1T * — I 2n—1 


he fd fries wil x + 2H x += * FX x", or 
= B + | 


= C x7, ; . * 1. 


11 2A — 


34. By 8 in the . manner as in the foregoing ice on the equa- 
tion obtained | in the. laſt article, to wit, the equation 
1 D, n E x, nFx*, &c 


— 2c BC, 2cBDx, 20 BEN“, &c 
+ 2cC* x, 2cCDx?, &c 
= | ＋ 4B. —3dB* Cx, 34 B* Dx“, & ) 0, 
be who had or; "4 + 34BC* x*, &c | 
* | _+eB*x—-4eB*Cx*, &c 


. 


: | . + 7B, & | 
or (if we. Ned the fien + to the terms » D, 2cBD x, and 34B* Dx", and the 
fign. = to the term 2 c CD A.,) the equation 
© + 1D.,. „EZ nFx*, &c \ * 
n 2 C T2 BDE, 20 BRA, & | . 
| | . + 2eC*x 2 CDæ⸗, &c 
+ 4B* - 3dB* Cx + 34B*Dx*, & S o, 
+ 3dBC* x*, &c | 
+ eB*x — 4eB* C, &c 
+ f B* x*, & 
we may. obtain the two Slowing: equations for the: determination of the values of 
E and F, and of the ſigns that are to be prefixed to them; to wit, the equation 
aE T 20 BDT 20 C. — 34 B. C+eB* S o, 
or n E + 26 BD + 2cC?* +eB* = 3d4B*C, 
for the determination of E; and the equation 
* 2c BE — 2 CD + 34B*D + 34BC* 
| 4eB*C + fB” =o, or 4 
nF 4 BD + 23:4BC* + FB = 
2cBE + 2c CD + 4eB?C, for the determination. of F. But the labour 
of 3 theſe equations by ſubſtiruring in them, inſtead of the ſmall letters 


a, e, , their reſpective values, to vit, ＋ * . Xx K 
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2 2 


the capital letters B, C, D and E, their reſpective values, to wit, — * — 
T 8 » 1 * K * (for chis laſt . 


= XxX * and x = x = x 2 x >, and, inſtead of 


X — 


** 2" 
will be found to be the value of E,) will * found to be very great; more eſpe- 
cially in the latter equation, by which the value of F is to be determined. And 
in the inveſtigation of the following co- efficients of the powers of x, to wit, the 
co-efficients G, H, I, K, L, &c, the intricacy of the calculations becomes ſo ex- 
ceſſive as to make the diſcovery of theſe coefficients in this method become ab- 
ſolutely impracticable. | 
35. And further; if this method of inveſtigating the values of the co-efficients 
of the terms of the ſeries 1 + Bx, C, Dx?, E, Fx*, &c, and the ſigns 
that are to be prefixed to them, was not, after the firſt four or five terms, ſo ex- 
ceedingly troubleſome as ſoon to become impracticable, it would till be liable 
to another objection. For, to whatever number of terms we had carried the in- 
veſtigation,—as, for example, if we had diſcovered twenty terms of the ſaid 
ſeries, —it would {till be impoſſible to ſee, from this method of obtaining theſe 
terms, that the next, or twenty-firſt, term (which we had not actually inveſti- 
gated by reſolving the ſimple equation that belongs to it,) would obſerve the 
— law of generatign, or derivation from the preceeding terms, which had 
been found to take place amongſt the twenty terms which had been inveſtigated : 
* ſo that we ſhould not be able to diſcover with certainty any more terms of the ſaid 
| T 


cries 1 + Bx, C, Dx?, Ex“, Fxs, &c, (which is equal to 1 + xJ#,) than 
we ſhould actually have inveſtigated. ' And therefpre 1 ſhall dwell no longer on 
the foregoing method of inveſtigating the values of theſe co-efficients, but ſhall 
proceed to explain another method of inveſtigating them, which will be both 
much eaſier to ptactiſe in the few co-efficients we may think it neceſſary to in- 
veſtigate, and will, from the ſimplicity and regularity of the ſeveral ſimple equa- 
tions involving the co- efficients C, D, E, F, &c, by the reſolution of which the 
values of thoſe co- efficients are to be determined, enable us to perceive that the 
law of the generation, or derivation, of the ſaid co-efficients one from another, 
which takes place in the firſt four or five terms which we ſhall have actually in- 
veſtigated, muſt likewiſe take place in-all the remaining terms of the ſeries, to 
whatever number they may be ſuppoſed to be continued. 


Another 
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— —— — 
1 Another Inveſtigation of the Series 
| I I n—T . 22 — 
c 
1 nn —T 20 —T 121 1 
rr 
—1 2 2n—T „ 22 —1  40—! 
r addr a on 


or, 1＋ A AB.. 1c 2 


— D x+ + Er. — &c, 


- T 
which is equal to1 + N, eri; by which 
he law of the continuation of the co-efficients A, B, 
C, D, E, F, G, H, I, K, L, Cc, will be apparent. 


36. In the courſe of che foregoing inveſtigation of the ſeries that is equal to 
Kr or " 1 + x, of which we have found the four firſt terms to be I * 
2 er e eee Lac Bo 

4 272 Cxs, the principal difficulties that we had to encounter related to the 
diſcovery of the third and fourth terms Br, and — - C x? ; of which the 


former is to be marked with the ſign =, or to be ſubtracted from the two firſt 
terms 1 + — Az, or 1 + x and the latter, to wit. C xs, is to be 


marked with the ſign +, or to be added to the ſaid two firſt terms. But it was 
clear beyond a doubt, both from the ſaid foregoing inveſtigation and from the 
three preliminary obſervations in art. 21, 22, 23, — — 26, that the two firſt 


terms of the ſaid ſeries would be 1 and — x, or — and that the ſecond of theſe 
terms is to be added to the firſt; and alſo that the form of the ſaid ſeries (which 


1 
is equal to 1 + N, or /" 1 + x) would be 1, Bx, Cx*, Dx?, Ext, F x5, 
&c, or 1 2 4, Cx, Des, E., Fx“, &c, in which the ſeveral powers of x 
follow each other in their natural order, without any interruption. We may 
therefore aſſume it as a truth — aſcertained, and a legitimate ground- 

Vor. II. 28 work 
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work of the inveſtigation we are now going to explain, © that 1 + xl, or . 
« x + x, will be equal to the ſeries 1 + — x, Cx*, Dx?, Ex*, Fx*, &c.“ This 
being premiſed, the ſaid inveſtigation will be as follows. 


37+ It having been proved in art. 21, 22, 2 — 26, that, if * is of any 
magnitude lefs than 1, the quantity 1 + = or Vn 1 + x, will be equal to 
the ſeries 1 — , Cx*, Dx?, Ex“, Fx*, &c; it follows * if y be any 
quantity greater than x, but leſs FOR I, en I 7 , or "1 +2, 


will, in like manner, be equal to the ſeries 1 + = y, Cy*, Dy, E, Fs, &c. 
Now let 4 be equal to the difference by which y exceeds x, ſo that x + 4 _ 


be =; and let x + d be ſubſtituted inſtead of y in the laſt equation II 

| 1 
= 1 + , c, Dy*; Ey*, For, &c. And we ſhall then have I T TA 
= the ſeries 1 + — X * + 4, Ah Xx x TA, D x FTA, E Xxx +4}, 


F x x + 4}, &c = theſeries 1 + —>X x +, C * xx + 2xd + dd, D 
* * + 33, + J + 43, E Xx T TTT ITT 6x* * + 4, 


F T 5x*d + lox*d* + 10x*d* + gxd4* ,, &c = the com- 
pound ſeries . 
I + =, Cx, Dx?, Ex, F x5, & 


+ 2 4, 2 Cd, 3 Dx d, 4E d, 5 Fx d, &c 


Cd, 3Dx4*, 6Ex* d', 10 F d, — 
Das, 4Exd*, 10 Fx 43, 
EA“, 3 FS“, "Ig 
Fd, &c. 


38. Letfbe = 1 + x3 and we ſhall bee 4 = 1 +x+4, and 
f + TI ESTA. But, . 


1 
. thatf + DT will be = © X 1 ++. But, becauſe 1 FI is equal to 


I 
the ſeries 1 + „C, Dan, Ex*, F x* &c; it follows that 1 + f will, 
in like manner, be equal to the ſeries 1 + = x = C . D*, E * 
J. F.. K 2 14 2 . Cx b EF 3, 
-S 
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r 
&c. Therefore f* x N will be = f® x n + *. 
e e eee 28 


D , EN x4 Fx/T X &c. 


7 7 WIS, 7 WIS, 
I 
Therefore FF 7s (which is = 72 X 172 * will alſo be equal to the 


I I C x hs 
e * 7. C 1 7 *. D x f® *, EN * 


F * 4 * X —, &c. Therefore, if we ſubſticute 1 + x in this laſt equa- 


. 75 , 
tion n of f, to which it is equal, we ſhall e * + x + I = the * 


1 
EDETITELIEIELLEL f == DxTFA" x 
=p Ex PAs x eB x TEA IG 


39. But it has been ſhewn, in art. 37, that 1 + x + To is equal to the 
compound ſeries 


I 9 „ Du, Ex“, F x5, &c 


+ 24, 2 Cxd, 3Dx*d, 4E d, Fx. d, & 
CA, 3Dx4d', bEx*d*, 10 F di, &c 

D, 4E, ioFx* „, &re 

E d', 5 F d, &c 


Fd, &c. 
0 1 | . 
enn N * . 8 * 


n rf Tr r 


= &c will be equal to the ſaid compound ſeries 


1+=x, Cx*, Dæs, Ex“, Fx*, &c 


* 
＋ 2 4. 2 Cd, 3 Dx d, 4E d, 5 Fx“ d, &c 
Cd, 3Dx4*, 6 Ex- d, 10 F di, &c 
Das, 4 Ex, 10 FA, &c 
E d', 5 Fd, &c 
Fd, &c. 


2 G 2 : Therefore, 
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. 17 
Therefore, if we ſubtract I + x]* from the left-hand fide of this equation, and 
the ſeries 1 + ＋ x, C, Dx, Ex*, Fx5, &c (which is equal to 1 * =, ) 


from the right-and fide of it, we ſball have the ſeries = — X.1 YI 28 


4 * 


e Fas x ==55, E T FA x 1+ 


F X1+ = Rx ===" =, fre = the compound ſeries 
2 4, 2 Cx d, 3 Dx d, 4E 4, 5 F d, &c 
Cd, 3 Dx, 6Ex* d', 10 Fx. d, — 
Da”, 4Exd'% 10 F Y 
Ed“, 5 Fxd*, * 
Fd, &c; 
and, if we divide all the terms by 4 (which is involved in every term on both 
ſides of this i „we ſhall have the ſeries 


by 


- . b 4 a 
4 
pegs HEAPS WY 
2 x1 8 X 5p *. + x* x =>, Dx T2» Nr 


2 4 = & d 
X 7+ als X =o F 1 + N X === &c = the compound ſeries 


2, 20% De“, 4 Ex, 5F x*, &c 
Cd, 3Dxd, 6Ex*d, 1oFx*d, &c 
Dad, 4Exd*, 10 F. d, &c 

| Ed“, 5 Fd, & 

Fd, &c 


40. This equation is always true, 3 ſmall ſoever we may ſuppoſe 4 to be. 
And therefore it will alſo be true when 4 is = Oo. But, when 4 is = o, all the 
terms in the equation that 1 d will be equal to o a and conſe- 


— 4 


quently the equation will then be as follows, to wit, — * 7 TI * (= — 
the ſeries — — 2Cx, 3Dx*,4Ex*, 5Fx*, &c. Therefore, if we multiply all 


'S 
the terms of this equation by u, we ſhall have T + |= x —= = the ſeries 1, 
2nCx, 3D, 4nEx*, 5nF “, &c; and, if we multiply both ſides of 
I ; . 


this laſt equation by 1 ＋ x, we ſhall have 1 + x|* = the compound ſeries 
1, 2nCx, z3nD x*, 41 Ex, 5 F, &c 
+ „ 22 Cx, 3D, 41 Ex, &c 


41. But 
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* ®. 8 
41. But 1 + #|* is equal to the ſeries 1 + — x, Cx*, Den, Ex“, Fx*, 


xc. Therefore the ſeries 1 + =, Cx*, Der, Ex“, Fx*, &c, will be equal 
to the compound ſeries | | 
| 1, 2nCx, 3 Dæ, 4nEx*', 5nF x+, &c 
+ k, 2nCx*, 3 D., 4nEx*, &c; 

and conſequently (ſubtracting 1 from both ſides of the equation) we ſhall have 
the ſeries _ x, Cx*, D, Ex, F x*, &c = the compound ſeries 

2nCx, gnDx*, 4nEx*, gnFx+*, &c 

+ x, 2nCx*, 3nDx', 4 Ex“, &c; and, 
laſtly, dividing all the terms by x, we ſhall have the ſimple ſeries , Cx, Dx*, 
Ex?, Fx*, &c = the compound ſeries © 


2nC, 35 Dæ, 4nEx*', gnFx?,' &c 

+ 1, 2nCx, 3 Dx, 4nEx?, &c; 
by the help of which equation we may determine both the values of the ſeveral 
coefficients C, D, E, F, &c, of the terms Cx*, Dx?, Ex, F x5, &c, of the 


aſſumed ſeries 1 + Bx, Cx, Dx?, Ex“, Fx“, &c, or 1 + — „ee, 


. 


f Ss 4 ' 
Ex“, Fx, &c, which is equal to 1 + x|= , and the ſigns + and — that are 
to be prefixed to the ſaid terms reſpectively, by reaſonings ſimilar to thoſe uſed 
in the former inveſtigation, in deriving the values of the co- efficients B, C, and D 
from the much more complicated equation obtained above in art, 30. This 


may be done in the manner following: | 
42. In the firſt place we may determine both the ſign to be prefixed to the 
term C: in the ſeries 1 + = «, C#*, Dx*, Ex*, Fx*, &c (which is equal 


r 
to 1 + .), and the magnitude of the co-efficient C, by proceeding as follows. 
The final equation obtained in the laſt article, to wit, the equation between 


che ſimple ſeries = Cx, Dx*, Ex, Fx“, &c, and the compound ſeries 
2uC, 3nDx, 4nEx*, F, &c 
+1, 2nCx, 3 D, 4nEx*, &c, is 


always true, how ſmall ſoever we may ſuppoſe x to be. And therefore it will 
be true when * is = 0. But when x is = o, all the terms in the foregoing 
equation that involve x in them will be equal to o likewiſe ; and the ſaid equa- 


tion will conſequently then be — =2nC, + 1, or — 2 1, ax} that is, — 


will be equal to r, together with 2 # C either added to it, or ſubtracted from 
it, as may be neceffary to produce the ſaid equality. But, becauſe u is a whole 


number, _ muſt be leſs than 1, and therefore cannot be equal to 1 together 
OM with 
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with 2 C added to it; therefore it muſt be equal to 1 with 2 # C ſubtracted 
from it. Therefore the term 2 * C, in the equation — = 1, 2 C, muſt have 


the ſign — prefixed to it: and conſequently the terms 2 1 C x and C, in the 
final equation obtained in art. 41, and Cx*, the third term of the ſeries 1 + 


— x, Ca*, Dx?, Ex, Fx“, &c (from which third term the term 2 1 C has 


been derived, by various multiplications and diviſions, in'the courſe of the pre- 
ceeding inveſtigation), muſt likewiſe have the fign — prefixed to them. So 


that the ſaid third term C x: of the ſeries 1 + ＋ , C, D, E, F x5, 


&c, which is equal to 1 + A, muſt be ſubtracted from the two firſt terms of 
the {aid ſeries ; and the three firſt terms of the ſaid ſeries will therefore be 1 + 


—x — C xx. | a . E. I, 
And, to determine the magnitude of C, we ſhall have the equation — x 

— 22 C; whence (adding 22 C to both ſides) we ſhall have — +2nC= 1; 

and (ſubtraQing = from both ſides) 25 C = x — 2 = =; and (dividing 


both ſides by 2 #) C = = x — === x 2. or = x 4 


Therefore the three firſt terms of the ſeries 1 + = x, Cx*, Du", Ex“, 


1 
Fx*, &c (which is equal to 1 + Aft) will be 1 + =>* — = x © 


xx, or 
2 


1 + — A x — B xx. N | | Q E. I. 


43. Secondly, to find the value of the co-efficient D, and the ſign that is to 
be prefixed to D x?, the fourth term of the ſeries 1 + = x, Cxt, De“, Ex“, , 
I 


F x5, &c, which is equal to 1 + x", we muſt proceed as follows. 
Since it has been ſhewn in the laſt article that the ſign — is to be prefixed to 
the terms 2 * Cand 22 C& and Cæ, in the final equation obtained in art. 41, 


to wit, the equation — Cx, Dx*, Ex, Fx, &c = the compound ſeries 


as C, 35 Dx, 4 EV., 33 F., &c ö 
+ 1, 25 Cx, 3nDx*, 4 Ex, &c, let it be 


accordingly prefixed to the ſaid terms; and then the ſaid equation will be as 
follows, to wit, _ — Cx, Dxx, Ex?, Fx, & = the compound ſeries 


— 2nC, 3nuDsxs, 4nEx, guFx', &c 
＋ 1 - 2 Cx, 3nDx*', 4nEx*, &c. 


Now let 2C x be added to both fides of this equation ; and we ſhall then have 
0 1 
2 
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_ + Cx, Dx*, Ex, Fx, &c = the compound ſeries 


—2uC, 3 Dæ, 41 E“, gnFx?, &c 
＋1 - 2 Cx, 3nDx*, 4nEx?, &c. 
T2 Cx 


But it was ſhewn in the laſt article that Sis = 1 — 2 C. Therefore, if 
we ſubtract = and 1 — 2 C from the oppoſite ſides of this equation, the re- 
mainders will be equal; that is, the feries + Cx, Dx“, Ex*, Fx“, &c, will 
be = the compound ſeries 
gnDx, 4nEx, guFx' & 

—2nCx, 3 Dx, 4 EY, &c 

+ 20 *» 
Therefore (dividing all the terms by x) we ſhall have C, Dx, Ex*, Ns, 


&c = the compound ſeries 
3uD, 4nEx, gnFx*, &c 


 —2nC, 3 Dæ, 42 EN“, & 
| + 2 C 

This equation will be true, how ſmall ſoever we may fuppoſe x to be. And 
therefore it will be true alſo when x is = o. But, when xis = o, all the terms 
which involve x wilt be equal to o likewiſe; and conſequently the equation will 
beC=;3z3nD—z2nCc + 2C: Therefore, if we add 2 1 C to both fides, we 
ſhall have C + 2#»C 3 DT 2C; and (ſubtracting C from both fides) 
2nC=3g3nD+C, or 22 C C, 33D; that is, 2#C will be equal to C, 
together with 3 2 D either added to it, or ſubtracted from it, as may be neceſ- 
ſary to produce the ſaid equality. But, fince u is a whole number, and con- 
ſequently greater than 1, 2 C muſt be greater than C, and therefore can- 
not be equal to C with g D ſubtracted from it, but muſt be equal to C with 
31 D added to it. Therefore the ſign, + muſt be prefixed to 3 » D, and con- 
ſequently to the terms 3 Dx and 3» D x* in the laſt equation, and to the 
term Dx in the final equation obtained in art. 41; and likewiſe to the fourth 


term, Dx?, of the ſeries 1 + — x, Cx*, Dx*, Ex,, Fx“, &c, which is equal 


8 
to 1 a=; from which fourth term D #? all the other terms that involve D 
were derived, by the operations of multiplication and diviſion, in the courſe of 
the foregoing inveſtigation. Therefore the four firſt terms of the ſaid ſeries 1 


1 
=, C, De, Ex, Fa“, &c, which is equal to 1 + A=, will be 1 + 


2 * == K == xx + Da, or 1 + —# = Cax + Dx", or 1 + — Ax 


— [I , | 4 
Q. E. I, 


And, to determine the magnitude of D, we ſhall have the equation a2 C = 
C T3 D; whence 3 D will be 22 C C2 = Ax C, and D 
will 


1 — 22 Sos — — — b 
will be = — x 2 7 * X E, or * N28 


Therefore the four firſt terms of the ſeries 1 + — x, C, D, Ex, Fas, 
I IT n 

. . Jy — 1 i SD 

&c, which is equal to 1 + x, will be 1 * — = X 2 | 

x Eat e AF Br + c w. 


44 . To determine the ſign that is to be prefixed to Ex“, or the fifth term of 
. I 


the ſeries 1 + — *, Cx*, Des, Ex,, Fx*, &c, which is equal to 1 + x", 


and to find the magnitude of the co-efficient E, we muſt proceed as follows, 
In the laſt article we obtained the equation C, Dx, Ex, Fx, &c, = the 
compound ſeries | 


33D, 4nEx, ;nFx*, &c 
— 2 C, 3 Dx, 4nEx*, &c 
＋2 C; | which, if 


we prefix the ſign + to the terms that involve D (agreeably to what was 
found in the laſt article to be neceſſary), will become 
C + Dx, Ex, Fx*, &c = the compound ſeries - 


+ 3nD, 4nEx, 5nFx* &c 
— 2#C + 3nDs, 4nEx*, & 
+ 2 C. | 


Now it has been ſeen, in the laſt article, that C is = + 37D = 23 C + 
2 C. Therefore, if we ſubtract C and 3 1 D - 2#C + 2 C from the oppoſite 
ſides of this laſt equation, we ſhall have + Dx, Ex“, Fx*, &c = the com- 
pound ſeries ; | 

4nEx, gnFx*, &c 
+ 32 Dx, 4nEx*, &c; 

and conſequently (dividing all the terms by x) + D, Ex, Fx*, &c = the 
compound ſeries - ao ts 5 

| 4nF, 5 Fx, &c . 
+ 31 D, 43 Ex, &c. 7 | 


And this equation will be true, how ſmall ſoever we ſuppoſe x to be: and 
therefore it will alſo be true when x is = o. But, when x is = o, all the terms 
that involve x will be equal to o likewiſe; and the equation will be as follows, 
to wit, + D =4nE + 3nD, or +D = 3nD, 42 E; that is, D will be 
equal to 3 » D, together with 4 # E either added to it, or ſubtracted from it, as 
may be neceſſary to produce the ſaid equality. But becauſe » is a whole num- 
ber, #» D muſt be greater than D; and therefore 3 » D muſt, 2 fortiori, be greater 
than D. Therefore, in order to make 3 D be equal to D, the quantity 4» E 
muſt not be added to 35 D, but muſt be ſubtracted from it; and conſequently 
the ſign — muſt be prefixed to 4 E; and the 24 gy + D = 3 D, 
4 E will be + D = 3D — 4nE. Therefore the 9 
f Wlle 
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wiſe be prefixed to E x+, the fifth term of the aſſumed ſeries 1 + 2 x, c, | 


1 
Dx?, Ex“, F x5, &c (which is equal to 1 + x\* ); from which fifth term the 
faid term 4 E is derived, by the operations of multiplication and diviſion, in the 
courſe of the foregoing inveſtigations. Therefore the ſaid fifth term, Ex“, of the 
ſaid ſeries, muſt be ſubtracted from the firſt term 1; and conſequently the five 


firſt terms of the ſaid ſeries will be 1 + —x — Cxx + Dx* = Ex, or 1 + = 
Ax — S 3 + . = Ex“. ; | Fa Q E. I, 


And, to determine the magnitude of the co-efficient E, we ſhall have the 
equation + D 3D — 4E; whence D + 4nE will be = 35D, and 
4nEwilbe=3nD—D=z3gn=—1 x D, and E will be = == x D = 
. * * als =, or X XK * . Therefore the 


n 27" 34 


four firſt terms of the ſeries 1 + — x, C xx, Dx*, Ex“, Fx“, &c, which is equal 


T 


to T A, wilbet + =# —= x = + = X "I _ 
1221 2 — 1 — 1 I (= 2n—1 | 
DX N, * rA Bu + In C 


E pe. . 1. 


45. To determine the ſign that is to be prefixed to Fx*, the ſixth term of 
1 


the ſeries 1 + — x, C x*, Dx, Ex*, Fx*, &c, which is equal to 1 + A* 
and to find the magnitude of the co- efficient F, we muſt proceed as follows. 
In the laſt article we obtained the equation + D, Ex, F x*, G, H x+, 
&c = the compound ſeries 
4nF, 5 Fx, 6nGx*, 7nHx?', &c 
t + 32D, 4 Ex, ;nFx*, 6nGx"'% &c | | 
or (if we prefix the ſign — to the terms 4» E, 4 Ex, and E x, agreeably to 
what was found in the laſt article to be neceſſary) 
+D— Ex, Fx',Gz?, H x+*, &c = the compound ſeries ; 
—4nE, 5 Fx, 6nGx", 7 Hes, &c 
| + 33 D — 4nEx, 53 F. , 6nGx?, &c. 
Therefore, if we add 2 E to both ſides of this equation, we ſhall have 
+ D + Ex, Fx“, G *, H x+, &c = the compound ſeries 
—4nF, gnFx, 63G, 7H, &c 
+ 32D - 42 Ex, 53 F., 6nGx?', &c 
＋ 2 Ex. | | 
And it has alſo been ſhewn in the laſt article, that Dis = 32D —4zE. 
Therefore, if we ſubtract D and 3» D — 4»E from the oppoſite ſides of the 
Vor. II, | | 2H 5 | luſt 
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laſt equation, the remainders will be equal ; that is, the fimple ſeries E x, 4 9 
G x?, H x*, &c will be equal to the compound ſeries 


snuFx, 6nGx*, 7n Hai, &c 
— 4 Ex, gnFx*, 6n Gx*, &c 
+2 Ex and conſequently 


(dividing all the terms by æ) the ſimple ſeries E, F x, G, Hx?, &c will be 
__ to the compound ſeries 


gnF, 6nGx, 7uH x=, xc 
— 4 E, 5 Fx, 6nG x*, & 
; + 2E. 

And this equation is true, of how ſmall a magnitude ſoever we ſuppoſe x to 
be taken: and therefore it will alſo be true when x is = ©. But, when x is 
= ©, all the terms that involve x will be equal to o likewiſe, and conſequently: 
the equation will then be E = F — 4nE + 2E. Therefore (adding 
4 E to both ſides) we ſhall have E+4nE = 5»F + 2 E, and (ſubtract- 
ing E from both fides) we ſhall have 4 E = 5 F + E, or 4nE = E, 
3 1 v F; that is 4 E will be equal to E, together with 5 = F either added to it 
or ſubtracted from it, as may be neceflary to produce ſuch equality. But, be- 
cauſe 4 7 is greater than 1, 4 E mult be greater than E. Therefore, in order 
to make E be equal to 4 n E, it will be neceſſary to add 5 F to it; and conſe- 
quently the fign + muſt be prefixed to 52 FE, and the laſt equation * E = E, 
5 F will be 4 E ET 5 NF. Therefore the ſign 8 muſt allo be ! pre- 


- fixed to the ſixth term, Fs, of the aſſumed ſeries 1 a — x, Cx*, De, Ext, 


Fx, Gx*, Hx', &c, which is equal to 1 + x "7 from which ſixth term 
the term..5 F has 'been derived by the operations of multiplication and diviſion 
in the courſe of this inveſtigation. Therefore the ſaid fixth term, F x*, of the 
ſaid ſeries is to be added to the firſt term 1, and conſequently the fix firſt terms 


of the ſaid feries will be 1 + —x — Cx* + Dx; — Ex! + Fx, or 1 + 


1 1 2— 1 8 — 1 28— 1 1 2 — 1 28 — TI 
c TD SS Ko Xo —— X 
CE. u 3 — 1 4 I r 
SEATS = — — x EX x*,001 + = Ax - 
B + === CR — © D + Fx, 1 . 


And to determine 8 magnitude of F, we ſhall have the aforeſaid equation 
41 E 1 whence 5#F will be = 4E — E = a. 11X 
and F will be = © 4 — 1 32 — 1 21 — 1 — 1 


gn * E = Xx 42 * * 2 * > Or 
1 n—1 2n—T 3 — 1 . 
FX <= X 3 * — Therefore the firſt ſix terms of | the 


ſeries 1 + ＋ x, Cxx, Dx, Ex, Fx*, Ga“, H“, &c, which is equal to 
. 


1 + A2, will be 1 + Eb Fx En 


. A 
n 


=: 


1 — 1 


24 


* 
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* Rx KA + N * * , or 


3 4" 2 3 g gn 
+ LAs -B + 225 Cu [ED Dat + E E.. 
pes] » 


46. The reader will obſerve, that in this way of inveſtigating the values of 
C, D, E, F, &c, there is no more difficulty in determining the values of E and 
F, than in determining the values of C and D; becauſe the fimple equations, 
by the reſolution of which the ſeveral new co-efficients are to be determined, 
conſiſt always of only three terms, to wit, of one term derived from a term of 


the ſimple ſeries —, C x, Dx*, Ex?, Fx*, &c, (which forms the left-hand fide 


of the final equation obtained in art. 41,) by dividing it by the power of x with 
which it involved, and of two terms derived in like manner from two terms of 
the compound ſeries 


2 C, 3 Dx, 4nEx', gnFx' &c 
+1, 21 Cx, 3 D*, 41 Ex, &c (which 
forms the right-hand ſide of the ſame final equation), by dividing them by the 
ſame power of x: whereas, in the former way of inveſtigating the values of 
thoſe co-efficients, ſet forth in art. 31, 32, and 33, the ſeveral ſimple equations, 
by the reſolution of which the ſaid co-efficients are to be determined, to wit» 
the equations 1 = #B,andcB* -C o, or cB* = C, and D - 2cBC 
+4B* S o, or D 4B* = 2cBC, and a E + 2cBD + 2c C* — 
34B*C + eB* =o, or nE +2cBD + 2cC* + eB* = 34B*C, and 
nF — 2cBE - 2cCD + 34B*D + 34BC* - 4B CT VFB =o, or 
1 F + 3d4B*D + 34BC* + fB5 = 2cBE + 2cCD + 4eB*C, in- 
creaſe continually in the number of their terms by the addition of two terms in 
every new equation; and likewiſe conſiſt of terms that are more and more com- 
plicated continually, ſo as ſoon to make the labour of reſolving them become 
intolerable. Therefore the preſent method of inveſtigating theſe co-efficients is, 
in a practical view, very much to be preferred to the former method ; though 
the reaſonings uſed in that former method ſeem to be rather more dire& and 
ſimple than thoſe which we were obliged to have recourſe to in art. 37, 38, 39, 
40, and 41, in order to obtain the final equation ſet forth in the laſt of thoſe ar- 
ticles.” Both the methods therefore have their ſeparate merits, and are worthy of 
our attention ; and the former method ſerves as a proper introduction to the latter. 


: 


47. From the manner in which the grand final equation, —, Ca, D., 
Ex?, F x*, &c = the compound ſeries, 
2nuC, 33 Dx, 4 EN], F, &c 
1, 22 Cx, 3 Dæ, 4 EN, &c, in 
art, 41, was obtained (which was by the multiplication of the ſeries 1, 2# C x, 
3 Dx, 4nEx*, 5nFx+*, &c into 1 + x in art. 40), it is eaſy to ſee that the 


ſeveral gquations for determining the values of the following co-efficients G, 


2 H2 . 
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H, I, K, L, &c (which we have not yet inveſti and the ſigns + and 
=, that are to be prefixed to them, would be as v5 ; 5 So 

The firſt equation would beF = 6G, 5nF, or FN F, 6 G, or 
(fince we have already ſeen in art. 45, that 5 F and F muſt have the fign + 
prefixed to them) + F = + 5 F » 6 C, and conſequently (in order to 
make the ſaid equation poſſible) + F = 5nF — 6G; whence it will follow 


that G x*, or the ſeventh term of the aſfumed feries 1 + = x, Cx*, Des, 


I | 
Ex*,Fx*, &c (which is equal to 1 + A), muſt be marked with the ſign —, 
or be ſubtracted from the firſt term 1, and that G will be = = x F. 


And the ſecond equation would be G = 75 a H, 6 G, or (becauſe it has 
zuft now been ſhewn that the ſign — is to be prefixed to 6 G an G) — G 
=q7nH 6 G, and conſequently (in order to make the ſaid equation poſ- 
fible) = G = + 7 zH — 62G; whence it will follow that H x 7, or the 


eighth term of the aſſumed ſeries 1 + =x,Cx*, De, Ext, F x5, &c (which 
- : 9 | 


a 1 
zs equal to 1 + 2), will be marked with the ſign +, or added to the firſt 
term 1, and that H will be = .= x G. | 


75 . 
And the third equation would be H = 8#1, H, or H = 5» H, 8n1, 
or (becauſe it has been juſt now ſhewn that the terms 7 „ H and H muſt have 
the ſign + prefixed to them), + H = TH, 8#1, and conſequently (in 
order to make the ſaid equation poflible,) + H =7 uH — 8 I; whence it 


will follow that T x*, or the ninth term of the ſeries 1 + , Cx*, Dx“, Ex", 
Fx*, &c (which is equal to 1 + A=), will be marked with the ſign , or ſub- 


tracted from the firſt term 1, and that I will be = = x H. 


And the fourth equation would be I = pa K, 8x1, or (becauſe it has been 
juſt now ſhewn that the terms 8 1 and I muſt have the fign — prefixed to 
them) — I K — 8x1, and conſequently (in order to make the ſaid 
equation poſſible,) — I = + gaK - 8 I; whence it will follow that K x, 


or the tenth term of the ſeries 1 + 7 «, CX, Dx?, Ex“, Fx*, &c (which is 


1 5 
equal to 1 + A7), will be marked with the ſign +, or muſt be added to the 
firſt term x, and that K will be = === XL | 


And the 5th equation would be K 10 L, g K, or becauſe it has been 
juſt now ſhewn that the terms 9 K and K muſt have the ſign + prefixed to 
them) + K = 10 L + 9uK, or +K = + 9K, 10 L, and conſe- 
quently (in order to make the ſaid equation poſſible) + K = + K — 
102 L; whence it will follow that L“, or the eleventh term of the ſeries 1 + 
| 6 a | . . * 

- 2 3 
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. 
— x, Cx*, Dx“, Ex, Fx*, &c (which is equal to 1 r*), will be marked 
with the fign —, or ſubtracted from the firſt term 1, and that L will be => 
| Fu x K. 


108 
And the like ſhort and eafy equations, | 
—L = -10#L + 11».M, + - 
+£M=-+1i1i8uM- 122N, 
— NS — 122 NT 137 O, 
O S ＋ 1330 — 142 P, 
—P — 142 P + 152 Q. | 
&c, would be found for the determination of the values and the figns of the 
following co-efficients M, N, O, P, Q, &c, ad infinitum, or as far as we pleaſed 
to continue the inveſtigation. We may therefore now conclude with certainty, 
i 
that the quantity 1 + A, or the nth root of the binomial quantity 1 ＋ &, is 


equal to the ſeries 1 + * — * — K* + — x „ 


22 3% 


I 1 — 1 22 — 1 — 1 1 22 2 — 1 3n—1 4 — I 
7 r * 


x* — &cC, Or 1 + Ax — — B y* + 9 . Dx + — 
Ei [En pz + 26 . H + tr 
; nu 7 un 


9 103 


+ &c ad infinitum, in which the ſigns of the terms that come after the ſecond 
term — x are alternately — and +, and the law of the generation, or continu- 


ation of the terms one from another, is very manifeſt, every new generating 
fraction of the co-efficients C, D, E, F, G, H, I, K, L, &c, being derived from 
the generating fraction which immediately preceeds it, by the addition of to 
both its numerator and its denominator. | Q 3. . 


48. This ſeries agrees exactly with that which was ſet forth in art. 2, as be- 
1 


ing equal to 1 + A=, or /* T + x, and which had been derived from the 
binomial theorem in the caſe of integral powers. 


— ———————— 
A Review of the foregoing Inveſtigation of the Series which is equal to 
"v9 g ; | 
1 +", or IN. | 


— — 


49. 1 have now completed the ſecond inveſtigation of the ſeries 1 + Ba, 
Cx*, Dx?, Ex, Fx, &c, or 1 + = x, Cx*,Dx*, Ext, Fx“, &c, which is 
5 | equal. 
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1 ; 
equal to 1 + =, or "1 + x. The eaſe with which it enables us to find 
the values and the ſigns of the ſeveral co-efficients C, D, E, F, G, H, I, K, L, 
&c, gives it a great ſuperiority over the former inveſtigation explained above in 
art. 28, 29, 30) &c—4, and raiſes it to an equality with any method of inveſti- 
gating this ſeries that I have yet ſeen. Vet, from the number of the ſteps 
which it contains before we obtain the final equation in art. 41, it may, per- 
haps, be thought to be rather too abſtruſe and difficult ; though none ofthe 
ſteps in it, taken ſeparately, ſeem to deſerve that character. To explain it, 
therefore, as fully as I can to the reader, and make the connection of the rea- 
ſonings uſed in it as apparent as poſſible, 1 will here ſtate them over again with 
fomewhat more brevity than at firſt, in order to bring all the parts of the inveſti- 
gation into view at once. | . { | 

Now the principal artifice of this inveſtigation conſiſts in finding two diffe- 

| | 4 


rent expreſſions for the value of 1 + x + 4|*. The firſt of theſe expreſſions 
is obtained by conſidering the trinomial quantity I + x + d as being a bino- 
mial quantity, of which the firſt member is 1, and the ſecond is x + d. By 
ſuppoſing y to be equal to x + 4, and conſequently 1 + y to be equal to 


1 + x + 4, and aſſuming the ſeries x + —y, Cy*, Dy, Ey+, Fy:, &c, for 
l 
the value of 1 + |" (as we before aſſumed the ſeries 1 + - x, Cx*, De, 


| | 1? A 
Ex, Fx, &c for the value of 1 + X), and then ſubſtituting in the ſaid 
ſeries 1 + 3, Cy“, Dye, Ey*, Fy*, &c, inſtead of y, y*, y*, y*, y*, &c, 


the like powers of x + 4, to wit, x + d, x + d\, 7 + 4%, x + d', x + 4%, 
&c, or x +4, x* T2 * 4 + d*, x* + 34%. ＋ 3#4* + d x* 4K 4 
＋ Gd + 4x4* + 4, * + 5x*d + 10x*d* + 10x*d* + FY + db, 


ä 
&c, we obtained the equation, 1 + x + 4%, = the compound ſeries 
1 + — , S, , Ex“, Fx, &c 


+ £4, 2Cxd, 3D, 4Ex'd, ; Fed, xc 
C, 3Dxd", 6Ex*9*, 10Fx*d", &c 
| Da", 4Ex4*, ioFx*d?, &c 
| Ed“, 5;Fxd*, &c 
Fa, &c. 
| e 35. 

The ſecond expreſſion of the value of 1 * + d\ * was obtained by conſi- 
dering the trinomial quantity 1 + K ＋ as being a binomial quantity of which 
1 + x is the firſt member, and d the ſecond. By ſuppoſing F to be equal to 
1 + x, and conſequently f d to be equal to 1 + x + 4, and therefore F x 


I Fa (which is = f + @) to be alſo equal to 1 + * + 4, and aſſuming the 


ſeries 
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. e x A. D x7], E x J., F x Fw, forthe ve 
of 1 + 7 7 (as we before aſſumed the ſeries 1 + — #, Cx*, Des, Ex*,F x5, 


&c, for Gs Ne A”, and the ſeries 1 + 25. * *Dy?, Ey, Fy, 


&c, for the value of 1 we found 1 N to be equal tof = x 


the ſeries 1 e F x 2, EC, and 


4. 
N * X the ſeries 1 + £ x4 C * Fo D x * F 


F x = eh ee as da. — „ * . C Oe * 


Fo 
E. D x 2, 3 * IDO 4 
ſubſtitute 1 + x in _—_ terms of this oy * of f, which he equal to it), 


to the ſeries 1 - SC + — X 1 TH X © 54 FX X _ D 


0 T 
x 1 r b N * x 7. 
&Cc. ' 


+= YE 


We then equated this latter expreſſion of the value of 1 + x + A. to the 
former, to wit, the compound ſeries 


I + —X Cx“, Des, Ex“, Fi, &c 
+=, 2Cxd, 3Dx*d, 4Ex*'d, 5;Fxt4d, &c 
Cd, 3Dx4d',6Ex*d*, 10 Fd, &c * 


Dr, 4 Edi, 10 Fd, &c 
E d“, 5 Fx d., &c 
Fd, &c; and 
| I 
then ſubtracted 1 + = from the left-hand fide of this laſt equation, and the 
I 
feries 1 + —#, Cx*, Dx?, Ex*, Fx, &c (which is equal to 1 +=), from 
the right-hand fide of the ſame NT ; whereby we obtained the equation — 


X 1 Fas x c NN e me B 


= d* | 
* 1A; * =o FX ITA x ===, & = the compound ſeries 


2. 
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24, 2 C d, 3D #id, 4E, 5 F wid, &c > 
Cd, 3Dxd', 6Ex*'d', 10 Fd, &c 
| - Ds, 4Exd*, 10 F., &c 
| E d“, 5 F Ad, &c 
| ? 0 Fd, &c; 
and (by dividing all the terms by 4) the equation | 


1 1 1 1 
rr fen! 


x 1 43 a * 44 i 1 * | 5. 1107 
X's + r Xx ==; F X1 + * * == &c = the compound ſeries 


— eCx, 3 Dx“, S 4Ex*, 5F x5, &c 
Cd z3Daxd, G6Exi'd 10 FI, &c 
. D aA, 4Exd*, 10 Fd, &c 
E di, 5 Fd, &c 
< » \ Fee, :&c; and (by 
ſuppoſing d to become = o, and conſequently all the terms that involve 4 to 
1 
become equal to o likewiſe) che equation = X T N X ＋ = the ſeries 
25 2 C, 3Dx*%,4Ex*, ;Fx*, &c; and (by multiplying both ſides into u) 
- * * 5 , . 
1 


the equation I + * * — 1, 21 Cx, 31 Dx“, 41 Ex, 51 Fx“, &c; 
25 | . 
and, laſtly (by multiplying both ſides into x + x), the equation 1 + * 


e n, , 'caFx5,. &c. 
295 +©: x, 28Cx*, 3D, 46 E., &. 


: r 
Having thus obtained a ſecond expreſſion of the value of 1 + v, involv- 
ing the ſeveral powers of x, to wit, x, x*, X, x*, x*, &c, in their natural order, 
without interruption, and involving likewiſe the co-efficients C, D, E, F, &c, 


of the powers of x in the ſeries 1 + = x, Cx, Dau, Ex, Fx, &c, that was 


1 
at firſt aſſumed for the value of 1 + , we equated theſe two expreſſions of 


I 
the value of I + #|* to each other, and thereby obtained the equation 1 + — 
4% C, Dx, Ex, F x*, &c = the compound ſeries 
1, 2nCx, 3 D, 4nEx, ;nFx, &c 
+ x, 2nCx, 3 D, 4nEx, &; 
and (by ſubtracting 1 from both ſides) the equation u, C, De, Ex, F, 
&c = the compound ſeries | | 


FE 


2nCx, 
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a2 Ca, 33 DM, 4E, 5 Fr, &c 
+x, 22 CX, 3 Dx, 4 Ex, &c; 


and, laſtly (by dividing all the terms by x), the equation = Cx, Dx, Ex?, 
Fx, &c = the compound ſeries a 
2 C, 3 Dx, 4 Ex“, 55 F,, &c 
| + 1, 22 Cx, 32 D', 42 EN], &c; 
which is the grand final equation from which we are to deduce the ſeveral particu- 
lar equations (conſiſting of only three terms each), by means of which the ſigns 


of the terms C x*, D, Ex., F x*, &c, of the ſeries 1 + — , Cx*, Des, 


1 0 

Ex-, Fx*, &c (which is equal to 1 ＋ A), and the magnitudes of the co- 
efficients C, D, E, F, &c, are to bg determined, 

50. Theſe were the ſeveral ſteps of the foregoing inveſtigation, which, the 

reader will probably obſerve, bear ſome reſemblance to Mr Landen's inveſtiga- 


m 

tion of the more general ſeries that is equal to 1 + «=, which has been printed . 
above in this collection, in pages 170, 171, 175, and of which an expla- 
nation has been given in pages 176, 177, 178, 193. And I readily ac- 
knowledge that it was after a very cloſe and attentive peruſal and conſidera- 

tion of that inveſtigation of Mr Landen, and in conſequence of the ideas which 

that peruſal ſuggeſted to me, that I diſcovered the inveſtigation that has been 

here explained. It ſeems, however, to be in many reſpects different from that 

of Mr Landen, though it had been originally ſuggeſted by it; and, in particu- 

A., Te i will be d mn % eee _ 4 


. An Example to the foregoing Series. s 


51. Let it be required to find, by means of the foregoing ſeries, the cube · root 
1 12 


of the binomial quantity 1 + x, or the value of i + a3. 
Here n is = 3. We ſhall therefore have 


3 a A, 
= 3 
Stn —_y-el.e 2 


6—1 


and D = —— = - C Kc, 


and E = D =D =— 0 


4n 2 I2 
dF =E=E ==ANE == 
e +.» hn, 
and G = 7 F F = F, 


1 * | 2% Hand. 
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uc K . 2 1 ==1, 
1 N * 2 
and L==—=K = 30 K 22 


and M = Z=L = _ L= 5 ay 


and N = = M2 2 0 M, 
ad ON £= = XN, 


130 39 fo, 
and P O NO 
2 r 22 2 
* 151 FF 1985 45 ? 


| i gs : 


171 51 51 
— 172 —1 — gi—1 — 50 
mn. 4 N cs 663” wins 


Therefore the ſeries 1 + — 4 x — E 


＋ N Da Er - Gu? — Ha + Ix? — 
n—1 Ion — I an 112 —1 1 122 — 1 132 — 1 

ES Ko" + wo" ria 188 * 8 13m Na" —| 7 * 
+ == Pa 1 + = R — PE 8 + &c wil, 


in this caſe, be = 1 9 25 4 c 2 p * + = —E x 
— 1 Fas + L 6 — © Hs * 1 2 * + 2 Le" — 


BMA + Ne — = : On" + = "PRE 42 * 2 - 
Ga ** 7 — E 2 . A 
Sx" + K + — + '81 T! 555 + 79683 7 


243 729 
CLINE 408 S E u _ ANC at 
59049 1,894,323 4,782,969 14,348,907 729, 140, 163 387,420,489 
2 8.617, 640 * 70, 664, 648 194,327,782 ¹C 837725 
1,162, 261,467 10, 460, 353, 203 31,38 og yo 94,143, 178,827 


13-43 1,479,050" *. 
25415865,528,329 &c *; which therefore, is = 1 + * or the cube - root of the 


binomial quantity 1 + x. | . E. 1. 


52. Note. T his ſeries for expreſſing the value of 1 + Tr = or the cube-root 
of the binomial quantity 1 + x, and a ſimilar ſeries for expreſſing the value of 
1 


, or the cube · root of the reſidual quantity 1 — x, will enable us to 


» The co-efficients of , "4, x"5, x5, , 418 —— 4 of the 
' ſame powers of x given above in page 192, but are re to ſomewhat ſmaller numbers by di- 
vidivg both the numerators and denominators of the ſaid former co-cfficients by 13 and 17. 4 
exten 
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extend the well-known rules for reſolving cubick equations of theſe two forms, 
to wit, * + gx = r and x* — gx = 7, called Cardan's Rules, to that caſe of 
the ſecond of theſe equations which they naturally are not fitted to ſolve, and 
which therefore has obtained the name of the irreducible caſe ; which is the caſe 


in which 25 is leſs than 25 This caſe muſt be ſubdivided into two branches, 
according, as _ is greater than —£ or 52 (though leſs than £-) and as it is 


3X 27 


leſs than £. When is greater than 57 though leſs than 5, the equation 
x* — gx r may be reſolved by extending to it, by a certain peculiar train of 


reaſoning, the ſecond of Cardan's rules, or that by which the ſame equation is to 
: 3 p 
be reſolved when — is greater than 2 which extenſion may be performed by 


the help of the 98 infinite ſerieſes that expreſs the cube · roots of the binomial 
quantity 1 x and the reſidual quantity 1 — x, in a manner that is explained 
at conſiderable length in a Paper of mine publiſhed in the Philoſophical Tranſ- 
actions for the year 1778, 1 5 any mention of impoſſible roots, or impoſſi- 


ble quantities of any kind, or even of negative quantities. But when 7 is leſs 


than 525 the method explained in that Paper will not enable us to find the value 
of x in that equation, becauſe the ſeries obtained for the ſaid value will not be a 


converging ſeries. In this branch therefore of the irreducible caſe of the equa- 
tion K* — gx = 7, we are obliged to have recourſe to another method of pro- 
| ceeding, and to determine the value of x by deriving it from that of the leſſer 
of the two roots of the oppoſite equation gx * = , which leſſer root may 
be obtained by a ſimilar extenſion of Cardan's firſt rule, or that by which he 
finds the root of the equation x* + gx = r, or {x + K* r, to the equation 
qu — K* = r, by means of the ſaid two ſerieſes for expreſſing the cube-roots of 
1 + x and 1 — x; which extenſion may be made in a clear and intelligible 
manner, without any mention of impoſſible roots, or other impoſſible quantities, 
or even of negative quantities, any more than in the extenſion of Cardan's other 
rule. But this extenſion of Cardan's firſt rule to the reſolution of the equation 
gx — x? x has not yet been publiſhed. 


; * 
Of the Binomial Theorem in the caſe of 1 + xn, 
or of the nth root of the mth power of the bi- 
nomial quantity 1 + x, or the mth power of 
its nth root, when m is any whole number 
whatſoever, and n any other whole number 
greater than m. 7 


53. Having now ſhewn in a pretty full, and, I hope, ſatisfactory manner, that 
I | — 
the quantity 1 + A, or W" 1 + x, or the mh root of the binomial quantity 


212 I + x, 
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— ůů— 


* 


2 3 
n—1 2% —1 3n—1 . * —1 2n—1 32 —1 
2 * 32 * 474 ** x. N X 2" X 3" X 4 X 


4n—1 1 I 1 — 1 f 22 —1 
9 — &c ad infinitum, OT I ere Ax — - = E 


11 — S 1 — u — 1 | 6n — 1 — 1 
* * #0 Rr. + E A 
_ 3 __ K + &c, ad infinitum, agreeably to what was aſſerted in 


"20 $1.1. 
* wy 


Y - 
2" 


1. + x, is equal to the ſeries 1 + = x — - * 


** — = * 
* 


G „ 


. m 

art. 2; I ſhall now proceed to conſider the quantity 1 + # =, or the #th root of 
the mth power of the binomial quantity 1 ＋ x, or (which comes to the ſame thing) 
the mth power of its ath root, in the firſt caſe of it, or when u, the index of the 
root, is greater than the index of the power, and ſhall endeavour to ſhew that 


in this caſe, the ſaid quantity 1 + x = will be equal to the ſeries 1 + — 1 


e e 28 BSD en = e s 
nM 2 m 8 — N 

x* + = e "xn — * * #* — &c ad infinitum, or (put- 

ting A = 1, and B = — or the co- efficient of x, and C = = X —_ br the 


co-efficient of x*, and D, E, F, G, H, &c, for the co-efficients of x*, *., &, 
*, x”, and the following powers of x, in the fourth, fifth, ſixth, ſeventh, eighth, 


and other following terms of the ſeries,) to the ſeries 1 + — Ax — 6 == B x: 


+ e — [== Dx. + Ar — . F x* + == 6x 
8 — m 


A. == H x* + Tn 13 — + &c, ad infinitum, agreeably 


108 
to what was aſſerted in art. 3. Now this may be done by methods of reaſon- 
ing exactly ſimilar to thoſe which we have already made uſe of in finding the 
- | 


foregoing ſeries, which is equal to 1 + K., or W" 1 + x. Theſe methods may 
be explained as follows. 


Obſervations preparatory to the Inveſtigation of 
the Series ſet forth in the foregoing article as 


being equal to the quantity 1 v, when 


n is greater than m. 


- 


4 a — — ——— ts 


: ; | 5 
54. In the firſt place, we muſt obſerve that the quantity 1 + |=, or the 
with power of the #th root of the binomial quantity 1 + x, muſt be equal to a 


ſeries 


* 


* 
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I 


ſeries of quantities of the ſame form with the ſeries that is equal to 1 + A, or 
the nth root itſelf of the ſame binomial quantity, that is, to a ſeries of the form 1, 
Bx, Cx*, Dx*, Ex*, F x5, &c, of which the firſt term is 1, and the ſecond 
and third, and other following terms, involve in them the ſeveral powers of x, 
to wit, x, x*, *, $*, x*, &c, in their natural order without any interruption. 
For, if a ſeries of the ſaid form 1, Bx, Cx, Dx, Ex“, F x5, &c, be mul- 
tiplied into itſelf any number of times, or raiſed to any power denoted by the 
whole number m, it is evident that the product, or mth power of the ſaid ſeries, 
muſt always be a ſeries of the ſame form, or a ſeries of which x will be the firſt 
term, and of which the ſecond and third, and other following terms, will involve 
the ſeveral powers of x in their natural order without any interruption. And 
1 


therefore, ſince 1 + r has been ſhewn to be equal to a ſeries of the ſaid form 
1, Bx, Cx*, Dx*, Ex*, Fx, &c, it follows that 1 + =, or the mth power 


1 
of 1 + =, muſt alſo be equal to a ſeries of the ſame form, 1, B x, C&, Dx?, 
E. Far te Q. E. D. 


55. In the ſecond place, we muſt obſerve that the ſecond term, B x, of the 
m 
ſeries 1, Bx, Cx*, Dx?, Ex, F x5, &c, which is equal to 1 + , muſt 
be added to the firſt term 1, and conſequently marked with the fign +. 

For, ſince 1 ++ is greater than 1, the #th root of 1 + x, or the firſt of 2 — 1 
geometrical mean proportionals between 1 and 1 + x, muſt alſo be greater than 
I ; and therefore, à fortiori, the mth power of the ſaid ath root (which is greater 
than the ſaid zth root itſelf) muſt alſo be greater than 1. Conſequently the 

m 


ſeries 1, By, Cx, Dx?, Ex, F x5, &c, which is equal to 1 , muſt 
alſo be greater than 1. And this muſt be true, of however ſmall a magnitude we 
ſuppoſe x to be taken, ſo long as it has any magnitude at all. But, in order that 
the ſeries 1, By, Cx*, Dx?, Ex., Fx“, &c, may be always greater than 1, how- 
ever {mall the magnitude of x be taken, it is neceſſary that the ſecond term Bx 
ſhould be added to the firſt term 1. For, if B x were ſubtracted from 1, it would 
be poſſible, by diminiſhing x, to make all the terms Cx, Dx?, Ex“, Fx, 
&c, that come after the ſecond term Bx, become ſo much leſs than By, that the 
fum of them all put together ſhould be leſs chan B x, whatever might be the 
magnitudes of the numeral co-efficients C, D, E, F, &c; in which caſe it is 
evident that the whole ſeries 1 — BA, Cx*, Dx, Ex, Fx5, &c, would (even 
though all the terms after B x ſhould be added to the firſt term 1, and the ſeries 
ſhould conſequently be 1 — By + C + D + ENT Fx + &c) 
be leſs than the firſt term 1; which, we have ſhewn, it never can be. Therefore 
B x cannot be ſubtracted from t, but muſt be added to it; and the ſeries that is 


equal to 1 + «|=, muſt conſequently be of this form, 1 + Bx, C, Dx?, 
Ex“, Fx“, &c. | Qs E. b. 


56. The 
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56. The truth of the foregoing obſervation, to wit, that the ſecond term, B x, 


m 
of the ſeries 1, By, Cx*, Dx*, Ext, F x5, &c, which is equal to 1 + x\n, is 
to be added to the firſt term 1, and not ſubtradted from it, will likewiſe appear 
by raiſing a few of the powers of the ſeries 1 + = * — = * — xx + &c 
I 
(which is equal to 1+ x 29 by actual multiplication. For we ſhall find, in 
all the powers that we ſo raiſe, that the ſecond term is always added to the firſt ; 
and we ſhall at the ſame time be eaſily able to perceive, from the manner of the 
operation, that the ſame thing muſt take place in all higher powers whatſoever 
of the ſame ſeries, and conſequently in the mth power of it, or in the ſeries that 


m” . | 
is equal tot +=. Now the ſecond, third, fourth, and fifth powers of the 
=== x* + &c, carried only to three terms, may be 


ſeries x + * — * 2 


raiſed in the manner following. 
i + F 12 > —= xx + & 
N I + Sx = = Xx == xx + &c 
D 
＋2 2 += Fx &c 
— 2 X —= xx — &c 


i+xÞ}=1 + =#— = X = xx &c 


1 + an" = I + S#—= Xxx + & 
I +=#——= & 
+ —=#+=X=#* = & 


+ oP + = x - * 2 x* &c 
21 r 

I 2 x 22 x* &c 

/ + =x+=X >#* — &c 
N — &c 


1+x 
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In all theſe powers of the ſeries 1 + > # — > x = #* &c (which is 


1 * 
equal to 1 + x]*), the ſecond term is added to the firſt term 1; and from the 
manner of raiſing theſe powers (which is done by multiplying the laſt ſeries, or 

| . 5 


the ſeries equal to the laſt power of 1 A, by the ſeries 1 + * - x 
== x* + &c, and conſequently by adding the product of the laſt ſeries mul- 


tiplied by — x to the product of the ſame ſeries multiplied by 1, or, properly 


ſpeaking, not multiplied at all), it is evident that the ſame thing will always take 

place, or the ſeoond term will be always added to the firſt term, in all higher 

powers of the ſame ſeries whatſoever, and conſequently in the mth power of it, 
m 


or in the ſeries which is equal to 1 + x]*. . E. b. 


57. And, in the 3d place, it is evident likewiſe from the foregoing operations 
(whereby we have obtained the three firſt terms of the ſerieſes that are equal to 
2 


_ 4 x | ER 
1+x]", 1+ *.*, 1 + *.*, and 1 + A, reſpectively), that the co- effi- 
cient of the ſecond term of each of theſe powers of the ſeries that is equal to 


1 + A, is always a fraction, of which the index of the power to which the va- 


1 , 
lue of x + * is raiſed is the numerator, and u is the denominator. Thus, the 


co- efficient of the ſecond term of the ſeries that is equal to 1 + x|*, to wit, 
the ſeries 1 + — * — — * _ * &c, is the fraction =; and the co- effi- 


a | 3 
cient of the ſecond term of the feries that is equal to 1 + A, to wit, the ſeries 
1 + —— * — — * — ** &c, is the fraction =; and. the co-efficient of the 
ſecond 
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: \ ; is 
ſecond term of the ſeries that is eqM! to 1 + x)" „ to wit, the ſeries 1 + Sx 


— — * #2 #* &c, is the fraction — and the co- efficient of the ſecond 


L 4 
term of the ſeries that is equal to 1 + x", to wit, the ſeries 1 + S _ 
* —— ** &c, is the fraction — And it is evident that the ſame thing will 


. I 
take place in all higher powers of 1 + AI, or of the ſeries 1 + — * — = + 


* + &c, and conſequently that the co-efficient of the ſecond term of the 
To 
ſeries that is equal to 1 + |= will be — and that the ſaid ſecond term itſelf 


will be _ #. Therefore the two firſt terms of the ſeries that is equal to 1 + xz 


will be 1 + — x. And theſe three obſervations will always be true, whether u 


be greater than , or w be greater than n. b 
Theſe things being premiſed, the values of the following co-efficients, C, 


D, E, F, &c, of the ſeries 1 + =, Cx*, De, Ex*, Fx, &c, which is 


| m | 
os toT + x|* (n being any whole number whatſoever, and # any other 
whole number greater than m), may be inveſtigated in the manner following. 


An Inveſtigation of the third; fourth, fifth, ſixth, 
and other following terms of the ſeries 1 + — , 
Cx*, Dx, Ex, Fx, &c, which is equal 

m 


to 1 + xn, or the mth power of the nth root 
of the binomial quantity 1 + x, when m is any 
whole number whatſoever, and n is any other 
whole number greater than m. 


58. Let y be put = the ſeries *, Cx*, Dui, Ex*, Fx", &c, or1 + y 
be equal the ſeries 1 + — x, Cx*, Dx?, Ex*, Fx“, &c, which is equal to 


m , — 
1. Then will 1 F be equal to the nth, power of 1 + xs, or to 


I + x}. But, by the binomial theorem in the caſe of integral powers (which 
has been demonſtrated above in the preceeding tract in pages 153, 154, &c — 


— 169,) 1 + a" is = the ſeries 1 + — x + = X * 4 DX m1 


2 2 


4 . 
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2 MEND = x = X, === X 
ln 3 and 1 S . += y 4 es 
' LY 1 — 1 — - 22122 1 — LY 1 2 1 
n X D N X N ex 
—= + &: Therefore wo fees 1+ 2 x + 2 x 
M —= I m GEE: 2 — 2 m — 1 m 2 MM — 3 2 
I 3 E 57-9 * 4 7 I 
X — Xx = i =2 x i 4 ke; will be equal to the ſeries 1 + 


1 ma — v XZ x = x 


I 2 3 


1 „ T NE IR + &c; and conſequently 
(ſubtracting 1 from both ſides of the equation), the feries = # + = X 


14 Seen 7 = 4 e ie eee 
2 — f — ** 7 
— : * 2 5 * 22 * + &c, will be equal to the ſeries — y + = 
x s ,,, ng 1. 

n—T1 2-2 3 . þ 
Rr — 55 + KW. 

59. To ſhorten the dion of theſe co-efficients, let us put Q. _ X 
m — 1 3 m1 m— 2 1 
renn 2 3 


＋ * * * und = . f 


* And we ſhall then have mx + Q + R + Sx* + Te. 
+ &c = ny + % +19* + 59* + ty* + &c. 


60. We muſt now raiſe the ſeveral. powers of the ſeries = —x, Cx*, Dx?, Ex“, 


Fx5, &c, or By, Cx, Dx*, Ex*,Fx*, &c (which i is equal to y), in order 
to have: the values of y* > $2, 5 „5, cc, expreſſed in N *. This may 
be done 1 in the manner following : 
1 = Ba, Cr, Dx, Ex, Pu. Ke 
3 = Bay Ca, Dot Ex-, F x3, 
Br, BCI“, BDx*, BEN, &c 
BC x*, C*#*, CDx', &c 
BD, CD, &c 
BE x*, &c _ 
** = Herres, 7 BD x"; 2 BEx*, &c 
C, 2 CD- & 
Vol. II. 2 K Jy = 


1 - 
E _ 
. 4 E + 
-—- - *2& 
& . 
fp P 
- 
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; of oS = B, Cx“, Dx, &c 


Br 2B*Cxr, 2B*Dai, &e £9 
BC“,  &c ad 
e | B Cx, 2 BC*x5, &c | | 
To, B- Dx,  &c 
f „ %, 355 3 B*Dx5, &c 
| 5 3 BC*x*, &c 


3 = "Bs, Cx*, &c chord. 
Bier, 3 BCN, &c 


B:Cx5, &c | . 
9+. ="B*x*, 4 BC x*, &c 
= Bx, Ac 


5 9* = Bix5, &c. | | 
6. By ſubſtituting theſe powers of the ſeries Bx, Cx, Dx?, Ext, Fx, 
&c, inſtead of y, y*, , „, y*, &c, in the equation mx + Qx* + Rx + 
SX TT + &c = ny + 9y* + 79* + 5y* + ty* + &c, we ſhall have 
the ſimple ſeries wx + Q + RN + S xt + T x* + &c = the compound 
n Ba, nCx*, Den, 1 Ex!, n Fu, &c 

. + qB*x*, 24B3C, 29 BD, 29 BE, &c 

20, 29 CD, &c 

+ r B*x*, 37 B*Cx*, 37 BD, &c 

| 37 BC*x*, &c 

+ 5 B*x*. 45B*Cx5, &c 
= | + t B*x*, &c. 2 
Therefore, if we divide all the terms of this equation by x, we ſhall have 


the ſimple ſeries m + Q + RK + Sx* + T #+ + &c = the compound 


ſeries 1 24 
, n Cr, „Dei, nEx?, nFx*, &c 

+ og B*x, 2qBCx*, 2gBDx?, 2qBEx*, & 

| bd 

+ r B*x*, gr B*Cx?, 3B DH, &c 

37 BC*x#*, &c 

| wy + 5 B*x*, 4s5B*Cx*, &c 
1.3] ns + 7B*x*, &c. | 
And this equation will be true, of however ſmall a magnitude we ſuppoſe x 
to be taken: and conſequently it will be true alſo when æ is equal to o. But, 
when x is = ©, all the terms in this equation that involve x in them will be 
equal to o likewiſe, and conſequently the equation will be as follows, to wit, 


„ nB. Therefore B will be = —, agreeably to what has been already 
ſhewn in art. 57, and conſequently the two firſt terms of the ſeries 1 + B x, 


c, Dx", Ex*, Fx, &c, which is equal to T + N will be 1 + E. 
| . 
62. Since 
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62. Since m is equal to » B, it follows that, if we ſubtract m and » B from the 
oppoſite ſides of the laſt equation, the remainders will be equal; that is, the 
ſimple ſeries Q + Rx* ＋ S + T x+, + &c, will be equal to the com- 
pound ſeries | 
RCs, oDs*, 1 Ex, x F x*, & 
+ q B*x, 2qBCx*, 2qBDx'%, 2qBEx*, &c 
| C, 2qCDx*, &c 
+ rB*x*, gr B*Cx?%, 3r B*Dx*, &c 
37 BC*x*, &c 
+ $5 B*x*, 4sB3Cx*, &c 
+ t B*x+, &c. 
Therefore, if we divide all the terms by x, the quotients on both fides will be 
equal; that is, the ſimple ſeries Q R&R + Sx* + T. + &c, will be equal 
to the compound ſeries x. 
1 2ST „ D x, nEx*, nFx?,. &c 
+ q B*, 2qBCx, 29 BDK, 29 BEN, &c 
0 q C*x1,, 20D, &c 
+ rB*sz, 3rB*Cx*, 3rB*Dx?, &c 
| gr Nun, &. 
+ 5 B*x*, 45 B*Cx?, &c 
| | | + #B* , &c. 
And this equation will always be true, to how. ſmall a quantity ſoever we ſup- 
ſe x to be diminiſhed ; and conſequently it will be true alſo when x is = o. 
But, when x is,= o, all the terms on both ſides of the equation, that involve x, 
will alſo be equal to o, and conſequently the equation will be as follows, to wit, 


Q= #C + 9B, chat is, (becauſe Qis = => x ==, andg is = & —) 
— * vill be C + — * — * B*, or (becauſe B is = =) = * 
== will be C + 2 * — * = X =, or — X == will be n C 
72 

be = » C + =; whence (adding == to both fides) we ſhall have == = 


| 22 
4 m : m* | n+m 
nC + —— —, and (adding — to both ſides) = = uC + == =, 
and (ſubtracting = from both ſides), — =nC + — ; that is, — will be 
equal to — together with x C, either added to it or ſubtracted from it, as may 
be neceſſary to produce ſuch equality, But, becauſe # is ſuppoſed to be greater 
than m, will be greater than =; and conſequently a C muſt be ſubtracted 


from == in order to make it equal to , or 2, We ſhall therefore have — 
= — #C + ==, and conſequently (adding u C to both ſides) = +#C = 


2 


ESD vill 


X m?*, or mn * vill be = #C + — xXx m*, or 


e : m* © | ay mn—m* 
>, and (ſubtrafting -r from boch fides) 1 C = > = = EE = 


2 K 2 : m X 
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mM NK m „n 


* 1 * , and conſequently 0 = 2 | x LDF. Therefore the 
third term, C #*, of the ſeries 1 ＋. 2 «, Cx*, Dei, Ex*, Frs, &c, which is 


equal to 1 + A, muſt have the ſign — prefixed to it, and will be = = X 
"— x x*, and the three firſt terms of the ſaid ſeries will be 1 + * 2 


22 
12 * 


2 


63. It has been ſhewn, in the laſt article, that Qis = #C + 9 B?, or (becauſe 
it has alſo been ſhewn that 1 C is to be ſubtracted f os or to have the ſign 
— prefixed to it) — C + q B*. Therefore, if we ſubtract Q and — 2C + 
9 B* from the _—_— ſides of the equation which was obtained in that article 
by the diviſion of x, the remainders will be equal to each other; that is, the ſim- 
ple ſeries Ræx + S#* + TA +-&c will be equal to the compound ſeries 

- 2» Dx, n Ex, zF x, &c 
2q4BCx, 2q4BDx*, 29 BEA, &c 
qC'x*, 2 De, &c 
+ rB*z, 3r BCM, grB*Dx?, &c 
| 31 BC*x*, &c 
+ 5 Bi*x*, 4sB*Cx?, &c 
| + #B+5x?, &c: or, if 
we prefix the fign — to the terms 2 7 BC x, 37 B*Cx*, and 4s BCA (in 
which the ſimple power of C occurs with the powers of B), and the ſign + to 
the terms q Ci, 3 4 BC*x* (in which the ſquare of C occurs by itſelf and 
with B), the fimple ſeries Rx + Sx* + T x* + &c will be equal to the com- 


pound ſeries 


X * Q, E. I, 


—« eg Dy, Ex, xFx*, &c 
— 2 qBCx, 29 BD, 2qBEx?, &c 
4 + g C*x*, 290 Dx, &c 
+ r B*x - 37 B*Cx*, 37 B*Dx?, &c 
| + 37 BC*x?®, &c 
+ 5 B*x* — 4463 C, &c 
2.59 | + #B*x3, &c. 
Therefore, if we divide all the terms of this equation by x, we ſhall have the 
fimple feries R + S# + T x* + &c = the compound feries 
» D, 1 E x, uF x*, &c 
— 24 BC, 29 BDx, 2qgBEx*, &c 
+ g C*'s, agCTDax*, &c 
+ r BY — 3r B*Cx, 3r B*Dx*, & 
"A 5 + 31 BC*s*, &c 
+ 5 B*%x — 45 B*Cx*, &c 
| + 4 B*x*, &c. 
And this equation will be always true, to how ſmall a quantity ſoever we ſup- 
Poſe x to be diminiſhed ; and therefore it will be true alſo when & is = o, But, 
when 
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when is o, all the terms in the equation that involve-x will be equal to o 
likewiſe, and conſequently the equation will be as follows, to wit, R AD — 
29\BC + 7B 3: by examining and reſolving which equation we may both de- 
termine whether the ſign + or the ſign - is to be prefixed to the quantity # D, 
and conſequently to D x?, or the fourth term of the ſeries 1 + Bx, Cx, Dx“, 


m 

E x*, F.x*, &c, which is equal to 1 + A (from which fourth term the ſaid 
quantity # D has been derived by the operations of multiplication and diviſion 
in the courſe of the foregoing proceſſes), and likewiſe what is the magnitude of 
D, and conſequently that of D. Now this reſolution will be found to be a 
matter of ſome intricacy. It may, however, be performed in the manner fol- 
lowing : 

| 64. By ſubſtituting — * 2 * * in this equation inſtead of R, and 
* 21 * 12 1 1 — 2 N 62 0 — 
＋ X —— inſtead of 9, and r X * inſtead of r, and inſtead of 


B, and — „ inſtead of C, it will become as follows, to wit, = * 


mMm—T 
2 


8 7 e . - z — Mm LA 1 — TI * — 2 
* —— =#D "NY 7K RON dn 


3 
x . or IZED =D f = x = + Hong 


— 


6 


m . tam TIT ay OY. 3, (an—gun+2 
T, or _ =D OS AYP * * 


D- 3 * eee E 
Fs m — qm*n + 2m3 = xD — mn + 3m n—m3 + mn* 
Gun Gn 
I” to both ſides) we ſhall have = = nD E= , and (ad- 


ding . to both ſides) H = xD + WET, and (ſubtracting 


bun 
2 + ne zun 


toom both ſdes) f = »D + 2. 


; and conſequently (adding 


Now —_—t- is greater than == as may be thus demonſtrated. Since is | 


greater than m, m will be greater than u, and conſequently 2m*n + mn* 
will be greater than a + m*n, or than 30˙ . Further, fince m, n, and 
mare in continued proportion, the common ratio being that of x to m, it follows 
from Euclid's Elements, Book 5, Prop. 25, that the ſum of the two extreme 
terms will be greater than twice the middle term; that is, mn* + m will be 
greater than 2m'n. Therefore mn* + mn* + m* will be greater than mn* + 
2 x, or 2mn* + n will be greater than 1 + 2. But it has been ſhewn 
that mn + 2m*n is greater than * amn, or 3. Therefore 2mn* + 
m (which is A than mn* + 2m*n) — 2. fortiori, be greater than 31A. 
v 2m 7 | | | 

Therefore jos will be greater than — d. E. D. 

| Since 


« 
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1 2 — * | N 2 * 
— 58 is greater * dr, but equal to 1D + , it fol- 
lows that » D muſt be added to = in order to' produce the ſaid equality, 


Therefore the ſign + muſt be prefixed to » D, and conſequently to D x?, or 
the fourth term of the ſeries 1 + Bx, Cx*, Dx?, Ex“, Pes, &c, which is 


2 ual to 1 + xn, or the ſaid fourth term muſt be added to the firſt term 1. 
Therefore the four firſt terms of the ſaid ſeries will be 1 + Bx C + Dæs, 


or 1 + = x Xx + Dx? ; which was the firſt point that was to 
be determined. © gs L | 140 
And, ſecondly, the magnitude of D may be determined by means of the 


; —_———— | 
equation laſt-obtained, to wit, — uk =#D + 2, or —.— = ＋ D 


| Since therefore 


+ . For, by ſubtracting br from both fides, we ſhall hape 2 D = 
a2 —.— = = — .—— ee — X 7 2, and conſequently (di- 
viding both fides by n) D = D x === 


XxX D CR or 
—— * C. Therefore the four firſt terms of the ſeries 1 + B x, Cx*, Dx?, 


2% 33 


4 o 


m | 
Ex., Fx5, &c, which is equal to 1 + Ar, are 1 + =x _ =X —_— * 
* nnz 4+ 2A FB. Lc. | 


2 32 
e . 


65. It is poſſible, in the like manner, to determine the ſigns + or — that are 
to be prefixed to the following terms, Ex*, Fx, Gx*, &c, of the ſeries 1 + 


Bx, C, Dx?, Ex“, Fx, G, &c (which is equal to 1 + , and to 
find the values of the co- efficients E, F, G, &c, by the reſolution of the like 
ſimple equations which may be derived from the fundamental equation obtained 
in art, 61. The equation for determining the ſign and value of the fifth term, 
Ex“, of the ſaid ſeries, is as follows, to wit, S=#E + 2qBD + gC* — 
37 B*C + 5B+; and the equation for determining the ſign and value of the 
fixth term, F x*, of the ſaid ſeries, is as follows, to wit, I F — 2qBE — 
2q4CD + 37 B*D + 3r BC* — 4sB*C + #B5. But the computations 
that would be neceſſary to the reſolution of theſe equations would (as the reader 
will eaſily conceive from the difficulty we have found in reſolving the laſt equa- 
tion for determining the fign and magnitude of Dx?) be exceſſively compli- 
cated and troubleſome; and in the equations for determining the following terms 
Gx, Hr, I'x*, K x*, L x?, &c, of the ſaid ſeries, the intricacy of the calcu- 
lations would be ſo great as to make the reſolution of thoſe equations abſolutely 
impracticable. And therefore I ſhall proceed no further in this method of in- 

veſtgating 


*. 


* 
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e xx ares I + ws C“, Dae, Ex“, Fb, * which 


| equal to I = IT 


© 66. And further we may obſerve, concerning this method of inveſtigating the 
terms of the ſaid ſeries, that, if it were not ſo exceſſively laborious in the practice 
as we have ſeen it to be after the two or three firſt terms of it, but we were able 
to compute twenty or thirty of its'terms with only a moderate degree of trouble, 
it would till be impoſſible to aſcertain, by means of the terms ſo computed, 
the law of their generation, or continuation, one from another, ſo as to be able 
to conclude with certainty that the ſaid law muſt take place with reſpe& to 
the terms that had not actually been computed, as well as with reſpect to 
thoſe that had: which is the object we ought rincipally to aim at when we 
are inveſtigating the terms of this ſeries. * I ſhall therefore on this account, as 
well as on account of the inoreafing intricacy of the calculations that occur in it, 
deſiſt from all further proſecution of this method of inveſtigating the terms of the 


m 
ſeries 1 4 Bx, Cx*, Dx*, Ex., Fx, &c, which is = 1 + x] ; and ſhall 
proceed to lay before the reader another method of inveſtigating it, which will 
both be much eaſier to practiſe than the foregoing method, and will alſo enable 
us to diſcover the law by which the co-efficients B, C, D, E, F, G, H, I, K, L, 
&c, of the powers of x ar generators or formed, one from another; and to con- 
clude that the ſaid law muſt take place in the terms which have not been actually 
computed or inveſtigated, as well as in thoſe that have. This method is exactly 
ſimilar * chat by which we inveſtigated the terms of the ſeries that is equal to 


I + A, or ir Tx, in art. 36, 37, 38, 39, 40, and 41. 


Another ee of the third, fourth, feb, 
ſixth, and other following terms of the Series 
1 + =, #, C, Des, Ex“, Fa“, &c, 
m 


which is equal to 1 + xn, or the mth power 
of the nth root of the binomial quantity 1 + x, 
when m is any whole number whatſoever, and 
n is any other whole number greater than m. 


— — 


65. It has been 3 above, in the three obſervations contained in art. 54, 55, 
5b, and 57, that, if x be of any magnitude leſs than I, the quantity I 1+ xn, or 


the mth power of 1 + 2 G of the chf 1wot of i +- 5, will be equal HS 
ries 1 + , Cx*, De“, Ex*,Fx*, &c, in which C, D, E, FE, &c, repre- 


ſent certain numeral co-efficients of x*, x?, *, s, &c, that are always the ſame, 
whatever 
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whatever may be the magnitude of x, It follows, therefore, that if we ſuppoſe 


* to be increaſed from any one particular magnitude denoted by x, to _ other 


magnitude (leſs than 1) that is denoted by y, the quantity 1 + _ or the 
I . | 1 : . A S 


mth power of 1 + 7\* or of the nth root of 1 + I, will be equal to the ſeries 
I + =, Cy*, Dy?, Ey*, Fy:, &c. Now let d be equal to the difference 
by which y exceeds x; ſo that x + 4 ſhall A yy toy: and let & * d be 


ſubſtituted inſtead of y in the laſt equation 1 7 2 1 + =, c Dy*, 


Ey“, Fys, &c. And we ſhall then have T T + fd = the ſeries 1 ＋. = X 
x +4, C Y TT, Dxx +4), E x x + 4, FN ＋ Ad, & = the ſeties 
I+—=Xx +4, CxX*+2zd + 4, DU FTI r 


EXx* + 4x'd + 6x*4* + 4*4* + , FXx* + 5x*d. + os + 
10 + 5#4* + d, + &c = the compound feries 


1 + x, C, De, Ee“, Fx:, &c 


= 2 d, 2 C d, 3 Dx, 4E], 5 Fd, &c 
aner + ©, 6Ex*d*, 10Fx*d*, &c 
| Da", 4Exd*, roFx*d', &c 
| 7 >f A © "i... a 

Fd, &. 


68. Let be 1 K And we ſhall have f+ 4 =" —— and 
2298 N. Buſ+ db =/ x1 . e Therefore f + 775 
will be = FT X N : Bur, becauſe EIB is equal to the ſeries 


1 + — *, Cx“, D x?, Ex“, F xs, &c, it follows that I — 5 will, in x 
manner, be equal to the ſeries 1 + = * 75 * A. 5 A. EN. 


dy. . E . F 
ö m 


&c. Therefore F =» * 1 5 will be equal F = x the ſeries 1 + 


Pe — 


1 1 

— ds — the for; 4 

r Hep F. x r 47 8 Bp 

* fig gp * , B * A. F 
m 
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x f+ r, ke. Therefore f T fe (which is = f ® x «+27 wil 


m m 
e ih += ah x £,Cxf*®x<,D * 


F N 2 X —, &c. Therefore, if we ſubſtitute 1 + x in 


77 bl = "cs 2 
this laſt equation inſtead of f, to which it is "OY we ſhall and 1 + x + 777 


m 4* 
= the ſeries 1 a5 42 * . r 
* 1 Fa. pſp nc ron pſig es TER Ke. 


69. But it has been ſhewn in art. 67, that I + x + "Io is equal to the com- 
pound ſeries 


1 ＋ r, S, Da; Ex“, Fx, &c 
+ 24. 2 Cxd,. 3 Dx d, 4 Ex, 5 Fd, &c 


Cd, 3, 6Ex*d*, 10 F., &c 
Da, 4Exd*, 10 F., & c 

E 4*, 5 F xd, &c 

Fd, &c. 


1 * m * 
Therefore the ſeries 1 T Af + = X 1 + x" Xx * f x 


a* x...4 42 - d 8 
r * 1 7 x ETA * FX + x) X 
= &c, will be equal to the ſaid compound ſeries | 

I + =, CT, | # - af 00 Ex“, F x5, &c 


+ 24, 2Cxd, 3Dx*d, 4Ex'd, S5 Fd, &c 


Cd*, 3D#d*,"6Ex*'d*, 10 Fd, &c 
Dad, 4Exd*, 10Fx*d*, &c 

Ed“, 5Fxd*, &c 

Fd, &c. 


om 8 
70. Now let 1 + #* be ſubtracted from the left-hand fide of this laſt equa- 
tion; and the ſeries 1 + — x, Cx*, Dx*, Ex“, Fx, &c (which is equal to 


* 
1 + A), be ſubtrafted from the right-hand fide of it. Then, it is evident, 


the remainders will be equal to each other; that is, the ſeries — — * T5 
Vor. II. « 3% 4 


x m— 


I+z, 
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A TAs „ ==5;, B x TF An 


x 5 F X 1 + AT X — &c, will be equal to the compound ſeries 
— &, 2Cxd, 3Dx*d, 4Ex*'d 5 F, &c 
| Cd", 3Dxd*, 6Ex*d*, 10 Fd, &c 


Dar, 4 Exd*, 1oFx*d?,; &c 
Ed“, 5 Fd, &c 


Fa, Kc. 
And N if we divide all = terms by d, we ſhall bave the ſeries 
m 


Z x Y, c ENG gs BETTA” x gn 


X.1 TIT x ==, F N 1 8 x ===;, &ec = the compound ſeries 


2, 2Cx, 3D, 4Ex%, F, & 


Cd, 3Dxd, 6Ex*d, 10 F, &c 
DG, 4 End, 10 F x*d*, &c 

Ed,, 5 Fd, &c 

ö F 4*, &c. 


71. This tion 1s . true, how ſmall "MAC we may ſuppoſe d to be: 
and therefore it will be true alſo when d is = o. But, when 4 is = o, all 55 
terms on both ſides the equation that involve 4 will be equal to o likewiſe; 


er, the equation will then be as follows, to wit, — X TD x 
= the ſeries — —, 2 Cx, D 4 Ex, se. &c. bra. if we 


I 55 
multiply all hs! terms by the fraction =, we ſhall have 1 + * * — - = 
the ſeries „ ＋ Cx, DE“, — Ex, = F xt, &c; and, if we multiply 


both ſides of this laſt equation by 1 + x, we ſhall have 1 + * = the com- 
pound ſeries _ 


Ty MCs, = D x*, 4 — E x?, Fe, &c. 
+ *. Ca, = Dx, = Ex“, &c. 


72. But1 * is alſo equal to the ſeries 1 + = — x, Cx*, D x3, Ex“, 


F x5, &c. Therefore the faid ſeries 1 + = x, C x* a be, Ex“, F x", &c, 


vill be * to the compound ſeries 
6 2% 


2 7 
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1, —= Cx, Dex“, EH, Fx“, &c. 

| + x, CWM, ED, = Ex“, &c; 
and conſequently (ſubtracting 1 from both ſides of the equation) we ſhall have 
the ſeries — x, Cx*, D, Ex,, Fx, &c = the compound ſeries 


and, laſtly (dividing all the terms by &), we ſhall have the ſimple ſeries _ + | 
Dx*, Ex?, Fx“, &c, equal to the compound ſeries 

2c, ADs E Ex, = Fx, &c 

+27, _ C _ D x?, —. Ex,, &c; 
by the help of which equation we may diſcover both “which of the ſigns + 
and are to be prefixed to the ſeveral co-efficients C, D, E, F, &c (and con- 
ſequently to the correſponding terms Cx“, D x*, Ex“, F, &c, in the ſeries 
1 + = x, Cx*, Dx*, Ex*, Fx*, &c, which is equal to 1 + K J),“ and alſo, 


e what are the magnitudes of the ſaid co-efficients C, D. E, F, &c, reſpectively.“ 
This may be done by proceeding in the manner following: 


73. In the firſt place, ſince the ſimple ſeries = Cx, Dx*, Ex?, Fe- &c, 
is equal to the compound ſeries 2 
8 c, D, EM, Fe, &c 
＋ , C De, Es, &c, 

and this equation is always true, of how ſmall a magnitude ſoever we ſuppoſe x 


to be taken, it follows that it will alſo be true when x is = o. But, when x is = 
o, all the terms in the equation that involve x will be equal to o likewiſe; that 


is, all the terms on the left-hand fide of the equation, except the firſt term =, 
and all the terms on the right-hand fide of the equation, except the two firſt 
terms of the two lines of terms, to wit, _ C + , will be equal to o. There- 
fore = will be = to — C + 1, or to 1, . or to 1 together with = C, 
either added to it or ſubtracted from it, as may be neceſſary to produce ſuch 
equality. Now, becauſe # is ſuppoſed to be greater than m, — will be leſs than 


1, and conſequently _ C mult be ſubtracted from 1, in order to make it equal 
2 L 2 | + to 
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to =. Therefore the fign — muſt be prefixed to — C in the equation = = 
m nA 
——— 4 '» or — = 1 — C; and conſequently the ſign — muſt alſo be pre- 


fixed to the third term C x* of the ſeries 1 + = x, Cx*, Dx*, Ex*, Fx*, &c 


* 

(which is equal to A), from which third term the ſaid quantity _ 
has been derived by the operations of multiplication and diviſion in the courſe 
of the foregoing procefles. Therefore the three firſt terms of the ſeries 1 + 
= x, Cx*, D, Ex*, Fx5, &c, which is equal to 1 + AJ, will be 2 + = x 
— Cx*. 2. E. 1. 

And the magnitude of the co- efficient C may likewiſe be determined by 
means of the equation — * — C, or — =1 = -= C. For, by adding 
C to bath ſides, we ſhall have = + = C = 1; and, by ſubtracting = from 
both ſides, we ſhall have — C212 — = —=; and (by dividing both ſides 


by , or multiplying them into =) C = = x —= == x — There- 


fore the three firſt terms of the ſeries 1 + = x Cx*, Dx, Ex, Fx, &c, 
m 


which is = 1 + x", will be 1 + = 2 — 00-3 + Ar — 


1 2% 


— B. | A. . 1. 


74. To determine che ſign that 1s to be prefixed to the fourth term, D x?, of 


the ſeries 1 + = x, Cx*, Dx?, Ex“, F x3, &c, which is equal to 1+ =, 


and to find the magnitude of its co-efficient D, we muſt proceed as follows : 
Since the ſign — is to be prefixed to the co-efficient C, it mult likewiſe be 
prefixed to all the terms which involve it in the grand, fundamental equation 


obtained in art, 72, to wit, the equation between the ſimple ſeries — Ca, De“, 
Ex, Fx“, &c, and the compound fenes 

1 C, —— Dx, — Ex“, Fs, &c 

+ 1, _ Cx, —— Dx*, Ex, &c; 
which equation will therefore be as follows, to wit, the ſimple feries — — Cx, 
Dx*, Ex“, Fx, &c = the compound ſeries 
| CC, E., EE,, 2 Fs", &c 

m m * * _ 


&.4 ——Cx, = Dx, = E x?, &c. 
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Let 2 Cx be added to the two ſides of this equation; and we ſhall then have 
the ſimple ſeries = + Cx, Dx*, Ex?, F, & = the compound ſeries 


c, E D, = Ex, EF x, &c 
m m m m 
+ 1, — —= Cx, _ Dx*: — Ex, &c 
＋2 Cx. | 
But it has been ſhewn in the laſt article, that > i iS= 1— — —C. Therefore 


if we ſubtract = and 1 — — — C from the oppoſite ſides of the laſt equation, the 


remainders will be equal to > eh other; that is, the ſimple ſeries Cx, D x?, 
E x*, Fx“, &c, will be equal to the compound ſeries 


2 32 &c 
— == C x, = - Dx*, = Ex, &c 
2 c "2 — e xe (dividing all the terms by x), 
we ſhall have the * ſeries C, D x, Ex, F x*, &c = the compound ſeries 
E Dp, Ex, F., &c 
c, E Ds, = Ex, xe 
m m m 
+ 2 C. | 


And this equation will be true, how ſmall ſoever we may ſuppoſe x to be: 
and therefore it will alſo be true when x is = o. But, when x is =o, all the 
terms that involve x will be equal to o likewiſe, and conſequently the equation 


will be C= EZ D— =C +2C. Therefore C + 2 = C will be = =D 
+ 2C, and 22 C will be & 2 D + C, or C, = D; that is, = C will be 


equal to C together with = D either added to it or ſubtracted from it, as may 
by neceſſary to produce che · ſaid equality. But, becauſe is greater than m, 
— C will be greater than — C, or than 2 C, and, nts greater than C. 


Therefore, in order to make C and D be equal to = C, — D muſt be 


added to C, and conſequently muſt have - the ſign + prefixed to it. Therefore 
the ſign + muſt alſo be .prefixed to the fourth term, D x2, or the ſeries 1 + 


=, Cx*, Dr, Ex“, Fx*, &c (which is equal to 1 + I) from which 


fourth term the quantity = = D has been derived by the operations of multipli- 
cation and diviſion in the cu ö the foregoing proceſſes. Therefore the four 
firſt terms of the ſaid ſeries will be 1 + - Cx* + Des. d. E. 1. 
: And 


% 
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And the ne of the co· efficient D may likewiſe be determined by 
means of the equation — C = C + E= D. 142 by Oak C from both. 
Ges we hall have . DS E C.— C = — 11x'C = - 
(by dividing both ſides by ==, or auliphing them into =) D = 75 
C, or (becauſe C is = = * DS = x <= x —. "a 


3" 
vader he oor an en of oh ie 4 e Des, Ex“, Fx, 


key which ene Ne r f EX VEE xs 
"2t >» =x?, r ＋ EA -B —— 2 1 1. 


75. "To determine the ſign that is to be BBs to the fifth term, E x“, « 


the ſeries 1 1＋ 2 Cx* 2 Das, Ex“, F x*, &c, which is equal to 1 + "A 


and to find the magnitude of the co efficient E, we muſt proceed as follows: 
It has been ſhewn in the laſt article, that the imple ſeries C, Dx, Ex*, F x7, 
&c is = the compound ſeries , 


2 5. — Ex, F, & 


=C, 2 Dx, EEx, &c 
+ 2 1 or \ (prefixing the fign + to the terms which in- 
volve the co- efficient D), that the ſimple ſeries C +Dx, Ex*,F x?, &c, is = 
the compound ſeries 
— n 2 Ex, & Fx", &c 
22 C +4 Dx, = Ec 
+ 7 15 And i it has bes ſhewn alſo in the ſame 8 
chat C is = + 1 D—=C+2C, Therefore, if we ſubtract C from the 


left-hand ide of the laſt equation, and + 2 =D = —C + 2 C from the right- 


hand fide of it, the remainders will be equal; that 1s, the ſimple ſeries + D x, 
Ex“, Ch *, &c, will be = the compound ſeries 


EEx, Fx, &c 


+ — Dx, < 4 Ex*, &c; and conſequently (dividing 


all the terms by x) the ſimple 12 + p, Ex, F x*, &c, will be = the com- 
pound ſeries 


E, Fx, &c 
| + ED, = Ex, &c, 
And 
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And this equation is always true, of however ſmall a magnitude we ſuppoſe x to 
be taken : and therefore it will alſo be true when * is = o. But, when x is 
So, all the terms in the equation that involve x will be equal to o likewiſe, 


and conſequently the equation will. be +D= —_ E + 2 D, or. + D = + 
= D, 4 E; that is, D will be equal to == D — with 4 E E, either add- 


ed to it or ſubtrated from i it, as may be neceſſary to produce che ſaid equality. 
But, becauſe u is greater than m, _ D vill be greater than D, and conſequently 


— E muſt be ſubtracted from it, in order to make it equal to D. We muſt 
"EPO prefix the ſign — to the quantity 2 E inthe 9 + D==E 
+ =D; which equation will therefore * ＋D = — — E + 2 D, or + D 
=+ED—<=E. Therefore the fign — muſt alſo be prefixed to the fifth | 
term, E x+*, of the ſeries 1 + — x, Cx, Dx?, Ex“, F.x*, &c, which is equal 


to 1 T I; and conſequently the five firſt terms of the ſaid ſeries will be 1 + 
ZewCx +D — Ex“. Q. E. 1. 


And the magnitude of the co- efficient E may likewiſe be determined by 
means of the equation + D = ET =D, or + D = + 2 D — 2 


E. For, by adding E to both ſides, we ſhall have D + = = = _- 2 D, 


and, by ſubtracting D from both ſides, = ES AD DS = 9 
ge x D, and conſequendy n= Z x ESE „berge D = 
* XI XS or R XIE XESS as, 


42 3" 2 


Therefore the five firſt terms of the ſeries 1 + S x, Cx*, Des, Ex“, Fxs, 


. n 
&c, which is equal to 1 + x|*, will be 1 + Sx—=X = = x* += x 


7 * e ee ors 4 EA's = 


se + 25" 8 p. 


76. To 8 the ſign that is to be prefixed to F x5, the arch term — 


the ſeries 1 + 2 x, Cx*, D, Ex“, F“, &c, which is equal to 1 7 4 
and to find the magiude of the co-efficient F, we muſt proceed as follows: 
In the laſt article it was ſhewn that =y ſimple ſeries F D, Ex, F-, Gæs, 
&e, was equal to the compound ſeries 


0 
0 
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EE, Fr, = Gu), E He, xc 
＋ 2 b, EE, Fr, = G, &c, 
or ( prefixing the 2 to ſs terms that ne the co- efficient E) that the 
n ſees + D — Ex, Fx, Gx#?, 0 was equal to the compound ſeries - 
_ = ; 5 Fx, 2 2 Gx*, — H x', &c 
+ 2b Ex, E Fx*, G &c. 


Add 2 E x to both ſides of this equation. And we ſhall then have the ſimple 
ſeries D + Ex, Fx*, Gx*, &c = the e ſeries 


E, F., G, E He", xc 
+ 2D-4 E= 5 Pe, Se, 
. 
But ir has been ſhewn in the laſt article that D is = — SE + =D, or 
2D -E. Therefore, if we ſubtract D from the left-hand fide of the 


| laſt equation, and = D — = E from its right-hand fide, the remainders will 


be equal; cat i, the imple ſeries + Ee, F. wht 6 the com- 
pound ſeries 


+ 2 2Ex; and Ei Ar" (dividing all the terms by 
x) the ſimple ſeries E, F x, G x*, &c will be = the compound ſeries 


LF, = Gu, i Ha &c 


2 E, SFO, xc 


＋ 2 1 E. 
And this equation is always true, of however ſmall a magnitude we ſuppoſe æ to 
be taken; and therefore it will alſo be true when x is = o. But, when x is 
= o, all the terms in the equation that involve x wall * equal to o likewiſe, 


and 1 the equation will be E = F — ET 2E. There- 
fore (adding = E to both fides) we ſhall have E + 2 E= C FT 2 E, 
and (aobtaging E from both ſides) we ſhall have = CE = =] F E, or — =, 


E = E, E F; thtis, = E will be equal to E ke with - F either 44. 
ded to it or ſubtracted from i it, as oy be neceſſary to produce the ſaid equality. 


Lu becauſe # is greater than m, — E will be much greater than E; and there- 
fore 


* 
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fore = F mult be added to E in order to make it equal to = E. We muſt 
therefore prefix the ſign + to the quantity = F in the equation __ E = E, 


F; and conſequently the ſaid equation will be ZE E + EF. There- 
fore the ſign + muſt alſo be prefixed to the ſixth term, F x5, of the ſeries that 
: m 


is equal to 1 + x\*, to wit, the ſeries 1 + = x, Cx, Dx, Ex, Fx*, &c; 
from which ſixth term the quantity = F has been derived above by the opera- 
tions of multiplication and diviſion in the courſe of the foregoing proceſſes. 
Therefore the firſt ſix terms of the ſaid ſeries will be 1 + = x — Cx* + Dx? 


— Ext +Fx. Q. E. 1. 


And the magnitude of che co-efficient F may likewiſe be determined by 
means of the equation = E = E + EF. For, by ſubtracting E from both 


ſides, we ſhall have S F = = E ES Nix E = ©=* E; and 


conſequently F will be = — x — „ E 2 222 x E = £=® * E 


5 
2 —m „ ”m m n—M 21 — n—m 4 
* * * oh yy X py * 7 * 4s X 72 „Q: E. I, 


Therefore the fir ſix terms of the ſeries 1 + — , Cx*, Dx?, Ex“, Fs, 


&c, which is equal to 1 + A, are 1 +=x « ” X = x += x — 
— . — ——.— * * — 2 — 
* 33 „ 2% X 3” * = x* += x wy X T * 
Zu — 4 &, or 1 T 2 AX CS Bx* + 2 ® ©. Jn — m 
4% 2% Fe" 


77. Having thus gone through the inveſtigations of the values of the four co- 
efficients C, D, E, E, at conſiderable length, I ſhall treat more conciſely of the 
inveſtigation of the following co-efficients G, H, I, K, L, M, N, O, P, Q, R, 
8, T, &c, and ſhall only obſerve concerning them, that the ſigns + and —, 
which are to be prefixed to them, may be determined, and their magnitudes diſ- 
covered, by means of the following ſhort and eaſy fimple equations, which may 
be eaſily derived from the grand, ental, equation obtained above in art. 

72; to wit, the equations | . 
F = G, EF 


G EH. 2 6, 


Vor. II. 2 M 12 
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m m 
==L, = K. 1 
L=—M, L. 
M = = N, a= M. 
N = = O, = 4 
O=-=P, Zo. 
d. 
= N EQ 
R =— 8, 2= R, 
8 = ＋ T. 8, &c, 


or, (becauſe F has the ſign +. prefixed to it, and == F is greater than F, and 
conſequently = G muſt be ſubtrafted from — F in order to make it equal to 
F), | Cy 

| Wn = 8 on F, 


and (fer the like reaſons), 5 A j 
— CG = + — Sag 7 . 
and + H = = — I EH, 
=1=+ =kK-—1, 
+K=—==L+ k, 
—L=+ ML. 


M - = N + = M, 
NS TON. 
+O0=—=P+-—0oO, 


r r 


* HN 

— R =: + _— 
182 17% 

s P+-5 


&c; 
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&c ; in all which equations the ſigns to be prefixed to the ſeveral co-efficients 

G, H, I, K, L, M, N, O, P, Q, R, S, T, &c, are alternately — and +. And 

the ſame thing, it is evident, mult take place in all the following co - efficients of 

the powers of x in the ſeries 1 + 5 x, Cx*, Dx?, Ex“, Fx, &c, which is 
- © Uo Y 


equal to T + x]*, to whatever number of terms the ſaid ſeries ſhall be conti- 
nued. We may therefore conclude that the ſaid ſeries will, when u is greater 


than m, be 1 + — x — Cx + Do?) — Ext + FE — Gx Hex! < 
IX“ TKA — Loa? + Ma. = NA + Og” -P TQ = RH + 
Sx? -T + &c, in which all the terms after the two firſt are marked with 
the ſigns — and + alternately, or are to be alternately ſubtracted from, and 
added to, the ſaid two firſt terms. . 
And, ſecondly, the magnitudes of the co-efficients G, H, I, K, L, M, N, O, 
P, Q, R, 8, T, &c, may be diſcovered by reſolving the foregoing ſhort ſimple 
equations, to wit, | | 


+F=—=G+<F, 
— G = + 1 H — = G, 
+H=- — 1+ ZH, 
— I= + —K — _— 
+K=——L+-—=K, 
—L=+ —M-—L 
+M=— —N+— M. 
—=N=+ = 0—— N, 
+0=——=P+—o0o, 
— P = + —Q--—=P, 
+Q=—=R+2Q 
— = + ES — = R, 
18S = TFTs, &c. 
For, fince + Fis = — 2 EF, we ſhall hare F + G = EF. 
and = G = r- TEA FS A= x F, and conſequently G 


m 6n m — 1 —M 
(SRG H == F) F. Q. E. I. 
, 2 M - : And, 
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And, fince = G is = + Z H- 2 0, we ſhall have 2G = G = + Z 
H, or 1 H, or r x G=E x H, and conſequedtly H 
. = 8 6n — m | * 12 

(= - H= = — x 68602 T Xx G. 3 Q. E. I, 


And, fince + His = = 2 I E H. ve ſhall have H+ I EH. 


aud =I=ZH—Hz= ZE pe SS. . and ee 
(= Z 2 12 2 * © — * H) = 25" x H. N E. 1. 
And, fince — Lis = + BK — l, we hall have 1 — 1 2K, or 


Se F e ge x12 K, and confoquenty K (= 2 x 


To _ mw By — 82 —m 
SK==>x——xD= = x J. 1740 {nel 


And, fince +Kis = = = L + 2 K, we ſhall have K T L = 


K, an md Ls TK- FMN g = X K, and conſequently 


LZ L= 22 xK=2=*xK. k. I. 


102 10 


And, ſince — L is = + —M- — L, we ſhall have — L =L = + 


= M, * 5 . | 
In* 


Ion — M IOn — . 
ſequently M (= 7 * — ＋ M 777 * — * 2 N X L. 
Q. E. I. 


And, ern we ſhall have M + ZN = 


= M, and =N = M M — Nx M = Berge „ M, and 
conſequently N (= 5 N — * == x M. 


12 N 
Q. E. I. 


And, ſince — N is = e- EN, we ſhall have 2 N N = 
o, or 2 O zz N N = iN N, and 
N 
IA 13% — 12% — M 7 EINr 

conſequently O (= 2 x — o . _—<xN)= e 
Fray 

And, fince + O is = — = P Eo, we ſhall have O + ® Þ = 
23 O, and = == 0- o EE DJ Er x O, and 
conſequently 
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conſequently P (= -- x —P= 2 * — x O= = x O. 
d. R. 1. 

And, fince — P is = + ® Q — P, we ſhall have =Q = = 

P P = — * P=—— x P, and conſequently Q (= IT * 
=== = f. k. I, 


And, ſince + Qis = — ER + = Q, we ſhall have Q + R 


2 Q and r R=S"Q=Q= —1)}x * and con- 


ſequently R ( . x r R= = x K * Q) = — * . 
8 


And, ſince — R is = ＋ Ss — R, we ſhall have 28S = R 
R = = — 1| x R = —.— * R, and conſequently 8 (= 257 x —<$S = 
6n — m 6n — * 
e Rk * 
| 182 


And, fince + Sis = = T + 2 8, we ſhall have 8 T= 


8, and = = S$—S=—==1 x S = = x $, and conſe- 
8 * ' — 21 
quently T (= 53, X T= == * = s. 


Q E. I. 


? = : 
Therefore the quantity 1 + v, or the mth power of the nth root of the bi- 
nomial quantity 1 + x, will, when u is greater than n, be equal to the ſeries 


1 + =As — [== Bx + — Cu — * Dx+* + DS Be — 
— Gn — m — m Za — „ gs — 
FF 1 P K 

On — mM 1 In — 1 122 — | — = 143 — 

22 Ma” Ag Ne — [952 O A 

P x5 — LE Qu L Ra” (A 8. T. tee ad infinitum, in 


which all the terms, after the two firſt, are marked with the figns — and + 
alternately, or are alternately to be ſubtracted from, and added to, the two firſt 
terms, and the co-efficients of the third, fourth, fifth, ſixth, and other following 


terms are generated from =, the co- efficient of the ſecond term, and from each 


other, by the continual multiplication of the fractions , =, == 
, 5 8 2» 3 ag * 

4 —m 1 2 — 7 — — = gn — #4 . . 
| tion 
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tion is derived from that which immediately preceeds it, by adding u to both 
the numerator and its denominator. 

This ſeries is exactly the ſame with that which is derived above in art. 3 from 
the binomial theorem, in tit caſe of integral yowerr, 


78. When the denominator u of the fraction = — (which is the index of the 
binomial quantity'r ＋ x), is an exact — of the numerator m, the forego- 


ing ſeries 1 + — As Ba + =—= Cut D + — 


2 


— 
Ex - &c, will co- incide with, or may be reduced to, the ſeries ſound in *he 


former part of this diſcourſe for the value of I + ==] „or V + x, or tho zth 
root of the quantity 1 ＋ ». 
For, if u is an exact multiple of m, let it a mM er p times, or = 


equal to ↄ times m, or pm. Then will 1 + = be = 1 + 2 =? IT. 
and the ſeries 1 + — Ax — — B x* + — C x5 = == De + 
E=2 Ext — Ke, will be = 1 + Au — ok — 
= * — &c = 1 + —- — a, 2 B x 1 


3 42. — 
C* — _ Dx“ + 5þ Ex- — &c. Therefore 14 = or VI + x I + „, 
or the pth root of the binomial Ny" 1 + > will be 439-4 to jay ſeries 1 + 
— — — — — 1 7 2 
= Ax 2 - Bx* + 5 - Cx3 = D942 4+ EZ 7 E x= &cz 


which | is the 2 me ſeries that was found above, in art. 47, for the value of any 


root of 1 + x, excepting that the letter p is here uſed, inſtead of the letter , to 
denote the index of the root that is to be extracted. Q, E. Ds 


79. And, if we ſuppoſe u to be exactly equal to m, and conſequently — to be 


— * 12 | 
equal to , or 1, and 1 + A to be equal to 1 + r + x|*, or 1 + x, 


the foregoing ſeries 1 + Ar Ds + ; x Ep 


E Ex! — &e vill be = 3 © + c. 


221 


De 2 Ex — &c 2 1 T 1 x As n Ik; oy 


dee =1+1 * As —= Bu" + — 
Cx — -Dav + = LE" e e N e + x0 


24 * % * K* & 1 0 - 


— &c = 1 + x;-as it ought to be. ; 
: 80, We 


% 
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g0. We come now to the third caſe of fractional indexes, in which the nume- 
rator m of the index — of the power of the binomial quantity 1 + x, is greater 
than the denominator. 

— ů• ——— 


m 
Of the Binomial Theorem in the caſe of 1 + xn, 
or of the nth root of the mth power of the bi- 
nomial quantity 1 + x, or the mth power of 
its nth root, when m is any whole number 
whatſoever, and n any other whole number leſs 
than m. 


81. The methods of inveſtigating the ſeries that is equal to T A when 
the numerator m is greater than the denominator , are the ſame with thoſe which 
have been employed in the inveſtigation of the ſeries that is equal to the ſame 

N m 


quantity 1 + AI when the numerator m is leſs than the denominator x. But 


m 
the ſeries that will be obtained by theſe methods for the value of 1 + A= will 
not be always exactly the ſame, of whatever magnitude greater than x we ſup- 
. poſe x to be taken; as was the caſe with the ſeries that was found for the value 


mn 

of 1 + A7 when m is leſs than 1: but it will be different for every new multi- 

le of # that is contained in m. For, if m is greater than u, but leſs than 2 #, the 
third term of the ſeries will be marked with the fign +, or added to the firſt 
term, and all the following terms will be marked with the ſigns — and + alter- 
nately : and, if m is greater than 2 2, but leſs than 3 u, the third and fourth 
terms of the ſeries will be marked with the fign +, or added to the firſt term, 
and all the following terms will be marked with the figns — and + alter- 
nately : and, if m is greater than 3, but leſs than 45, the third and fourth and 
fifth terms of the ſeries will be marked with the ſign +, or added to the firſt 
term, and all the following terms will be marked with the ſigns — and + alter- 
nately : and, if n is greater than 4», but leſs than 5 1, the third, fourth, fifth 
and fixth terms of the ſeries will be marked with the ſign +, or added to the firſt 
term, and all the following terms will be marked with the ſigns — and + alter- 
nately; and in general, if m is greater than p times u, or pn, but leſs than 
p + 1 times , or pn + u, the third, fourth, fifth, ſixth, and other following 
terms of the ſeries, to the number of p terms, will be marked with the ſign +, 
or added to the firſt term, and all the following terms will be marked with the 
ſigns — and + alternately; as was ſet forth in the beginning of this diſcourſe 
in art. 5 and 6. Now, if we were to apply the two foregoing inveſtigations, 
contained in art. 54, 55, 56, 57, 58, &c - 65, and in art. 67, 68, 69, 70,.71, 

m 


72, &c — 77, to = diſcovery of the ſeries which is equal to 1 + =, when 


— — — u 


þ 


"LO 
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ws is greater than x; and, in the reſolution of each of the ſimple equations by 

which the co-efficients of the ſeveral powers of x would be to be determined, 
were to attend to all the different relative magnitudes of m and u, and to ſup- 
poſe m, firſt, to be greater than u, but leſs than 2», and, ſecondly, to be greater 
than 2 n, but leſs than 3, and, thirdly, to be 7 than 3 , but is, than 
43, and, fourthly, to be greater than 4 #, but leſs than 5x, and ſo on with re- 
ſpect to all the co-efficients we were to inveſtigate ; we ſhould find the exami- 
nation of ſuch a variety of caſes intolerably tedious and laborious. And there- 
fore, in applying the foregoing methods of inveſtigation to the diſcovery of the 

m 


ſeries which 1s equal to 1 ＋ A in this ſecond caſe, in which m is ſuppoſed to 
be greater than #, I ſhall make only the firſt of theſe ſuppoſitions, to wit, that 
m, though it is greater than u, is leſs than 2 1; which will reduce the inveſtiga- 


tion of this ſeries to the ſame degree of difficulty, and no more, as was found in 
m 


the inveſtigation of the ſeries that is equal to 7 + : in the former caſe, in 
which m was ſuppoſed to be leſs n. Now upon this ſuppoſition, the ſeries that 
m 


is equal to 1 + A may be inveſtigated in the following manner. 

82. The reaſonings uſed above in art. 54, 55, 56, 57, in the three obſerva- 
tions preparatory to the foregoing inveſtigations, are evidently true when m, or 
the numerator of the index = of the power of -1 + x in the quantity 1 + Al, 
is of any magnitude greater than the denominator , as well as when u is greater 
than m. And therefore it follows that in both caſes the quantity 1 + will 
be equal to the ſeries 1 + — x, Cx*, Dx*, Ex, Fx*, &c, of which 1 is the 


firſt term and = x is the ſecond term, and is to be added to the firſt term, and 


conſequently marked with the fign +, and the following terms are C x*, D x, 
Ex*, Fx*, &c, or the ſecond and other following powers of x in their natural 
order, without interruption, to wit, x*, x?, *, x5, &c, 11 into certain 
fixed numeral co-efficients denoted by the capital letters C, D, E, F, &c, and 
are to be connected with the two firſt terms 1 + x either by addition or ſub- 


traction, and conſequently are to have either the ſign + or the ſign — prefixed 
to them, It therefore only remains that we determine which of the ſaid terms 


C, Dx*, Ex*, Fx*, &c, are to be added to the two firſt terms 1 + = x, 


and conſequently are to have the ſign + 6 coca to them, and which of them 
are to be ſubtracted from the ſaid two firſt terms, and conſequently are to have 
the ſign — prefixed to them, and what are the ſeveral values, or magnitudes, of 
the co-efficients C, D, E, F, &c, reſpectively. 


83. Now let y be put = the ſeries — x, Cx, Dx, Ex*, Fx*5, &c (as in 


art. 58), or 1 + y be = the ſeries 1 + = x, Cx*,Dx*, Ex,, Fx*, &c, which 
© 
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| * | m 
is equal to 1 + A=. Then will 1 ＋ be = the ach power of 1 + x*, that 
is, to T T. And conſequently the ſeries 1 + = 35 + = x = += 


x NN N + x ſ = 


2 3 I 2 3 2 3 
* — X 7 Xx 5 + &c, will be = the ſeries 1 + =x += - — 

m” m-—-T mu 2 * 3321 2 2 9222 * 
e + PN oy hoe Mon #5 


— „ = * = * . x* + &c, and conſequently (ſubtracting 1 
from both fides of the equation), the ſeries 7 x + © x © 


+ 2 
„„ 


x — * 2 + &c, will be = the ſeries 2 y + — x 24 


1 — 1 — 2 1 — 1 1 — 2 1 — 3 
X 3 - 


. * * 
2 _ 2 * Nd | 
x *=2 x *2 A, or (if, for the lake of brevity, we make © x 2 


5 Ak od 3 eee wah "hes 7 3 4 
x == = 1), the ſeries a + Q + Rx? + Sx* + T'x* + &c, will be 
= the ſeries a) + 9y* +797 + 59+ + #95 o+ &c. 


84. Now let the ſeveral powers of the ſeries = x, Cx*, Dx?, Exe, Fx, 


dc, or (putting B = ) of the ſeries Bx, C, Dx?, Ex*, Fs, &c (which 


is equal to y), be raiſed by multiplication, to the end that we may have the va- 
lues of y*, 5, ye, y*, &c, expreſſed in powers of x ; and let the ſaid values of 

3*, % y*, y*, &c, obtained by the ſaid multiplications, be ſubſtituted inſtead 
of y*, 53, „ „, &c, reſpectively in the laſt equation. And we ſhall then 
have the ſimple ſeries mx + QA + Rx ＋ S&K + TI + &c = the com- 
pound ſeries 


8 B, se, n Dei, Ex“, nF x, & 
+ q B*x*, 2qBCx?, 2 qBDx*%, 29 BEN, &c 
C, 29 CD, &c 

+ T B*x?, gr B*Cx*, 37 BD, &c 


31 BC*x*, &c 
+ 5 B*x*, 4B CA, &c 
+ 8B'x'; * 


vor. II. i 2N and 


. 
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and conſequently (dividing all the terms by x) the ſimple ſeries m + Qx + 
Rx* + SY + T x* + &c = the compound ſeries 
1 B, 1 Cx, Dx, xEx?, nuF x*, &c 
+ q B*x, 2qBCx*, 2g BDx'*, 29 BEN, &c 
| C', 2gCcDxt, &c 
+ 7 B*x*, gr B*Cx?, zB D, &c 
| | 31 BC*x+*, &c 
+ 5B*x*, 4$sBiCx+, &c 
+ #B*x*, &c; 
as is ſhewn more at large above, in art. 58, 59, 60, and 61. - 


85. From this general and fundamental equation we may, by repeating the 
reaſonings uſed above in art. 61, 62, 63, 64, derive the following particular 
equations for the determination of the nitudes of the ſeveral co-efficients B, 
C, D, E, F, &c, and of the ſigns + and —, that are to be prefixed to them; 
to wit, | 

iſt, m=»R; : 

2dly, Q=#C+9gB:*; 

. 3dly, R = D, 2qBC +r Bz; | 

Athly, S nE, 294 BD, qgC*, grB*'C + 5B, 

and pthly, T F, 29g BE, 2g CD, 3rB*D, 3 r BC?, 
45 B*C+7B-s. 

36. From the firſt of theſe equations, to wit, m = # B, it follows that the 
co-efficient B 1s = = as it has already been ſhewn to be in art. 56 and 57. 

87. From the ſecond of theſe equations, to wit, Q=»#C + 7B, or Q = 
B, C, we may deduce both the ſign that is to be prefixed to x C and the 
magnitude of C, by proceeding in the manner following : 

Since Q is = w x —, and is 1 x ,. and Bis = —, ve ſhall have 


* * = x—B,uC, or —=—— B, nC, or = 


* 2 = 3, C, or X _ x B = —— B, u C, or — B 

3, c, and (adding 2 B to both ſides) = B = AY 
2m 2m 2 mM 

B. 5 C, and (adding = B to both fides) E B === B, C, and 


27m 

| (ſubtracting —=B from both fides) = S= 75 B, 1 C, or — B = 2 B, C; 
and therefore (becauſe m is now ſuppoſed to be greater than #, and conſequently 
=B is greater than = B) B will be = —B + C; and conſequently x C 


will be = — B — =B = — , and C will be = — — — x = 
or = x =. Therefore C x*, or the third term of the ſeries 1 + BA, Cx“, 
| D xs, Ex*,F x*, &c, which is equal to 1 Fas, muſt be added to 2 


One” 
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fiſt terms 1 + Be, or 1 + E x, and the three firſt terms of the aid ſeries will 
be 1 1 Se + Sox, or 1 += Az + A Br". . E. 1. 


88. From the third of the foregoing equations, to wit, RP, 29 BC + 
7 Bo, or (becauſe we now know that the ſign + is to be prefixed to the term 
2 9 BC), R = »D + 2q BC + r BV, we may deduce both the ſign that is to 
be prefixed to x D, and the magnitude of D, by proceeding in the manner fol- 
lowing : 


By ſubſtituting w x — 2 in this equation inſtead of R, and n x 
"== inſtead of 5, and a = inſtead of r, and S inſtead of B, and 


— 2 _ inſtead of C, it will RT”; as follows, to wit, W x — E 


D e eee 4 n i= + md 


1 22 2 13 


m — 3m + 2m | — m mM — u 15 — 3n*+2n m? 
— = P Tn ni * —= * —— — 


—— 224 = * i K N + x t = uD 
ſun— u —- TI m m zm = z I. + 3m*n 
1＋ 35 * 6 un + b un 5 T 6 un + 


31 + 203 mint — 133 + 3m 2 
SPREE „rr ; and conſequently (adding 2 


6 un 6 nn 
to both ſides) we ſhall have e = nD + === , and (adding 


2 0 boch fides) =— er — = #D + ©, and (ſubtracting 


from both ſides) —5.— = #D + — = or e = =. 1D; that is, 


vill be 4 to 32 together — » D either added to it, or ſubtracted 
Pong it, as may be neceſſary to produce ſuch equality. 


89. Now, becauſe mw (though greater than n) is ſuppoſed to be leſs than 2», 
it follows that m — # will be Jeſs than 2» — #, or than n; and conſequently 


that W X 1 — 1 „ m — 7 will be leſs than mx m—7 X n, or that m x 


m*—2mn+1u* will be leſs than mn Xx m— , or that - 2m*z + will be 
leſs than m . Therefore (adding mn to both ſides) - 2m an 
will be leſs than m*x, and (akag am to both ſides) n + 2mn* will be leſs 


than zan, and conſequently — = will be leſs than 3, hey — in or- 
der to make 65 5 n D be Wig to egg , we muſt ſubtract a D from 3 OD =, and 
conſequently 2 prefix the ſign — Ja D; ſo that the equation 2 — 


2 # D will be mi = e — 2D. Therefore the ſign — muſt alſo be 
| 2 N 2 ©, prefixed 


= 
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prefixed to D x?, ar the founth terra of che feries 1 +Bx, Cx*, Dx, Ex“, 


m 
Fes, &c (which is equal to 1 + x|* ); from which fourth term the quantity 
1 D was derived, by means of the operations of multiplication and diviſion, in 
the courſe of the foregoing inveſtigation. Therefore the four firſt terms of 
| m 


the ſaid ſeries 1 + Bx, Cx“, Dx?, Ex*, F x5, &c, which is equal to 1 + *.*, 
will be 1 + Bx +Cx* - Dx, or 1 + =# + — K x — Dx?, or 
1 ＋ ALT Bu — Dx, 3 * Qs E. Is | 


go. And to determine the magnitude of D, we ſhall have the aforeſaid equa- 
tion 2 ; whence (by adding 2 D to both ſides) we ſhall 


Gn © Gan 
have gn + »D = , and (by ſubcrafting gr. from both ſides) 
gm*n— 2mn* — . 


WF 


x 20S nd conſequently (by dividing both ſides by n) D = = „ x 


3% 2n 
——_ Therefore the four firſt terms of the ſeries 1 + BA, Cx*, Dx?, Ex“, 
. 1 2 ? 
Fx, &c (which is equal to 1 + a), will be 1 + = * + = x —_ — 
ee , ener. 
| 1. 


1 


91. Theſe four terms of the ſeries which is equal to 1 + 7 in this cafe of 
the relative magnitudes of m and u, in which m is greater than u, but leſs than 
2 1, are the ſame with the four firſt terms of the ſeries given above in the be- 


ginning of this diſcourſe, in art. 6, for the value of 1 + «|= in the ſame caſe. 
Therefore the ſaid ſeries, in art. 6 is true, at leaſt in its four firſt terms. | 


92. I ſhall not attempt to find the values of the co-efficients E and F by re- 
ſolving the fourth and fifth equations ſer down in art. 85, to wit, the equation 
S=nE, 2qBD, gC*, 3r B*C + 5 B+, or (becauſe it has been ſhewn that 
the co-efficient C is to have the fign + prefixed to it, and the-co-efficient D is 
to have the ſign — prefixed to it) S=nE — 2qBD + gC* + gr B*C + 
., and the equation T = »F, 2 q BE, 2qCD, 37 BD, 371 BC*, 4s BC 
+ B., or T =nF, 2q4BE — 29 CD — 37B*D + 37rBC* + 4sB*C 
+ ZB* : I fay, I ſhall not attempt to find the values of E and F by reſolving 
| theſe two equations, for the reaſons * above in art. 65 and 66 but ſhall 

proceed to apply the other method of inveſtigating the values of the third and 


fourth, and other following terms of the ſeries 1 + = x, Cx*, Dx, Ex“, 
6 Fs, 


THE BINOMIAL THEOREM. 277 


Fx*, &c, which is equal to 1 + , to the rag caſe, in which m is ſup- 
poſed to be greater than u, but leſs than 2 #, his may be done in the man- 
ner following: 


93. It has been ſhewn in art. 82 that the two firſt terms of the ſeries that is 


equal to 1 F will be 1 and = when m is greater than », as well as when 


u is greater than m; and that the ſecond term — x is to be added to the firſt 


term 1, and conſequently to have the ſign + prefixed to it, in this caſe as well 
as in the former; and likewiſe that the following terms of the ſaid ſeries will 
be C, D, Ex*, Fx*, &c (or the ſquare and cube and other following 
powers of x in their natural order, without interruption, multiplied into certain 
fixt numeral coefficients, which may be denoted by the capital letters C, D, 
E, F, &c), and connected with the two firſt terms 1 + = x by either addition 
m 
or ſubtraction: ſo that the ſeries that is equal to 1 + x] is in this caſe, as well 
as in the former, 1 + — , CM, Dx?, Ext, Fx, &c; in which the ſeveral 
terms Cx*, Dx*, Ex, Fx, &c, have a comma prefixed to them, inſtead of 
either of the figns + and —, becauſe we do not as yet know to which of them 
we are to prefix the ſign +, and to which we are to prefix the fign —. 


94. Now, fince 1 + 7 is in this caſe, as well as in the former, = the ſe- 
ries 1 + = x, Cx*, Dx, Ex“, Fx“, &c, it follows from art. 67, 68, 69, 70, 
71, 7a, that the ſimple-ſeries =, Cx, Dx*, Ex*, Fx“, &c, will be equal to the 
compound ſeries 


c, Dx, Ex, F x?, &c 
l + 1, C D, E Ex?, &c; by 


m 
the help of which equation we may diſcover both “ which of the ſigns + 
— are to be prefixed to the ſeyeral co-efficients C, D, E, F, &c (and conſe- 
quently to the correſponding terms Cx, D, Ex*, Fx“, &c, in the ſeries 


1 + =, Cu, Dax?, Ex., Fes, &c, which is equal to 1 + K),“ and alſo 


e what are the magnitudes of the ſaid co- efficients C, D, E, F, &c, reſpect- 
ively.” This may be done by proceeding in the manner following: | 


95. In the firſt place, ſince the ſimple ſeries = C x, Dx*, E x*, Fx“, &c, is 
equal to the compound ſeries 
C, = Ds, ZE EH, EF, xc 
m m m m 
+ 1, — Cx, = Dx*, = Ex?, &c; and 


* 
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N 


this equation is always true, of how ſmall a magnitude ſoever we ſuppoſe x to 
be taken, it follows that it will alſo be true when x is = o. But, when x is = o, 
all the terms in the equation that involve x will be equal to o likewiſe ; that is, 


all the terms on the left-hand fide of the equation, except the firſt term = and 
all the terms on the right-hand fide of the equation, except the two firſt terms 
'of the two lines of terms, to wit, _ C + 1, will be = o. Therefore = 


will be = to == C + 1, or to 1, ==C, or to 1, together with = C, either 
added to it, or ſubtracted from it, as may be neceſſary to produce ſuch equa- 
lity. Now, becauſe m is ſuppoſed in the preſent caſe to be greater than u, 


= will be greater than 1, and conſequently — C muſt be added to 1, in order 
to make it equal to S. Therefore the ſign + muſt be prefixed to = C in 


the equation = = . C + 1, or __ = 1, = C; and conſequently the ſign + 


muſt alſo be prefixed to the third term C * of the ſeries 1 + =x, Cx*, D xs, 


| | - Sh 
Ex*, Fx5, &c (which is equal to I + A); from which third term the ſaid 
quantity == C has been derived, by the operations of multiplication and diviſion, 
in the proceſſes of the inveſtigation contained in art. 67, 68, 72. There- 
fore the three firſt terms of the ſaid ſeries 1 + = x, Cx“, Dx*, Ex“, Fx5, &c, 


which is equal to f T qe, will be 1 + = x + Cx*, . E. I, 


And the magnitude of the co- efficient C may likewiſe be determined by 
means of the equatio _ = 1,—=C, or — 2 1 + —C. For (by ſubtract- 


ing 1 from both ſides) we ſhall have—C = — — 1 = ; and (by di- 


viding both fides by =, or multiplying them into —) we ſhall have C = (= * 
he of ==. Therefore the three firſt terms of the ſeries 1 + = &, 
= - 


nA 2 
* m 
C, Der, Ex*, Fæs, &c, which is equal to 1 + AJ, will be 1 + =* + 
"a ene < ” mn. IEF | 
RIS x*,or1 + Ax + —— Bx*. EY I, 


96. To determine the ſign that is to be prefixed to the fourth term, D x*, of 
m 


the ſeries 1 + = & C x*, Dx“, Ex“, Fx*, &c, which is equal to 1 + x», 


and to find the magnitude of its co-efficient D, we muſt proceed as follows: 
| Since 


a * 
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Since the ſign + is to be prefixed to the co- eſſicient C, it muſt likewiſe be 
prefixed to all the rerms which involve it in the grand fundamental equation 


ſer down in art. 94, to wit, the equation between the ſimple ſeries = — Cx, Dx?, 
Ex, Fx“, &c, and = compound ſeries | 
2 C, E De, = Ea“, = Fx", &c 


i 1 Sen 2 De 2E &c; which 


equation will therefore be as follows, to wit, the EN ſcries = - + Cx, Dx", 
Ex“, Fx“, &c z= the compound ſeries 
1c, De, E., $* Ps, &c 
+1 +2 Ce, Det, £ — Ex", &c. 
But it has been ſhewn in the laſt article that — is=1r+=C. Therefore, 


if we ſubtract = and 1 1 += = C from the Lats ſides of the laſt equation, the 


remainders will be equal to — other; that is, the ſimple ſeries C x, Dx?, E x?, 
F x+, &c, will be equal to the compound ſeries 


| Dx, = Ex", Fes, &c 
. | + =Cx, ED, 2 Ex, &c; 


and r N (dividing : all the terms * x) we ſhall have the 1 1 ſeries 
C, Dx, Ex*, F x*, &c = the gr ſeries 
+ *c 2 Da, i 2E. &c. 


And this equation will be true, of how anal a magnitude ſoever we d & to 
be taken: and therefore it will alſo be true when x is = o. But, when x is 
equal to o, all the terms that an x will be equal to o —_— and conſe- 


quently the equation will be C==D + =C,orC = C, ED; that 
is, C will be equal to _ C, agether wich 2D eliber added to it or ſubtracted 
from it, as may be neceſſary to produce the ſaid equality. But, becauſe m is 
ſuppoſed to be leſs than 22, C will be leſs than — C; and conſequently — 


muſt be ſubtracted from C, in order to make it equal to C. Therefore the 
fign — muſt be prefixed to the quantity == D; and conſequently the ſame ſign 


muſt alſo be prefixed to the fourth term D x?, of the ſeries 1 + x, Cx*, 
Dx?, 
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mM 
D#x?, Ex“, a: &c (which is equal to 1 + a=); from which fourth term 
the ſaid quantity = D has been derived, by the operations of multiplication and 


diviſion, in the courſe of the inveſtigation by which the fundamental equation, 
ſet down in art. 94, was obtained. Therefore the four firſt terms the ſeries 


I + =X, C, Dx?, Ex“, Fx, xc, which is equal to 1 2 will be 
— Dx?, or 1 + — 


rn or 1 + 2 
— Dx. | . E. 1. 


And, to — 3 the magnitude of D, we ſhall have the equation C = = 
C =D; whence (adding E D to both ſides) we ſhall 8 
2 C, and (ſubtracting C from both ſides) =D C- C===1|x C 
= — —.— * C, and (multiplying both ſides by 77 D = === 0 * "IE SE 
* = x 2 = or — * * . Therefore the four firſt terms of the 
ſeries 1 + 2 x, Cx", Dx*, Ex,, F x5, ou which 1s equal to 1 + * will 


be 14 Z == x ZK „, or 1 4 Ax + 


22 = | x | d. E. L 


502 To determine the ſign that is to be prefixed to the fifth term, Ex“, a 


| the ſeries 1 + x, C x* „Dæs, Ex“, F x5, &c, which is equal to 1 + i 
and to find the magnitude of the co-efficient E, we muſt proceed as follows: 

1 has been Thewn in the laſt article that the fimple ſeries C, Dx, Ex, Fx*, 
&cc, is equal to the compound ſeries 


2 D, Ex, E F, &c 
'+=C, = Dx, = Exe, &c; 


and that the fign — is tobe prefixed to the terms that involve the co-efficient D. 
It therefore follows that the ſimple ſeries C — Dx, Ex*, Fx*, &c, will n. 


to the compound ſeries 


— =D, 2 &c 


T "eg if we add 2 Ded to both des, we That 705 the ſimple ſeries C + Dx, 
Ex*, Fx*,&c the compound ſeries | 
— — D, 
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— =D, SE, Fe, &c 
+=C—=Dx, = Ex", &c 
+ 2Dx. 
Further, it has alſo been ſhewn, in the laſt article, that Cis = = C = © b. 


Therefore, if we ſubtract C and = C — . D from the oppoſite ſides of the laſt 
equation, the remainders will be equal; that is, the ſimple ſeries Dx, Ex“, 
F x?, &c, will be equal to the compound ſeries | 

2 Ex, Q. F, xc 

.m m 

—=Dx, = Ex", &c | 
+ 2 Dx. Therefore (dividing all the terms by x) 

we ſhall have the ſimple ſeries + D, Ex, F x*, &c = the compound ſeries 


2 E, E Fx, &c 
* m | 

— E PD, E Ex, &c 
m mn 


+ 2D. 
And this equation will be true, of how ſmall a magnitude ſoever we ſuppoſe x to 
be taken: and therefore it will alſo be true when x is = o. But when & is = o, 
all the terms that involve x will be equal to o likewiſe, and conſequently the 


equation will then be + D= ZE — =D + 2D. Therefore (adding 3* D 
to both ſides) we ſhall have D + =D = SE + 2D, and (ſubtracting D from 
both ſides) E D = SE + PD, or =D =D, =E, or E D=D, together 
with = E, either added to it, or ſubtracted from it, as may be neceſſary to pro- 
duce ſuch equality. But, becauſe m is ſuppoſed to be leſs than 2 , = will be 
greater than 1, n _ D will be greater than D; and conſequently — E muſt be 
added to D, in order to make it equal to _ D. Therefore the ſign + muſt be 
prefixed to the quantity _ E in the equation _ DSD, _ E, and therefore it 
| muſt alſo be prefixed to the fifth term, Ex“, of the ſeries 1 + x, Cx, D x?, 
Ex+*, Fx, &c (which is equal to 1+»), from which fifth term the ſaid 
quantity 2 E has been derived above in art. 67, 68 72, by the opera- 
tions of multiplication and diviſion. Therefore the five firſt terms of the ſeries 14 
= x, Cx*, Dx*, Ex, Fx, &c, which is equal to I + x\*, will be 1 + — x 


m fm 2 — 2 — 28 - m 4 
rr . 


Bx* — 2 Cx* + Ex“. Q. E. I, 


And to determine _ magnitude of the co-efficient E, we ſhall have 8 equa- 
tion = D=D + E; whence (ſübtracting D from both ſides) == E will 


* D, and enen (multi- 


be 2 D- D= Ex D=Ez 
plying both ſides into =) E will be = n= X D= . „ 2 „ 22 


ere _= xXx — x E=®, Therefore = five 8 os 
"1; 2n 3 42 


. m 
the ſeries 1 + = x, Cx*, Dx*, Ex“, Fx, &c, which is 4+ ary to 1 + *. 


vill be F * = an] 3 — * += Xx = 


| 2 — m1 3 — 2 m Ny 2N — 1 3 
. = *, or 1 + A + —=Bx* < Cx: + . 
D x+. . Q Bo 1. 


0" 


98. To determine the ſign that is to be prefixed to the ſixth term, F x*, of 


mM 
the ſeries 1 + x, C, Dx?, Ex, Fx*, &c, which is equal to 1 + A*, 


and to find the magnitude of che co- efficient F, we muſt proceed as follows: 
It has been ſhewn, in the laſt article, that the imple ſeries D, Ex, F'x* , &c, 


is equal to the compound ſeries 
_ E, — F x, &c 


2 | &c, and alſo that the fign + is to 
be prefixed to the terms E and = Ex, and Ex. Therefore the ſaid equa- 


tion will, when theſe thevs 1 terms have: their proper ſigns prefixed to them, be as 
follows; to wit, the ſimple ſeries D + Ex, F ow &c = the compound ſeries 


+ = _ Fx, se, &c 
2D 72 — — E x, — 2 F x*, &c 
+ 2D. 
n inch ll nice, ther D's equilto +. £2 E 2 
D + 2D. 
Therefore, if we ſubtract D and + — 5. 2 =D + 20 from the oppoſite 


ſides of the fore Fo, equation, the —— will be equal, that is, the ſimple 
ſeries + Ex, &c, will 2 equal to the Ks cries 
* Fx, 
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Fx, G, xc 
m m : 

+ — E x, — Fx*, &c; and conſequently (dividing 
all the terms on both ſides by x) the ſimple ſeries + E, F x, &c, will be equal 
to the compound ſeries 

— F, = G x, &c 
+=E, = Fx, &c. | 
And this equation will be true, of how ſmall a magnitude ſoever we may ſup- 


| poſe to be taken; and therefore it will alſo be true when x is = o. But, 
when x is = o, all the terms that involve x will be equal to o likewiſe, and 


conſequently the equation will then be + E = — F + 5 E, or + E = + 
2 E, EF; chat is, E will be equal to = E, together with S F, either added 


to it or ſubtracted from it, as may be neceſſary to produce ſuch equality. Bur, 
"becauſe 2 1 is ſuppoſed to be greater than m, 4 will, 2 fortiori, be greater than 


m, and conſequently __ E will be greater than E. Therefore, in order to make 

4" E, E F be equal to E, we muſt ſubtract E F from © E, or prefix the 

m Mm mn m 

fign — to the term = F. Therefore the ſame ſign — muſt alſo be prefixed to 

the ſixth term, F x*, of the ſeries 1 + = x, Cx*, Dx*, Ex*, Fx*, &c (which 
m - 

is equal to 1 + ), from which ſixth term the ſaid quantity S F has been de- 


"rived by the operations of multiplication and diviſion in the courſe of the fore- 
going inveſtigation. Therefore the firſt fix terms of the ſeries 1 + =x, Cx*, 


m 
Dx?, Ex“, Fx*, &c (which is equal to 1 + *), will in this caſe be 1 + * 


* m — 2 _ m mz 24 — * m — „ 22 — Zu — n 
+ a * 75 x3 + 3 3 — 
4 — Fx5, or 1 + — Ax + — — Bx* — — C x? + Dx“! — 


F xs. . I. 


And to determine the magnitude of the co-efficient F, we ſhall have the equa- 
non E = 5 E — — ; whence (adding = F to both ſides) we ſhall have E 


+ LF = EE, and (ſubtracting E from both ſides) © F (= ZE —E = 
— _ 1] x E) = == x E, and (multiplying both ſides into —) F = 5 


m 
= = ot Eon rn we he 26 = 
x E = = * r OR 0. Therefore the firſt ſix 


2 O0 2 terms 
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terms of the ſeries 1 + — x, Cx*, Dx?, Ex“, Fx*, &c (which is equal to 


1 ＋ AJ), will (upon the ſuppoſition here made, that is greater than u, but 
leſs than 2 1) be 1 + =# + > XxX A = x x = 2 
M — Xx 21 — M by 


2 1 22 * 33 
— e * — 4 — m 
2" X 3n X 4 g 1 * 2 1 1 5 1 


or 141 Ax 412 


* 


Q. E. I. 


99- In like manner we may derive from the general equation in art. 94, to wit, 
the equation between the ſimple ſeries =, Cx, Dx“, Ex*, F, Gx, &c, 
and the compound ſeries 8 i, | 

_ C, — Dx, — E x*, = Fx?, = GH, = Hx*, &c 

+ 1, — Cx, = D x*, — Ex“, — F x*, — G x5, &c, 
the following particular equations for determining both the ſigns that are to be 
prefixed to the following terms, G x*, H“, I x*, K, LX, Me, &c, of the 
ſeries 1 + = x, Cx*, Dx?, Ex*, Fx, Ga5, H“, Isn*, K, La”, M x*, 


M 
&c (which is equal to 1 + x|* ), and the values of the co-efficients G, H, I, K, 
L, M, &c; to wit, the equations 


r e, £8, 
0 ＋ H, 2 G6, 
H = I, — H, 
123 2 „ E 1 
K=2L, x. 
L=—M, —= L, 
&c, 
„r = AE £6, 
Gu 1 
G = — 6, = H, 
= = H, = I, 
8 | 
I=—L, ., 
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KA L. get bs 


L = L, 2M, 


&c, as far as we pleaſe to continue them. 


100. And, in all theſe equations, the ſingle term which forms the left-hand fide- 
of the equation, will always bave the ſame fign + or — prefixed to it as 1s pre- 
fixed to the term on the right-hand fide of the equation that involves in it the 


ſame letter. Thus, the two terms F and = F, in the firft equation, will have 


the ſame ſign prefixed to them; and the two terms G and 5 G, in the ſecond 
equation, will have the ſame ſign prefixed to them; and the two terms H and 
— H, in the third equation, will have the ſame ſign prefixed to them; and the 
following letters, I, K, and L, in the fourth, fifth, and fixth equations, will, in like 
manner, have the ſame ſigns prefixed to them as are prefixed to the terms — I, 


E K, L, reſpectively. This follows evidently from the obſervation that has 


been often repeated in the foregoing articles, to wit, that the terms that involve 
the ſame letters in theſe latter, or particular equations, are all derived from the 


ſame terms of the ſame original ſeries, to wit, the ſeries 1 + = x,” Cx*, Dx, 
Ex“, Fx, Gx, Hx!, IX“, K, LX, Mx", &c (which is equal to 
OLI | : 


1.+ x ), by the operations of multiplication and diviſion in the courſe of the 
foregoing inveſtigation ; by which operations the ſigns + and , that are to be 
prefixed to them, cannot be affected. 1 


101. Further, the terms denoted by the ſingle letters F, G, H, I, K, L, &c, 
which form the left-hand ſides of theſe equations, are uniformly leſs than the terms 
_ F, 2 G, — H, I, — K, — L, &c, on the right-hand ſides of the ſame 
equations which involve the ſame letters reſpectively; becauſe m is ſuppoſed to be 
leſs than 2x, and, 2 fortiori, leſs than 5, 6x, 7n, 8n, gn, 10n, &c. It follows, 
therefore, that, in order to make the right-hand ſides of theſe ſeveral equations 
be equal to the left-hand ſides of them reſpectively, it is neceflary that the fign-+ 
or —, that 1s to be ne to the ſecond term on the right-hand ſide of each 
of theſe equations, ſhould be contrary to the ſign which is prefixed to the firſt 
term. And hence we may determine the ſeveral ſigns that are to be prefixed 
to the ſeveral terms of the ſaid particular equations, in the manner following. 


102. It having been ſhewn, in art. 98, that the ſign — is to be prefixed to the 
co-efficient F, and to the term — F, which involves it, it follows, from the laſt 


article, that the ſign + muſt be prefixed.to the remaining term 22 G, in the firſt 
; of 
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of the foregoing particular equations, to wit, the equation F = = ,> G; 
and conſequently the ſaid equation, when — have their proper ſigns pre- 


fixed to them, will be — F = — — F A. — G. 
n ſecondly, ſince Z == G has _ ſign + prac to it, it follows, from art. 


_ that the term G in = ſecond equation, G = — G, _ H, muſt alſo have 
the ſign + prefixed to it; and conſequently, by art. 101, chat the remaining 
term, = 2H, muſt have the ſign — prefixed to it; and conſequently the ſaid 
ſecond « equation, when its terms have their Ore ſigns prefixed to them, will 


be + G = +=6— EU. 

And, thirdly, ſince £ — H has the ſign — prefixed to it, it follows, from art. 
100, that the term H in the third equation, H = = H, . 1, muſt alſo have 
the * — prefixed to it, and conſequently (by art. 101) that the remaining 
term, — — 1, muſt have the ſign + prefixed to it; and conſequently the ſaid 
third equation, when its terms have their proper ſigns prefixed to them, will be 
—H 2 — 2 — H — = I. 

And in like manner it may be Meyn that the fourth equation, 133 2 — 
= K, when the proper ſigns are prefixed to its terms, will be + I = YER - 4 — 1 


102 


— —K; and that the fifth equation, K |= D K, L, when the proper 
ſigns are prefixed to its terms, will be — K = — K 4 —- L; and that 
the ſixth equation, L = = L, — M, when the proper ſigns are . to 


10 


its terms, aill be + L = + 2 L. — 2 N. 


Therefore the ſix foregoing equations, hen their proper ſigns + and are 
prefixed to their terms, will be as follows ; to wit, 


=F=— EF + —-G6, 

„ 

HS EHT —1T, 

* Bu 92 8 

+ 5m rr 

r EK+L, 
on 112 
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In theſe equations the ſeveral co-efficients F, G, H, I, K, and L, have the 
figns — and + prefixed to them alternately ; and it is eaſy to ſee that the ſame 
thing muſt take place in all the following co-efficients, M, N, O, P, Q, R, 8, 
T, &c, to whatever number of terms the ſeries be continued. We may there- 
fore conclude that in the ſeries 1 + r, Cx“, Dx?, Ex, Fx*, Gx*, H xz, 0 
1, Kew, La", Mx", Nx", O, Px*, r, Re, 8 cee 


m 
(which is equal to 1 + A), when m is greater than u, but leſs than 2 u, the 
third term, C x*, is to be added to the two firſt 1 + = x, and conſequently 
marked with the ſign +, and all the following terms Dx, Ex*, Fx, G x5, 
Ha, Ir, Kea, LV, M., N On, PLAY QA REY SY Te”, 
&c, to whatever number of terms the ſeries be continued, are to be marked with 
the ſigns — and A alternately; and confequently that, with reſpect to the ſigns of 
its terms, the ſaid ſeries will be as follows, to wit, 1 + = x + Cx: — Dx + 


Ex! — Fai + Gr“ — Ha! +I KX + Lo MK + Net ew 
O +Px* Qx +Raf - S&R + Ta” — &c. Q. E. I. 

103. It remains that we determine the magnitudes of the ſeveral co-efficients 
F, G, H, I, K, L, &c. Now theſe may be eaſily found by reſolving the ſhort 
ſimple equations obtained in the foregoing article; to wit, the equations 


n 6n 
— F = — ho B + w—_ G, 


+L=+ —L-—M, 
&c; which may be done in the manner following: 
To reſolve the firſt equation, — F = — 3 F + A, let E F be added 


to both fides ; and we ſhall have = G = —=F—-F= = — 105 F = 
* F, and conſequently (multiplying both ſides into —) G = . 


62 
. . 
To reſolve the ſecond equation + G = — G — — „ let 7 H be added 


to both ſides; and we ſhall have + G + — N= = G, and conſequently 


(ſubtracting G from both ſides) =Hz= 26 — G ——_ * 62 


x G, and (multiplying both ſides by =) H = „ G. nr 


"WO 
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To reſolve the third equation — H = — — * 25 I, let — H be added 

 to/both ſides; and we ſhall have E. I = ZH — H= E= H= 

=== „H, and conſequently (multiplying both fides by 5) I = Z= x H. 
* | +17 4,0 724 . E. I, 

To reſolve the fourth equation + I = I 2E, let A= K be added to 

both ſides; and we ſhall have I + —— 2 == I, and conſequently (ſubtract- 

ing I from both ſides) 2-K = =1 —I= = — 1X1 — * I, and 


(multiplying both fides by g) K = === x 1. Q E. I, 


To reſolve the fifth equation — K = K L. let & K be added 
to both fides ; and we ſhall have —L =. KK — 1 K = 
— x K, and conſequently (multiplying both ſides by =) L = Ez 


m - 10 


* K. 3 Q. E. I. 


And, to reſolve the fixth equation, + L = + 20s "28D — M, let — M 
be added to both ſides; and we ſhall have L + == M = = L, and conſe- 
quently (ſubtracting L from both fides) _ M = =_ LLS - ix L. 


m 
D x L, and (multiplying both fade, by rg) M Erg x L. 
| q. E. I. 
It appears therefore that 
8 vin be === x F, 


Ana that H vill be = —.— x G. 


and M = — x L. 


And it is eaſy to ſee that, if we were to inveſtigate the values of the following 
co- efficients, N, O, P, Q, R, S, T, &c, by the reſolution of the following 
ſhort, ſimple, equations which relate to them reſpectively, we ſhould find 

| N to 
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5 
A 
2 
1 
7 
| 
1 
* 
2 


and T = 7 — X 5, 


and ſo on ad infinitum, every new generating fraction being derived from that 
which immediately preceeds it by adding # to both its numerator " and its deno- 
minator. 


104. We may therefore * conclude that when m is greater than , but leſs 


than 2 u, the quantity 7 r or the nth power of the wh roe of th binomial 
quantity 1 + x, will be equal to the ſeries 1 + — = Au + == B26 — 


C * + 2 b = Ex. — £=2 pgs — Ee 7 + 25 
H — = Iv + == * 3 . + 25 Mx* — 


I2% — 1 1 1 — 1 14% — 4 Ign — m 16n — n 
TT" LN 55 3 — 8 CAE 


R == Sv" — &c, 
is added to the two firſt terms 1 + — x, and the fourth, fifth, ſixth, „ 
and other following terms are alternately ſubtracted from the three firſt terms 


1 ＋ 2A *, and added to them, and conſequently marked with 


the 5 — and . e ; and the ſeveral generating fractions = 


= 4n—m * 6n—m 


, "the © Ge teh 


42 1 6x 
nual Addition of to both their numerators and their denominators. 


. E. 1. 


105, We have now ſhewn the binomial theorem to be true in the caſe of 
* 


1 + A, or the mth power of the nth root of the binomial quantity 1 + x, when 
m, the numerator of the index = = is greater than », its denominator, but leſs 


than 2 u. Ie remains that we ſhew it to be true alſo when m is greater than 2 1, 
Vol. II. . 7 but 
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but leſs than 3 », and when it is greater than 3 # but leſs than 4, and when it is 
greater than 4 n but leſs than $5 =, and, in general, when it is of any greater mag- 
nitude whatſoever. | 


106, Now for this purpoſe we need only obſerve that in all theſe different 
magnitudes of m with reſpect to u, as well as when m is either leſs than , or 


greater than u, but leſs than 2», the quantity 1 + A will be equal to the 
ſame ſeries 1 + — *, Cx*, Dx, Ex“, Fx*, &c, of which the firſt term is 1, 


and the ſecond term 1s = x and 1s added to the firſt term, and the third and 


fourth and fifth and fixth, and other following terms, Cx, Dx?*, Ex., F x5, 
&c, conſiſt of the ſquare, and cube, and fourth power, and fifth power and 
other following powers of x in their natural order without interruption, multi- 
plied into certain fixt numbers, or numeral co-efficients, which may be denoted 
by the capital letters C, D, E, F, &c, and are to be connected with the two firſt 


terms 1 + = x either by addition or ſubtraction, and conſequently marked 
with either the ſign + or the fign —. For from hence it follows that, if we 
apply the reaſonings uſed above in art. 67, 68, 69, 70, 71, 72, to the inveſti- 
gation. of the terms Cx*, Dx, Ex*, Fx“, &c, in the ſeries 1 + - x, Cx*, 
Des, Ex, Fx*, &c, and of the ſigns + and —, which are to be prefixed to. 


them, in any of theſe new relative magnitudes of m and u, we ſhall always come 
to the ſame final equation which was obtained for this purpoſe in art. 72, to wit, 


the equation between the ſimple ſeries =, Cx, Dx*, Ex*, Fx, &c, and the 


compound ſeries 

22C, E Dx, E, = Fx?, &c 

m m m _ 
| + 1, — Cx, = Dx*, = Ex?, &c. 
And from this general and fundamental equation we may derive particular equa- 
tions for the determination of the ſigns that are to be prefixed to the ſeveral 
terms Cx, Dx*, Ex, Fx, &c, and of the magnitudes of the ſeveral co- effi- 
cients C, D, E, F, &c, which will conſiſt of the very ſame terms as the particu» 


lar equations derived from the ſaid general equation in the former relative mag- 
nitudes of mw and ; to wit, the particular equations following: h 


iſt, C, ＋ 1, 


Or (as they may be expreſſed with more convenience) 
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3% 
2dly, C C, =D, 
3dly, D = 2 D, S E, 
achly, E = E, =F, 


&c. And the only difference between theſe particular equations in the caſes 

of theſe new relative magnitudes of m and n (in which » is ſuppoſed to be 

greater than 2 1) and the former particular equations, conſiſting of the ſame 

terms, in the caſes of the former. relative magnitudes of m and u (in which m 

was ſuppoſed to be either leſs than 2, or greater than u, but leſs than 2 #) will 

be in the ſigns + and — that are to be prefixed to their terms, This dif- 
ference we muſt now proceed to inveſtigate. 


107. In the aforeſaid particular equations, by means of which the ſigns to be 
prefixed to the terms C x*, Dx*, Ex, Fx*, &c, and the values or magnitudes 
of the co-efficients C, D, E, F, &c, are to be determined, to wit, the equations 


m { 


==1, c, 


= = =C ED, 
m m 

D = ED, E E, 

m . 

E = = E, E F, 

| F = = F, = G, 7 

&c, the common denominator m of the ſeveral fractions =, E, =, , &c, 
will, on the preſent ſuppoſition, be greater than the numerator, 2 x, of the firſt 
of the ſaid fractions; and it may be greater than 3, 4n, 5n, 6n, 7n, and 
many more of the numerators of the following fractions, =, . 


m m m m 
But, however great we may ſuppoſe m to be in compariſon of u, we may always, 
by continuing the aforeſaid particular equations to a ſufficient number, come at 
laſt to an equation in which the numerator of the fraction involved in the firſt 
term on the right-hand fide of the equation will be greater than the denomina- 
tor m. For let pn be the greateſt multiple of » that is leſs than „: then will 
p + 1\ x n, or pn + u, be greater than ; and conſequently, when the fractions 


2, 2, E, E, = E, &c, are continued to the term I E, or 2 ＋ (to 
which, it is evident, they may be continued), the numerator of the ſaid fraction 
—.— will be greater than its denominator. Now, ſo long as the numerators of 


theſe fractions, — =, 2, =, =, E, &c, are leſs than their denominator m, 


m * m m 
the fractions themſelves will be leſs _ I : but when we come to the fraction 
| 2 P 2 pn +n 


m ? 


* 
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2 — 2, of which the numerator is greater than the denominator, the ſaid fraction 


will be greater than 1; and ſo will, 2 fortiori, all the following fractions; to wit, 
p+2 K 4 SEE 2. — Hog &c, or ARES — , : 


m . \ 
—.— &c. Therefore, ſo long as the numerators of the ſaid fractions =, 25 | 


I 


62 7 1 1 
= S. = , &c, continue to be leſs than their common denominator , the 


quantities _ ©. 2 D, — E, — F, — G, = H, xc (which are the firſt terms 
on the right hand ſides of the 2d, 3d, 4th, 5th, 6th, 7th, &c, particular equa- 
tions above · mentioned) will be leſs than the ſingle quantities C, D, E, F, G, 
H, &c, which form the left-hand ſides of the ſame equations: but when we are 
come to the fractions — 5 —.— CE, ==, — &c (which are 
greater than 1), the quantities of which theſe fractions will be the co-efficients, 


and which will be the firſt terms on the right-hand fides of the ſeveral particular 


equations in which they will appear, will. be greater than the correſponding 
ſingle quantities, which will form the left-hand ſides of the ſame particular equa- 


tions ; or, if we ſuppoſe the ſaid particular equations to be as follows, to wit, 
| C = pn +2 of $7: 28 D, 8 
m m 
D/ = —. D, —— E,, 
N m 
F/ — F* 7. 3® E vn + 4 F 
bs — m 3 _ 5 
and F = E p, —.— G., 


" ' m 
&c (in which the capital letters C, D, E, F, G, &c, have an accent placed 
over them, in order to diſtinguiſh them from the former co-efficients C, D, E, 


E, G, &c), the quantities —.— 2 — IY, fray E,, and — F, &c, 
which are the firſt terms on the right- hand ſides of the ſaid particular equations, 


will be greater than the correſponding fingle terms C, D, E, F, &c, which 
form the left hand ſides of the ſame equations. 


108. Further, it follows, from what has been repeatedly obſerved in the courſe 
of the foregoing inveſtigations, that in all theſe particular equations the terms 
that involve the ſame co- efficients, or capital letters, C, D, E, F, G, &c, or C', 
D', E', F, G', &c, muſt have the ſame ſign + or — prefixed to them; becauſe 
they are derived from the ſame original terms C x*, Dx*, Ex, Fx5, &c, in 


the aſſumed ſeries 1 + _ xs, Cx*, Ds, E x*, F x*, &c, by the operations of 


multiplication and diviſion, by which the figns + and —, that are to be prefixed 
to them, cannot be affected. Therefore the firſt terms on the right-hand fides 
of all theſe particular equations muſt always have the ſame ſigns + and pre- 
fixed to them as are to be prefixed to the ſingle quantities which form the left- 
hand ſides of the ſame equations. | 

2 109. And 
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109. And hence it follows that, ſo long as the firſt terms on the right-hand 
ſides of theſe particular equations, to wit, the terms — Go _ D, — E, — F, 


2 G, &c, are leſs than the ſingle terms that form the left-hand ſides of the ſame 
equations, to wit, the terms C, D, E, F, G, &c, reſpectively, the ſecond terms 
on the right-hand fides of the ſaid particular equations, to wit, the terms = D, 


2 E, F, 2 G, ZH, &e, mult be marked with the ſame figns as the firſt 


Py 
terms on the ſame right-hand ſides of the ſame equations, to wit, —=C, _ D, 
— E, = F, 2 G, &c, or muſt be added to the ſaid firſt terms, ſo as thereby to 


m 
increaſe their magnitudes. For otherwiſe the two quantities on the right-hand 
ſides of the ſaid equations cannot be equal to the fingle quantities on the left- 


hand fides of them. But, when the firſt terms on the right-hand fides of theſe 
apr; equations become greater than the correſponding ſingle terms that 
orm the left-hand ſides of the ſame equations, which happens in the equations 


Cz —.— oY -— - = D, 
D = , eats x, 

m m 
E = 2. E“, WEE F, 

m m 
| and F = E F, —.— G',, 
xc, the ſecond terms on the right-hand ſides of theſe equations, to wit, the 
terms == D, . — E,, —.— F, EL G, &c, muſt be marked with the 
contrary ſigns to thoſe which are to be prefixed to the firſt terms on the right- 
hand ſides of thoſe equations, to wit, the terms S== C, —.— D, —.— E, 
—— F, &c, reſpectively, ſo as to leſſen the too great magnitudes of the ſaid 
firſt terms, and reduce them to an equality with the ſingle terms C, D, E, F, 

&c, which form the left-hand ſides of the ſaid equations. 


110. From theſe obſervations it follows that, if m is greater than 2 1, but leſs 


than 3 u, or, if p is = 2, and conſequently — n= —.—, or 5 the parti - 


cular equations ſet down above in the beginning of art. 107, to wit, the equa- 
dons 


"« 8 


294 A DISCOURSE CONCERNING 


E = 5 E, = F, 
| | F E F, = G, | 
&c, will, when the proper ſigns + and - are prefixed to their terms, be as fol- 
lows, to wit, 
| - 2 14 -- C, 
8 2" | n | 
+C = + 7 * C + — D, 
2 n 4 
— E = —- — E + = „ 
+F=+EF—-=6, 
&c; and, if m is greater than 3 #, but leſs than 4 u, or p is = 3, and conſe- 
quently == is = Ty = =, the ſaid equations will, when the proper figns 
+ and — are prefixed to their terms, be as follows, to wit, 
m | 2%" 
r 
en, 22 n 
+ C = + ym C + — D, 
+ DS + =D * — E, 
+ E = ＋ 2E — E F., > 
=F=—EF+=6, 
And the next equation ne wa hy” 
| aA * 
F 
2 | | 
And, in general, all the co-efficients C, D, E, &c, will be marked with the 


fign + till we come to the . in which the fraction by which the co- effi- 
cient is multiplied in the term on the right-hand fide of the equation is 


pn + -, of which the numerator pn + 7 is greater than the denominator ; after 


which the next co-efficient will be marked with the fign —, and the next to that 
will be marked with the ſign +, and the next again with the fign —, and ſo on 
to as many co-efficients as theſe equations ſhall be extended to, the figns + and 
— being to be prefixed to all the ſaid following co-efficients alternately. It fol- 


lows therefore that in the general ſeries 1 + = x, Cx*, Dx*, Ex*, Fx*, Ge, 


* 


| NJ 
Hx", Is“, Ke, Ls", &c, ad infinitum, which is = 1 + Ar, all the terms 
C., Dx, Ex“, Fx*, Gx*, &c, will have the fign + prefixed to them, or 
will be to be added to the two firſt terms 1 + — x, till we come to the px + 21th 


term, 
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term, pn + n being the firſt multiple of » that is greater than ; and the ſaid 
pn + Ath term will be to be ſubtracted from the ſaid two firſt terms, and marked 


with the ſign — ; and all the ſubſequent terms after the px + #th term, will be 
marked with the ſign + and the fign — alternately, or will be alternately to be 


added to, and ſubtracted from, the ſaid two firſt terms. 1. 
Note. This concluſion is agreeable to what was aſſerted above in the begin- 
ning of this diſcourſe, in art. 5 and 6. . | | 


111. It remains that we inveſtigate the values, or magnitudes, of the co-effi- 
cients C, D, E, F, G, &c, when m is greater than a2. 
Nou theſe magnitudes are to be determined by reſolving the particular equa- 
tions above-mentioned in art. 107, to wit, the equations 


If = &© © 
[| 
| 
D 
E 
& 


&c, and 
C 2 pn + n C, pn + 2# D, 


2 2 D, 2 E,, 
E = —.— E, pn + 4n F, 
F = &+6 F, —— G, 


&c, which, if the ſeveral terms of them have the proper ſigns + and — pre- 
fixed to them, will (according to what has been demonſtrated in the four laſt 


articles, 107, rob, 109, 110) be as follows, to wit, 


== 1 — C, 
+C=+—C+<D, 
+ D + =D+<E, 
＋ E EEE F, 
ER |, 6n 
3 + —=F + — 6G, 
, C, p 
— C = — [== c= D, 
+'D = + ESZD - . E, 
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n n + 3% b. + kee p, 
+ F AF E G 

dc; and theſe e may be f in the manner following: 


112. To reſolve the firſt equation, * 142 1 3 ſubtract 1 from both 
ſides; and we ſhall have — C 2 — — 1 2 = and conſequently (multi- 
x [ 1 


— 4 — * — 4 : 
plying both ſides by 770 o * X n E. 1. 
. To reſolve the ſecond equation, 0 C = = += EE 4 3 D, luberact 2 


from C; and we ſhall have 2 D = - e 1 — =|x b 22 
x C, and conſequently (multiplying both ſides by =) D = SS x C. 
a. E. 1. 
To reſolve the third equation, + D + = D + <= LE, ſubtract = 
from D; and we ſhall have ZE = D — 2D = 5 5 D 2 1 
* D, and conſequently (ug both des by 700 E = 


Q E. I. 


To reſolve the fourth equation, + E=+ 2 2 E + 2 F, ſubtract 42 E 


from both ſides ; and we ſhall have I F = 245 2 ES1 D x E= 
== x E, and cle (makiphing both fd by =) F = 5 
K E. n 1 


To reſolve che fifth — + F = + — £2 pa — G, ſubtract 5 = F from 
both fides; and weſhall have E G 2 F 2 F = 1 E F= —.— 
e F, and conſequently ines both ade into 25 G = NF. 

| Qs BE. 1. 

Thus it . that, ſo long as the numerators of the ſeveral fractions =, 27, 
= O, &c, continue to be leſs than their common denominator , the ſeveral 
terms Cx, D, Ex*, Fx, G', &c, of the ſeries 1 + — x, Cx*, Dx?, 

| | Ex“, 
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. 


Ei, F Gas, Ke, 0 mr n n 3 with = 
fign F, or added to the two firſt terms t 42s, and thar'the os. e cent c will 


——— —— — 


be * = , or = K By and'D will be = ©== 251; and E will be 
— — be = E x E, and G vill be = = vp; 
which aliens are rived, ben g. o B (the co-ffceqr of the ſorand tom 
2 „ or Bx), by the continual multiplication of the generating, fractions , 


—, 2 2=£ 2=E, be, of yhich the nymeraors lecraſe by the ou 


£ IT, 


tinual A alen 2 n, — the denominators increaſe by the continual addition 


N — 283 


of the ſame quantity. 1:1pvinoa ban Xx 1 * — dt ; 


114: And, when the numerators SET: . EW 0 
are greater than the common denominator m, and the equations to be reſolyed 
INN 7 3 | — 

| BA — 


Ic 0 5 er 445. 0 
214 : 9.2 if | _ _ Wn " C + 
„bd bard Re! och no WI ata Sie £12 29354 3 £1112 
+.D= Er. ft» | 
80d ie oB .0 1 (Treunsi @19V9S! 541 > S118} 912 10 
* * | F * — f 2 , ” 
6 - > 
niere 1 2 7 E 8 nie * E 4 þ = . 2 2 
1 2 + po \ TIE IS 
ow id engt to F e tt mongb Has 
8 * , 
280 12811 Ty &c, 10 — V ret 1152 84 91 (1467) 
theſe equations | may be reſolved in the manner Slbving: „ 
R 4 K PET 
* 
Teo refolve the fir equation, = C S + e227 D 
. 01 J RN #4 


„5 IE ETFS 0 
1 * C's Hin Cad NS (anuliiplying both fides 


PFTTzE 3 * 0. vi 4E ©3 94909 2 nw 1 13 2295 Es , "bas: . 1 
, 4 . . —— 29 
pu 2 7 rr O03. 5. 


. ene the rom equaon, + ED =E22 0 [EF x, * 
E be added to both ſides ; and "we ſhall b Have 5 In K . 1 


ff E — 65 3 077k 


D and (ſabrrafting D from both th buen er b P= 
. * nx 0 
7 „D EE2S2 x and (mukiphing both ades int dhe 


11 eee 79 Þo 21} 


Nn 4 
e : een * D. IEA $710.11 ire) 20 in bo 
Vol. | 2 d. | 9 A 


* * EH Xx E, and conſequently (multiplying 
— 


equation, to wit, £ 
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| To reſolve the third equation, — E = — 2 x E F, let 
. E be added to boch fides ;'and we ſhall have -l. F. = S EEE 


3 EKR. . 1. 


N pip 


my to reſolve the fourth equation, +F=+ 22 FP 2 CALC, let 
LET'S „ 'G' be added to both fides; and we ſhall * F + 2 * & = 
ET F, and eee F from boch ſides) 2. G = pie) PSF, 


— EEE - 2 x F = E x F, and Mee pr (multiplying both 
es by the aden fr 0 c =. 


+ 
+2=2 F. | . k. 1. 


It therefore appears that, when we are come to the equation = C = — 
(+= c 1 in which the firſt term on the right-hand fide of the 


C, is greater than the ſingle term on the left-hand fide 


of the fame equation, to wit, C', the ſeveral terms, TD), E, F, G', &c, will be 
generated, or derived, from C by the continual multiplication of the fractions 
ET, ET f, rf, E, gc of which both the numerators 


+28 „ ＋3 . pu K 
and denominators increaſe by the continual addition of x; whereas, before we 


came to the term = x C. the numerators of the generating fractions 
8383 e, * &c, decreaſed by the continual ſubtraction 


2s ? TAS ary) 
of fn, 's, whil their denominaror increaſed by the continual addition of it it. 


—— + 
226 


114. The numerators of bo firſt fer of generating fraftions, 2=* — — 7. 


=== == 22. &c; till we come toa eee 


Xe the exceſſes of m above the ſeveral ſucceſſive multiples of u, taken in their 
natural order, to wit, x, 2 2, 37, 4, 5 2, &c; and the numerators of the ſecond 
pntn—m + 22 —m Sn+ gu —m I 
ſet of generating fractions, e . mt” pat &c, 
after we are come to ñ̃ + 1] x #, or pn + a, or the firſt multiple To that is 
than m, are the exceſſes of the ſeveral following multiples of », to wit, 
p+i\xn,pÞF2\xnp+3)xX% 5 + Alx x, &c, or pn + 1, pn + 2, 
vn T u, pu + 4u, &c, taken in their natural order, above m: ſo that in both 
ſets of generating fractions the numerators of the ſaid fractions are the differences 
of m from the ſeveral ſucceſſive * of u, taken in their natural order, to 
8 1 6 11 wit, 
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wit, 2 u, 3, 41, f, 6, &c, and pn,p +1 & 1, 5 + 2 x. 1, 5 + 3) x , 
p+4])xn,p + 51 * #, &c, or 21, 3, 4n, 5 u, 6n, &e, and pn, pn +n, 
pn + zu, pn + zu, pn + 4n, pn ＋ 5u, &c, ad inniium. n f YO 


11 | It therefore has now been demonſtrated in art. 105, 106, & + pt Ar. 
that, when m is greater than 2 2, and p n. is the greateſt multiple of = that is leſs 


than n, the quantity 1 + I, or the mth power of the "th root of the binomial 
quantity Lf will be equal to the ſeries 1 + SAs + . Bx* + 8 
c + 12 'D x+* + — * E 45 4 2 . — Fx. + &c £3; 2 — ce 
i L es ETD eee 5 Eg . 
* pn + 33 D's” pn +44 E + pn + 5 F of fu + bs. 
G' x? . &c, ad infinitum; in which ſeries all the terms after the firſt term x 


are to be added to the faid firſt term till we come to the term RE C EE. 
which is to be ſubtracted from the ſaid firſt term; and all the terms after the ſaid 
term 55 C' are to be added to and ſubtracted from the ſaid firſt 
term 1 alternately. All which is agreeable. to what was aſſerted above in the be- 
ginning of this diſcourſe, art. 5 and 6, concerning the ſeries that was equal to 


1 + x] upon theſe ſuppoſitions of the relative magnitudes of mand u. 


116. We have therefore now compleated the demonſtration of Sir Iſaac New- 
ton's famous binomial theorem, in all the cafes of fractional powers whatſoever; 
to wit, 1ſt, in the caſe of the roots of a binomial quantity r + x, in art. 21, 22, 
23, 24, 25, &. . 51, where we inveſtigated the terms of an infinite ſeries 


that would exhibit the value of V f Y, or 7+ , when u, the index of 
the root, was equal to any whole number whatſoever ; and, 2dly, in the firſt 
caſe of the powers of the roots of a binomial quantity, in art. 54, 55, $6, 57, 


$8, 591 + + + + + + 79, Where we inveſtigated the terms of an infinite ſeries 


would exhibit. the value of 1 T , or of the mth power of the th root of the 
binomial quantity 1 + x, when z,;the index of the root, was equal to any whole 
number whatſoever, and m, the index of the power, was equal to any other whole 
number lefs than u; and 3dly, in the fecond cafe of the powers of the roots of 
a binomial quantity, in art. 80, 81, 82, 83 . . 104, where we inveſti- 


gated the terms of an infinite ſeries that would exhibit the value of 1 , or 
of the mth power of the »th root of the binomial quantity 1 + x, when , the 
index of the root, was any whole number whatſoever, and m, the index of the 
ower, was any other whole number greater than u, but leſs than 2 u; and, 4thly, 
in the laſt caſe of the powers of the roots of a binomial quantity in art. 105, 106, 
2 2 Q. 2 107, 
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107, tos, & . 4. 115, where we inveſtigated the terms of an infinite ſeries 


* ' ' | | * 
that would exhibit the value of 1 + x., or of the mth power of the ath root of 
the binomial quantity 1 + x, when , the index of the root, was any whole 
number whatſoever, and m, the index of the power, was any other whole num- 

ber whatſoever" greater than 2 . Here therefore we might with propriety put 
an end to this fours - "but as the laſt caſe above-mentioned of this theorem, 
in which m is greater than,2#, is attended with rather more difficulty than the 
former caſes of it, on account of the different numbers of terms of the ſeries 


1 + x, C, Dz', Ex Fx*, &c, after the two firſt terms 1 + — x, which 
are to be marked with the ſign +, or added to the ſaid two firſt terms, according 
to the different magnitudes of m with reſpect to a, I ſhall now proceed to lay before 
the reader another demonſtration of this laſt caſe of the ſaid theorem (in which u 
is greater than 2 1), and likewiſe of the next preceeding caſe of it (in which m 
is greater than u, but leſs than 2 12); which is grounded on the ſuppoſition that 
14 a. PST HS as | | | 2. 7 
the ſaid theorem is true in the firſt caſe of the quantity T+a*, or when m, the 
numerator of the index =, is leſs than its denominator u. | phos 
T2715 Din DIX Laus WTF 208) N ; 


"= S «4 1h 
- 


Se „n £51 0 " 
. . S * 5 


Another demonſtration of the Binomial Tbeorem 


- 


LE = ol 
4 4 _ F 
CS 3 AL ; - 114. 


' x 
t e, when m is leſs than n. 


” . * 
bd * F e., + © F 


4:1 * 22 aid Lads 2 $5 


117. It has been ſhewn above, in a pretty full, and, J hope, ſatisfactory manner 
(in art. 54, 55, 56, 57, $8, 59, Kc... .. 790, chat when m, the numerator of 
oy * Hn 18% ) 13 5 ANY DOLLY 4 l 7 >. A 1 ”* net G 
the index =, is lefs chan u, its denominitbr, the quantity T *I, or the mth 
power of the nth. root of the binomial quantity 1 +, x, will be equal to the ſeries 


37 1 m - Cj we 1 * — B 2 * 2 2 — = - 4 2 by * 2 m 4 — m4 F — 
== 225 * — Cx? — D 4 — HOP 
I ws — As 5 3 = x** + = E x 


&c, ad infinitum in which all the terms after the two firſt terms 1 + Ax are 
marked alternately with the figns — and +, or are to be alternately ſubtracted 
from, and added to, the ſaid two firſt terms. Now from this propoſition we 
may deduce a proof that, when m is greater than #, but leſs than 2», the quan- 
"= 8 . 83 | tity” 


* 


5 
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233 Me I th OI by) = al] - 
tity 1 + x]* will be equal to the ſerips above found for ĩt in art. £6 81, 82, 83, 
Wold | ® 945, and that, when m is of any, magnitude greater than 1 2 the 


quantity T + . will be equal to the ſeries found, for it above. in art, 195, Ns 
107, 169, Ke.. Popee I 4537 oof Th his may bg done 1 in the manner following: _ 


144. ———— 1 — 


223 IS 27 * Is; 3 - A 1 — 7 IC . 9 1 A & *p x 3 * 2 


1153. la che firſt place let us ſuppeſt che las Sf the power 10 which the 


* 


binomial quantity 1 ** is to be raiſed,” to be 2 ＋ 5 0 , of 1 >; , inſtead of — ＋ 


17 4 ww -1: LIEN, II8 , + »* 
„eit l * bis] 9005 10 bens tnt 3 2 


and let p be put S u. Then will 114-81 4 „be = 
EA. 4-1 + r. 29119t- hid 2103 0? larrpa.od | [mw (6g NES 
1 +, *I 3 in which quantity p, the numerator uff the index £ Z, will e greater 
chan ſits denominator #, but leſs than z u. For n n (to "hich p 3 is equal) 
3— — along is ere chan #) leſs than 28. 


ed 07 Hold 02 1guo w6s 22 39.3103 20 2100 ei 194 
We muſt therefore ſhew that 1 + J * will, 9 theſe doppeltes, be equal 
to the ſeries 1 + — Ax + ene ITS + 2 Ds 2 ho 
Ex* + ger vids in which the thitd tetm 2 B is marked with the 
Xx A + 1 + + 1 eoit2} bt {1 + 10-219won at XS | 4 
ſign X+ or ãs added to the two gilt term 1 L + — Ax; and all. the -fallowingrenms 
are marked with the ſigns — and + alternately, « or are to be alternately ſubrratted 


1 
19 


from, and addptl to, che: ſaid two firk e nee 07 Itrps 
4 & — v3 ** v. ; 1 3 
re X * — | | 

ae 1 V Aen. Ir = 1; Fas f rick "= FF IO 

£ 74 1. (E & *X,1 Lf n - EAD zal Er 11 SA n ods ol 


But, by the ſuppoſition I + n is = the ſeries 14 * — 2 2 2 
* 2 K ITT, Ee 705 an * = X DE.” 143 2 


T. F = iff, e 70 77 K D n 7 
„ „„ £2 gs — &ec, as is bey in art. 54, 55, 56, 57, 58, 59, 


838 „24 


KC. 7777793 or, if we denote the ſeveral co-efficients of x, x*; ef, *, x „Kc, 


in this ſeries, by the capital letters B, C, D. E, F, &c, reſpecbively, TAs will 
be = the ſeries 1 f. BE Cx + D* Ext + Ex* & . 
2. 


Therefore i TAs (wbich TA will bs = the-ſerie 
1+ "Bi —- Cx" + D Ex + Fx = & c X 1 r 

Des * — = 
pine | 2M 1 4 
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1 +Bx — Cn! + Du) — Ext + Fx" — &e AIK 


c De E + Ne. 


dot, beck B is greater than C, and C is greater than D, and D chan E. 
* E than F, and every following co-efficient of a power of & in the ſecond 
Ane is greater aret chan the co- efficient of the fame er of x in the firſt line, it is 


evident that this compound ſeries will be equal to the ſeries 1 +1 +Bxz+ 


ADE I Not. * x? +D—-E x * —[E—F x x* + &c; in 
which ſeries the third term Ax x“ is added to the two firſt terms 1 + 


1 ＋ HX 77 and the ſeveral following terms T — Dl X x 5 — E EX vi, 


X x*, &c, are marked with the ſigns — and I alternately, or are al- 
remarcly ſubtracted TINT the laid two firſt terms. 5 
— 2. * rotecks Wi 
Therefo As vill be equal tothe fa fries 7 T Ne x + B-— C| 
* 2 5 * * ＋ 5 E x ** FD —=F „ #5 + &c, in which 
che third term B Cc x* is added to the two firſt terms 1 4+ T T BN, 
and the following terms are alternately ſubtracted from, and added to, che ſaid 
two 5 terms; which 1 22 one of the Properties * 2 to ene to _ ſeries 


Ca I » e . Fo * 
[4 1109 < oO QOTTI Ot (41 9 . if FO: . 0 2 . & — i 


— is equal * A * according ts art. 102. 


. 
—_— E 2 * — = : —= . 
, 


140. It remains that we e erer wy B, BC. | _ 
D -E, and E — F, &c, of the powers of x in the faid ſeries 1 + 1 + B X * 
As, x * r D x * 5 ZE] x ** =[E= Fx xs Ke (which. 


1 Wel 4 i= e 222, 2 X 


— — eg and f E . 2 ie BE bc £52 dn ro. 


2 45 . 
eaten agreeably to what is ſhewn in art. 104. "This may be done in the 
manner following: 


In the firſt =x it is evident that 1 * B e Tn + FREE = 


c_ — — 


e 33 e ee 1 'C x. b. 
Secondiy, fnce Cis S = 1 be = 50 
(N Ge # eVe «c þ © * — 2 % 
2 2 22 2 * Dc 3 0 — — 
ar B Sn Van SB 
— — 
x A. B X 47 1 | [4 2r6 
Thirdly, fince Pris = C- * , we mall have 62 D = be * 
2 22 ne 5 f = 41 —m+ +» _ 
= Ns | n= = Cx J uy c — * 


Ces C NE i MR 
4 Tomb; 
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Fourthly, fince E is = D x.E=S =2 de ſhalt have D=E = D—-D x 


RE Q -— US 


a —. 
12 88 A 


2 2 | #3 in CIC f 3 x 
And N is * to — 3 if' we were to to proce in * ſame manner to examine 


the following differences, F G, G — — 1, 1 -K, K -L, &, con- 
tinued to any number of terms, ve ſhould find them to be reſpectively equal to 


F * N fe HN LN z c Ec, in which quantities the de- 
nominators of te ſeverat fractions fe, g, fe, g 22) ez of which 5 is the 


numerator; increaſe continuqly by the adde bf Ny 
It follows therefore that the ſeries 1 + MW Bx x + Sch ** —TZD 


Xx * + D— Ex * —(E —=F K* en DOE will be 
= fon rin Cx eee VS 


&c; ad conſoqueatly this-lat ſeries will be = "FA. We muſt therefore 
ſhew chat the ſeveral co-efficients E x ,, CN £,D x Er and E x 25 Kc. 


. aneh. o £ = 2 * 
= 25 _ 22 mee eee, 


121. ta 3 ate 70 ©. we ſhall have 2n—Þ (= * — Cs 
Err r 24 Ro- 
| Zu —p = 2 — , 
and 4x —p = 30 — m, 
and gu —p = — 4 — , 
and OP = = 2 
und Bn — 9 = 75 — 
K | 


We thu therefor have . | 
— 7 - 
N BSS2# 1 22.5 44,43 4 - 
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e A and C= N= = X > * $7 22 c14 * An 7 


mW + N — -—o SI. fon = 22 A 
eee Di: * 3 12 — = 5 xr = . 
and E ( KEE” — 2 0 = * 2 Ke Ear. 


* 


wm 2 nt | 3 
2 — mt 22 4 — m NG 2 
and F (= = * 5 X 342 * e 42 * Tx ) ＋ 3052 Ne 2 X 


D r x , 
e — 7 


— —— 


= fo on ad 7 , every new capital TER, Ear g equal to e next TREE 


ing capital letter multiplied into a new generating fraction Kas == z 5 Pf 


ind Ls =, Ke), TS is derived from the generating fraction next 
before it, by adding vdo oth is numerator and its;denotninator://: i on [21 


It follows theręfors that the cb effoientꝭ B. x 2, C x 2 5 
e, of r r ., 52 gandthe following powers of , ig the third, fourth, 
fixth, r ſeties l + S X 5.0.x 2 


# + DN . =E x £246 ere (which bas been bern ie be '= 
ETD id 39, + fo — (© + ©, x 
1+x f eotlowing d. quantities; to wits WA | 8 | * 

B x Z vin be = NE OOO 


and C ene a = x 2 Wy 0 : 720d 
wy Vibes & 22 22 5 E * 2 r 


* 8 —— 3 ents") riogio1 ol = gy i 1 ft e103 fil r og . 0 
ad E Zovill oe £522 SE e = EE R 
| a O * 2 —— TO e 25 r X Kms 


5 * — 
And. i it is ny Fe that, if 5 we were x] compute the values of the . 


— N — (8 3 2 
8 F * 2. G HN £ 7k, Xp» K 5 Serin 
manner by ubſticoring i in chemyvinſigad of e.letters F, G, H, I, K, 12 2 
reſpective values of thoſe letters, they would be ſuch as would follow from the 


value of the laſt co-efficient E 0 2 2 by nets it continually into the frac- 
* 


{ Das 


tions E, E., Ez. e hichi are formed from each other 
by the Cindi & icon of # to my e their e of 


fore the ſeries 1 1 —— 
Therefore the ſeries + 2 2. 98 N, anke D * 25 TH 


F 4 
SK * + &c, which hase been . 3 1 ＋ A, will be 
Das = 1+ 
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1 FT E N HR x to 
a ef x WL i BSL . egg ec, an 


— 


2 
conſequently the quantity - is = the ſeries 1 + = x + - 8 
9 — 22 — þ — * 22 — þ 3n —þ 5 5 — 
* T * + N N x N ahnen 
* * EL E= + &ic, ad infinitum, agreeably to what was ſhewn 


* 
above in art. 104. q. E. b. 


122. Having thus found that, when p is greater chan u, but leſs than 2 u, 


| 5 * 

the quantity 1 + x" is equal to the ſeries 1 + 22 + - * == x — 2 * 
— X 24 — þ Fl Pp —- * 22 — 3 — : pþ = # 22 — 

ID x TT STRESS es 415 5 T. 

* EL * DL xt + &c, ad infinitum, in which the third term E- * x7 

is marked with the fign +, or added to the two firſt terms, and all the following 


terms are marked with che figns — and + alternately, or are alternately ſubtract- 
ed from, and added to, the ſaid two firſt terms, we muſt proceed to conſider the 


. m 
remaining caſes of the quantity 1 + #}*, in which , the index of the power to 
which the »th root of the binomial quantity 1 + x is to be raiſed, is greater than 
2, or twice the index of the ſaid root. And, in order to do this with the more 
diſtinctneſs, I ſhall uſe the letter 4, inſtead of the letter , to denote the index of 
the {aid power, and ſhall continue to fonpels m to be leſs than x (as it has been 
ſuppoſed to be in the courſe of the five laſt articles, 115, 118, 119, 120, and 


121), and Þ to be = m + #, as before, and conſequently eto be = ==, or 
= + 1, and ſhall ſuppoſe the new index q to be equal to p + #, or m + n + n, 
or m + 22, and conſequently ⁊ to be E, or £ + 1 ; and, upon theſe ſup- 


__ 
poſitions, ſhall proceed to ſhew that 1 + Is will be = the ſeries 1 + * + 
R 
x = x nne EL gs — &c, in which the fourth term, as well 


2 3” W. v.59 2 
as the third, is marked with the ſign +, or is added to the firſt term, agreeab 
to what is ſhewn above in art. 115, and aſſerted in the beginning of this. diſ- 
courſe in art. 5 and 6. a | 


L , 
123. Now, upon theſe ſuppoſitions, the quantity 1 N, or the gth power 
| n 


of the mh root of the binomial quantity 1 + x, will be = TY = 
Vox. II. 2 R " Ip 
1 + x» 
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1+ = ITA x1 TI = ITA x1+x= the ſeries 1 ＋ 
be Ex ES en urge, 2 
* n 21 n 22 30 n 2n 3" 4n 
dx bx Et EL io ext FR = (the c. 
efficients of x, **, x?, *, x*, &c, in the terms of this ſeries, be denoted by 
B', C', D, E, F, &c, or the capital letters B, C, D, E, F, &c, with an accent 
placed near them at the top) the ſeries 1 + BX + C's* — D's* + Ex“! = 
Fx — &C X 1 + x = the compound ſeries | | x 


1+Bz+ CN — Ds + Ex! — Fs + &c 
+ x TBA + Cz) — De! + Zs5 —- &c 


But, becauſe C is greater than D', and D' is greater than E, and FE is greater 
than F, and every following co- efficient of a power of x in the lower line of this 
compound ſeries is greater than the co- efficient of the ſame power of « in the up- 
per line of the ſame, it is evident that the ſaid compound [ies will be equal to 


the (cries-1 + 1 + E * + B + N ** 4 DD 1 F x 
q 


x*+E—Fx x — c. Therefore the quantity 1 + 0 will be equal to 
the ſaid ſeries 1 +1 + BN + BB + CTX + Cx x? 5E 
* * + E — Fx x* — &c; in which ſeries the fourth term C-D)x x, 
as well as the third term Fx x*, is marked with the ſign +, or is to be 
added to the two firſt terms 1 + 1 + BIN; and all the following terms are 
marked with the figns — and + alternately, or are to be alternately ſubtracted 
from, and added to, the faid firſt terms; which is one of the properties of the 
ſeries 1 + 2 x ＋ 2 * — ooh. - x — * == 6 = - X — * 


— 22 R077 4 — * . . 47 — . 
CN ah + ＋ * * * * e Ke, to which 


3. 
| 4 
we are now to ſhe the ſaid quantity 1 + x| * to be equal. 


124. It remains that we ſhew that the co-efficients 1 + B', B' + C, C/ — D, 
DE, E F., &c, of the ſeveral powers of x in the ſeries 1 + r + BJ x x 


+ B+ Cx x* + C—- Dx x3 —(D'—E) x * + Fl * &c 


"a 58 

(which has been ſhewn to be equal to 1 + a=), are reſpectively equal to the 

and L * = x £2 A, &c, of the ſame powers of x in the 
1 2% 3n — 52 ALLE £5, ** 

7 beer Lon okra 


2n 


3 


Jo 


. * r + ＋* = x — 2 2 = c, to which we 


— 
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are now to prove the quantity 1 + A to be equal. For then it will follow that 
this laſt ſeries being thus ſhewn to be equal to the foregoing ſeries 1 + 1 + F 


x x + B'+ Cx x* Te x? —(D'— Ex #*+ EF X5 — 
Fo 
&c, which has been ſhewn to be equal to 1 + x}*, will alſo be equal to 


U — 
1 + #|*. We muſt therefore endeavour to ſhew that 
= 1 +B' will be = £, 
and B + C will be = 4 x i=, 
and C D will be = * r , 
and DY — E will be = £ x {= X = x A, 
and E — F will be = £ x = 5 * OS x K 
and that the following co-efficients F G', G'—H, H' T, I Bis K., 
K — L, &c, of the powers of x in the former ſeries will, in like manner, be 
equal, reſpectively, to the following co- efficients of the ſame powers of x in the 
latter ſeries. This may be done in the manner following. | 
125. Since P + a is = 2, we ſhall have 2 
N | — 7 — , 5 
and p- (=- 1) f 225, 
: and 20 —p (= 2n —[q — 1 = 28 — 272) = 3#— , 
and (adding #» continually to both ſides) 
| 3 — =; . 
t—p = 5 — , 
gn — p = 6 — 9. 
61 9 = Jt — f, 
22 = 8 — gz 
1 9 = g8—g5 
and ſo on ad infinitum. 
Therefore | | 
B' will be (= £) = NE, 
and C will be (= 2 * == x =) =B x 1 
and D will be (= 2 x == x = X DL) =C' x =. 
_andE(=C x = D =D £21, 
and F (= £ x = 2 . * EZ=E * 2 — Ex 2, 


And, in like manner, 


vil be ( F * £H =F x ©, 


62 
and H' will be (=G' x EA = x E, 
72 7n 


2 R 2 and 
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2nd I vill be (S H. ) H. Os 

n in be (= F e Y'x "ul? 
hp and ſo'on ad infinitum. of 4. 

Therefore the co-efficient of x, to e ad 07 awed). nod 2xd didw 2 

1 + B will be (= 1 + = 2 1 5 5 17 ——— 

and B' + C will be (= B' + B' x n AE ar 


2 er) =B 1 . 


2 


and C' — D' will be (= C- C' x * * C A C 


wha 9 ——— t8 5 2 C x 2E 
n nA A = 2" 
32 = D H D eee 


X =D x Sf Dx EE EL = De 
4n =; 


and E' — F' will be 1 E — E X = 2 E/ X EA = — FE 
OO Cr IE Cr 3 ae, 


52 52 5% 52 
and, in like manner, 
x 4 I) 4 =; A 
and G'— FT will be = G“ x =, 
and H' — F wilt be = F x + =, 
and I“ — K. will be = 1 x £: 
and ſo on ad inſnitum. | 


Therefore the ſeries 1 + 1 + B) x x < FT * x* + C=-D)x x? 


n * x+ +E-Fx * ee eee 
: 7 FAN vile = 3 +Lo Dx Ln +CxLu—D x 
NIE X * = &C = 1 +Lo+=x x £ * + 1 x — x 
L *. x LE f Let „ Ln x e I £51 
KD I he de Lint „ 


— 2 g=2n 1 — 1 „ 12 30 — 7 21 5 
* r + * 3 b R 62 


& c. Therefore the quantity Fan, ar the ds or 5 + Ilth, or m + 271th, 
” power 


by 
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power of the nth root of the binongia} quantiey x + x, will be equal to the ſeries 
i+La+LxlLn + Lal x Ling 1 x12 , 1== 


27 A 3* 
* Er „ „ A — &c, or (if we de- 


note ** oe of &, *, * , *, x5, Nc, i in this ſeries, by B“, C“, D“, E“, 
F, &c, or the capital letters B,. C C, D, E, F, &c, with two accents placed near 


them at the top) to the ſeries 1 + £ & + 1 " BY x* + WI C — * 
D“ #* + . — &c, ad infinitum ; in which the 20 term LJ C x3, 
as well as the third term A B” **, is marked with the ſign +, or is to be 


added to the firſt term 1, and all the following terms ——£ D*, 2 — = Fx, 


&c, are marked with the ſigns — and + akernately ; ; or are to be alternately 
ſubtracted from, and added to, the ſaid firſt term, agreeably to what is ſhewn 
above in art. 115, and aſſerted in the beginning of this diſcourſe in art. 5 and 6. 


1 


126. And, Nr if r be=q+n, orp+#n+n, of m + zu, we 


2 2 1 
1 =2 2 + x] » 


= Falls © = Fas x TF af = 


4 
1 + A* X 1 + x = the ſeries 1 + BK + CE + r | 
— &c, x 1 + x = the compound ſeries 
1 TRT + Cx? UE EINE + bs. 
+ ax + BU + CHE D = EH + &c 


= 1 + TEF x x + FO x x + OED x x + DEE 

FL [F< xv + & = :+1+Dxe+B+B x FF 
+ N= 7 D* + D — D* x D. EE « Ef] 
x * + &=1 +* fo +B x EL + Cx 2 1 4 


| N 3 
9 x ZI WT eB x EMEA + e=1+ Lab BY x 2d 


** + C” x Ie + D' xx = — E“ x "He CG 1824 5 
* r * H ˙ x =-- bi * +& = 1+ 22 
TFH Ang * * AAN 2 


—.— e = — — oO — 
Ae noe hee 3 + &c = 1 + —* + = FOES 
r—-2% 3 — 2 3 C — 
| =Y 
3”" 
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4 — 3* 42 —r * ; ©; 4 nd, He 4 Fs 
— 1 8 * + & =r + £ —=x+- r 
1 22 ; La PF — 2X 1 - 21 EE 1 — * 1 — 2x 1 2 
* r 2 IT ee 


x ® x * + Kc, or (if we put B“, 22 D, E, F,, &c, or the capital 


5 
letters B, C, D, E, F, &c, with three accents placed near them at the top, for 
the co-efficients of x, #*, &, *, x*, and the followin ng: powers of x in the terms 
of this ſeries) 1 + B” x + C4 D“ + EV F 5 + &c, or 


1 T N 2 + 55 C's 3 + 2 D“ + — 7 5 E“ x; FE 
&c. | 2. . v. 


127. And, ifs e +a,0rg + 21, 079 + go, or + 41, we ſhall have 


= . Z. ra: 8 


„ 1 + x the ſeriesr + B. + C D + ELN = F, + 
c X 1 + x = the compound ſeries 
1 ＋ B“ ＋ Co + DL + EP xt -F + &c 
+ * + BY x + Cs + D''#* E“ = &c 
=1 43 TBN * + FCN + +D x «2: DYE 
— 1 — 2 „ „ 722 
ene — &c = I +1+ x « + BY + BY x-==5 


Xx K* + CY + C* x —_— x * + D” + D” x ** + 


El, E x — — &c =1+ = x + B” x — 
—.— „ + D x — — * + E”” x TED 6 
e +BY x Ex + Cx D . + EE" x 

# * 


c 1 2 B x * +C" e ＋ D . + 


82 A n 22 1 22 38 2 


* — yr — 2 . K 4 _— | hs 332 P - 28 1 
75 — TY * The * 55 * — * bs # Ke 2 = 
1+ >#+ * 22 * 2 * 8 * 1 20 22 

12 28 > 1— * 1 23 132 3 — 4n 1 2 
8 * =_ r &c = 1 + 


* 


qa a a6 +— 6. >; ml 33 n 22 33 
— += x — „ — „ — x —= x* = &c, or (putting B, 


CV Dr, E, F”, &c, for the fred co-efficients of x, x*, x*, K, x*, &c, in 
the 
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the terms of * * K + BTT C + D + Er. + Fr — 


&c, * CW . . DS! + 222 
cn 
E * x5 3 * Q. E. D. 


128. We have now ſhewn in the courſe of the foregoing articles, from art. 


117 toart, 127, how from the ſeries I + = As — s. 8 © — Cs — 


p. += — Ex* — &c (which is equal to 1 Fas when m is leſs 


m+ x 


than 1), we may derive the ſeries which is equal to 1 Ta. ? „ or TY 


or 1 + x”, to wit, the feries 1 + — x .+ = Bat — EZ cw + + 


D = E'x* + &c; and from this ſecond ſeries, which is equal 


to 1 ＋ x|*, we may derive the aa which is equal to JET Eo, „ or 


m2 2 
1 * „ or 1 T 7 or 1 FA, to wit; the feries 1 + L + LE 


BY x* + —— —4 c — E + 7 E“ — &c; and from this 


7 
third 6 which is equal to IE: Wy As, we may derive the ſeries which is equal 
2 . r 


„e „N 3 * , or 7 T 4, to wit, the 


ſeries 1 + © # + = BY gf + == Cu + = 9“. — N 


+ &c; and from this fourth 22 which is equal to 1 1 N, we _ derive 


— — 


ane to 1 ry i Tr ur 1 2 . 1 „ or 


— to wit, the ſeries 1 + =x — — Ne- + — C + —= 


D' + 7 Ex — &c. And in "ae of theſe ſerieſes after the firſt 


(which is equal to I N), we may obſerve, 1ſt, that there is one more term 
marked with the ſign +, or added to the firſt term 1, than in the ſeries next 
before it; and, 2dly, that, after the ſeveral terms in the beginning of the ſeries 
which are thus to be added to each other, the following terms are marked with 
the ſigns — and + alternately, or are to be alternately ſubtracted from, and 
added to, the firſt term; and 3dly, that the co-efficients B, C, D, E, F, &c, and 
B, C. * E“, F, & ©, and BY, GT, 1. E”, F“, & c, * B, Cu, , 
E”, Fi, —and P,.C% D*, Es, F,, &c, in all theſe ſerieſes, are de- 
rived. 


* 
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rived from the firſt term 1 by the ſame law, or by the - continual multiplication 


n—M 21 — # 


of fimilar generating fractions, to wit, the generating fractions , =, 


32 4 52 „* 22 32 


, , , &c; che denominators of all which generating fractions 
3” 4" 5" 
aren, an, 3n, 4%, 5n, &c, or n and its ſeveral ſucceſſive multiples in their 
natural order; and the numerators of the firſt fractions in each ſet are m, p, 9, 
, 3, or the indexes of the powers to which the zth root of 1 +*x is to be AF 
and the-numerators of the following fractions are the exceſſes of n, 2n, 3, 
4n, &c, above the ſaid indexes m, p, 9, r, 5s, or of the faid indexes above u, 
22, 3n, 4n, &c, according as u, 2, 3n, 4 un, &c, happen to be greater or 
leſs than the ſaid indexes. And I apprehend that, from the manner in which 


2 2 5 
thoſe ſeveral ſerieſes, which are equal to 1+ a=, I A* 1+ x*, and 
5 m +" m + 22 m + 3n m + 42 
* 


1 ＋ K .*, or 1 T K „IFA „1 T , and T + a 
E 


3 


22 342 
. , &c, and 8 ROS. — £ — 4 IL. &c, and £, —- 
4" 5 n 22 3 4" bn * 
Ew B24, BEL, tie, ud . g , , BL, be. and fy er 


TIE TIE 


m+ gn m + 6n m+yqn m +8: 222 


I+x , * „ 1 TI * ,1i+x * ,1i+x = , &c,ad 


; 1 + 9 
7 infinitum, will have the ſame three properties which have been found to be- 


: a m+n 
long to the four above-mentioned ſerieſes which are equal to 1 +4 =, 


42 m3 m+ 42 | 
i+x,) n= ,1+x =» , andi +x| * ; and conſequently that, if Q 
be any whole number, how great ſoever, and M be = m + dun, the quantity 

m + Q# * | 
1+x| = , or1 + A, will be equal to the ſeries 1 + = x + EN * 
M MX M — 28 


M NK — 2 M — 27 A M 
n 2n 32 ö N 75 1 


28 3 


— * X — X 25 * + &c, or (if we put B, C, D, E, F, &c, 
for the ſeveral co-efficients of x, x*, x?, *, x*, &c, in the terms of this ſeries) 
to the ſeries 1 + = x + —_— Bx* + — Cx? + — Dx = = 
E x* + &c, till we come to the term in which the multiple of x that enters the 
' numerator of the generating fraction is greater than M, which multiple we will 
ſuppoſe to be P + 11x , or PMA. The term in which this happens will be 
marked with the ſign —, or will be ſubtracted from the firſt term 1, and all the 
following terms will be marked with the ſign + and the fign — alternately, 
or will be alternately added to, and ſubtracted from, the ſaid firſt terms; and 


the numerators of the following generating fractions will be P +2) x = M, 


2 P+3 


. 9 % 
* - * a 
. 1 + 
2 T F * * * 
> * « 
l 
LY 4 6 
., 
3 
— - * E 
$'4 
* — 


n 
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Fx -M, P+3)x» M, FA 1 M, PF N -M, &c, 
or PNY T 2 — M, P + 3n — M, Pr +41 —M, Pn + 53 — M, Pn + 61 
— M, &c ad infinitum. All which is agreeable to what has been ſhewn above 
in art. 105, 106, 107, &.. . . 115, with only a ſmall variation in the nota- 
tion, which the different methods of inveſtigation uſed” in the two places had 
made neceſſary; the capital letters P and M being uſed in theſe latter articles 
inſtead of the ſmall letters p and m, reſpectively, which were employed in art. 
105, 106, 107, &. 115. And it alſo agrees with what was ſtated and 
aſſerted above in the beginning of this diſeourſe, in art. 5 and 6. 
F ee IR 
Another Inveſtigation of ſo many of the firſt terms 
of the ſeries 1 B C, Dx“, Ext, 


. - . 
F x*, Ce (which is equal to T T AI) as are 


to be added together before any terms are ſub- 
tracted from the firſt term 1, when m, the nu- 


merator of the index E, is greater than n, its 

denominator ; deduced from the binomial theorem 

in the caſe of integral powers. | 
CR: ih. EN My 


129. But there is ſtill another method of diſcovering many of the firſt terms 
* 


of the ſeries which is equal to 1 + Ne, in the caſe that has been laſt under 
conſideration, or when m, the numerator of the index =, is greater than u, 
its denominator, which the lovers of theſe ſubjeAs will, I imagine, be glad to 


* 
ſee. It is founded on a ſuppoſition that the quantity 1 + A will be equal to 
a ſeries of the following form, to wit, 1 + Bx, Cxz*, Dx, Ex“, Fx, &c, 
of which 1 is the firſt term, and all the following terms conſiſt of the ſeveral 
ſucceſſive powers of x in their natural order, to wit, x, *, x*, *, *, &c, 
multiplied into certain numeral co-efficients, which may be denoted by the ca- 
pital letters B, C, D, E, F, &c, and that the ſecond term, B x, is to be marked 
with the fign +, or added to the firſt term 1, and all the following terms C, 
Dx?, Ex“, F x5, &c, are to be marked either with the fign + or the fign —, 
or to be connected with the ſaid firſt term 1, either by addition or ſubtraction, 
as ſhall be hereafter determined in the courſe of a proper inveſtigation of the 


. ; | m 
ſubject. That this ſuppoſition is true, or * that the quantity 1 + I will be 
equal to ſuch a ſeries,” has been ſhewn in a pretty ample manner in the fore- 

oing part of this diſcourſe, in art. 54, 55, 56, 57, and art. 82; to which I 
I therefore now refer the reader. 0% Tra na 
Vor. II. 2 8 130, Upon 


, * * * 1 
N 8 
. 

Wee 

2 
= "I 
LY 

1 


8 
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1 130. Upon chis ſuppoſition, « « that I 3 is equal to [thy ſeries 1 + "4 
Cx, Dx, Ex“, Fx*, &c,” it was ſhewn above, in art. 58, 59, 60, and 61, 
and in art. 84, that, if 


and R = N N „ „ Q, 


2 3 4 0 
ad T'= KRK e283 xt ===4 x5 
. 
2214 


and 9 = N —> 
and „ = M — „ 2 — X 9, 
n 


and . = n * — e Ex 5, 


we ſhall come to the 4 general and fundamental equation, to wit, the 
— wa ſeries m + Q + Rax + Sx? + AS + &c, is = the compound 
eries * 5 
n B, „Cx, »Dx*, „Ex, „Fx, &c | 
+ 7B“, ag BC 2 BD, 2 RE =, &c 
qC*x', 29 CD, &c 
+ © B*x*, 3r B*Cx*, gr B*Dx*, &c 
"5 3 BCi, &c 
r | + {5 Bix*, | 45 B*Cx*, &c 
+ #B5 x95, xc 
by the help of which we may determine both the ſ igns which are to be prefixed 
to the ſeveral terms Cx, Dx*, Ex*, Fx*, &c of the ſeries 1 + By, C x*, 
Des, Ex*, Fx, &c, and the values, or magnitudes, of the co-efficients B, 
C, D, E, F, e. 


131. And the manner in which theſe points are to be determined, is by de- 
ducing from the foregoing general equation ſeveral particular ſimple equations, 
involving the ſeveral co- efficients, B, C, D, E, F. &c, ſingly, or ſeparately 
from the others that have not yet been diſcovered, and reſolving the ſaid fimple 
equations; which ſimple equations will, by art. 8 55 be as follows ; to wit, 


"it, m = AB; 
2dly, 8 „C 2 B=; 
zZaly, R = D, 25 BC + 7B7; 
Athly, 8 2 E, 24 BD, gC*, 37 B*C TB“; 
and zthly, T = „F, 29 BE, 29 CD, 37 B*D, zr BC?, 45 B*'C TFB. 
And, by reſolving: the firſt of theſe ſimple equations, to wit, m = nB, it 
W in art. 86, that B was =; and by reſolving the ſecond of theſe 


equations, 


CF 
* «a 2 2 
WF 
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equations, to wit, Q=#C + qB*, it was found, in art. 87, that, if m was 
greater than 1 (as we have here ſuppoſed it to be), the term » C muſt have the 
ſign + prefixed to it, or muſt be added to q B*, and conſequently that the 
term C x*, in the ſeries 1 + Bx, Cx, Dx, Ex“, Fx, &c, (Which 8s = 


m . _ 
I+a= ), muſt alſo have the ſign + prefixed to it, or be added to the firſt 
term 1; and it was likewiſe found that the co- efficient C would be equal to 


mn m  m—n 
77 * B, or N 22 


And, in like manner, it would be poſſible, by reſolving the third and fourth 
and fifth of theſe equations (if we would go through the labour of doing ſo), to 
determine which of the ſigns 4+ and — was to be prefixed to each of the follow - 
ing terms, Dx“, Ex“, Fx“, &c, in the ſeries 1 +Bx, Cx*, Dx, Ex“, Fx“, 


&c, (which is equal to 1 + A7). and what would be the values, or magnitudes, 
of the co-efficients D, E, and F, &c. p 


And, further, it is evident that all the values of the ſaid co-efficients B, C, D, 
E, F, &c, which would be obtained by the reſolutions of theſe ſimple equations, 
would be derived from m and u, the numerator and denominator of the index 
=, by various additions, ſubtractions, multiplications, and diviſions ;_ becauſe 
all the known quantities that enter thoſe equations, to wit, the quantities Q , 
R, 8, T, &c, and g, r, 5, t, &c, are only different multiples, or parts, or ſums, 
or differences, or, in general, different combinations, of the ſaid original quanti- 
ties m and x». And therefore all the values of the co-efficients B, C, D, E, F, &e, 
muſt themſelves alſo conſiſt of certain combinations of the ſame quantities m and 
n; as has been found to be the caſe with the co-efficients B and C, which are 
equal to C and — * reſpettively, 15 | "©, 8 


132. Theſe things being premiſed, it will, I think, be evident, © that, if m 
© be greater than p times n, or Ps but leſs than p + 1 times , or pn + n (Þ 
being any whole number whatſoever), the ſeveral values of the co-efficients D, 
% E, F, G, H, &c, will conſiſt of the very ſame combinations of the original 
e quantities # and u, when n is of any one magnitude greater than pn, but leſs 
than pn + #, as when u is of any other magnitude Jef than its former magni- 
e tude, but yet greater than pn, and conſequently as when the exceſs of m above 
pn becomes equal to o, or m is exactly equal to px.” And conſequently, if we 
can diſcover to what combinations of m and » the ſaid co-efficients, D, E, FE, G, 
H, &c, will be equal when m is exactly equal to pn, we may conclude that the 
ſaid co- efficients will be equal to the ſame combinations of m and n when m is of 
any other magnitude greater than pn, but leſs than py + ». This is the prin- 
ciple of the preſent inveſtigation, which may be eafily deduced from it, by the 
help of the binomial theorem in the caſe of integral powers, in the manner 


tollowing. | | 
2 S 2 139. Let 


f O09 7 hs 
3 we, 


PAT © 2 e ? — 4 8 
1 8 2 a5 
5 7 
"Mz 
ms 
. 
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133. Let us then ſuppoſe # to be exactly equal to p times #, 3.8 _—y 
to diſcover what will be the values of the co-efficients B, C, D, E, F, G H, &, 
upon this ſuppoſition. | 


Now upon this ſuppoſition — — will be = = ka: =; and conſequently 1 + - 
or the mth power of the »th root of the binomial quantity 1 + x, will be equal 


to 1 + K, or that integral power of the ſame binomial quantity 1 + x, of 
which the whole number p is the index. But, by the binomial theorem in the 


| caſe of integral powers (which has been demonſtrated above in the tract con- 


tained in pages 153, 154, 153, 156, &c ... . 169) 1 + xÞ is equal the ſeries 
1+£x+£ x — —— *r E xn x 


Ll + xb2 2 2 xEE x E585 + te, cominud wo + 1 
terms. . e n bee es e 
ſeries 11+ & x + £ ** +£ * * ER xt= 
* 42 2 — 1 275 ai + key comineliop + x 
terms, and conſequently wy we beef ＋ in theſe terms inſtead of p, to which 


- 5 


enen xe 4 x," TS I. a 

22 2 4 81 . 24 2 hoy mw 3 

1 n 1 A 28 * feat n 

wo x ek, ey os te Ren Jpg Ire * 7 ** + X . > * 
— | 

223 — 

r 5 * + &c, continued to p + 1 terms, or the ſeries 1 + — x + 
a 1 * — m — 23 m—n m — 2n ay — 3® 

11 1 p = n oP, n | | n 

r eee 

mM — 1X mM — 22 m -— 32 222 

* + = X > x —— 7 * - #5 + &c, continued to p + 1 

terms, . . 

= ar r 22 * + = * — x = 1 


33 4 = 
Fr + &c,.\continued to p + 1 terms. "Therefore by the principle laid down 
in the laſt article, when m is of any magnitude greater than pr, but leſs than 


FIX ny orgy + #, it will allo be true that the firſt 7 + x terms of the 
ſeries that is equal to 1 — will be 1 + Sx + ZX Z 


121 m — 22 m * mW — 2x Mm — 4 Lend Mx m - 28 
. R ES RES ng 


a=; 
X = 


tr 


e 
N 2 
— Ip 
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* SE * e continued to p + 1 terms, or 1 += Ax + = B * 
+ — Cx? + . Dx“ + SAS; Mi +" Kc, continued to p +1 
terms. | 5 Q. E. I. 


Thus, for 2 if A be 7, and m be 373, which is greater than 377, 
or 53 times 7, but leſs than 378, or 54 times 7, the firſt 54 terms of the ſeries 
| mr 22 
that is equal to 1 + A7, or 1 + NJ or to the 373d power of the jth root of 
the binomial quantity 1 + K, will be 1 + A + WE Bt + ** 
Cx? + WIZ Das + —— Ext + 23235 Pas + 2 Gu + 
2 


-373 = 8 373=56x., 373 =63 10 . 
22 Hs + W==Ix + £32 K#* Kc, continued to 54 terms. 


134. This inveſtigation of the values of the co-efficients B, C, D, E, F, G, 

H, &c, of x, x*, *, *, x*, *, &“, and the following powers of x in the ſeries 
h m 

1 +Bx, Cx“, Dx“, Ex“, Fx“, Gx“, Hx?, &c, which is equal to 1 + , 
is ſhorter and eaſier than the foregoing ones. But it relates only to the p + 1 

firſt terms of the ſaid ſeries, or thoſe terms of it which are all to be added to- 


gether. For to ſo many terms only will the ſeries that is equal to 1 ＋ 
m 


(from which ſeries the ſeries that is equal to 7 + 4® has been here derived) 
extend, We cannot therefore diſcover by it what will be the co-efficients of 
the terms of the ſeries in queſtion that come after the p + 1]th term (and of 
which the number will be infinite), nor whether the ſaid terms are to be added 
to, or ſubtracted from, the firſt term 1 of the ſeries. But, when p is a very great 
number, or 1 (which is greater than p times u, or pn) is very much greater 
than (as in the foregoing example, in which is ſuppoſed to be 373 and to 
be 7), the firſt p + 1 terms of the ſeries 1 + A + — Bx* + = 
$5 | - 
Cx? + ZE Dx* + © Ex* + &c, (which is equal to 1 +x 7), will 
be very nearly equal to the whole ſeries, and conſequently very nearly equal to 
1 | 


1 + A7; unleſs when x is very _ equal to 1, in which caſe it would be 
neceſſary to take in more than the firſt p + 1 terms of the ſeries, and conſe- 
quently to have recourſe to ſome of the former inveſtigations of it. 


: 2 | 
en Lg 
q © 
* K 
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An example of the binomial theorem in raiſing the 
mib power of the nth root of @ binomial quan- 
tity, when m and n are very great whole 
numbers. 


—————— ... — — — 


135. Let m be = 970,877, and » be 10, ooo. And let it be required to 
raiſe the binomial quantity 1 + —.— or 1 + 725 to the Zh, or Wh, or 
97.08% 7th power, or to find the 970, 87 th power of the 10, oooth root of the 
FA binomial quantity. | 


136. No it has been ſhewn in ſeyeral different * — the courſe of the fore- 
going articles, that, if x be any quantity not greater than 1, and # be any whole 
number whatſoever, and m any other whole number greater than , and m be 


greater than pn, or p times u, but leſs than p + 1] x , or p + 1 times , the 
: m - |; 


quantity 1 + x", or the mth power of the mh root of the binomial quantity 

1 ＋ x, will be equal to the ſeries 1 + Ax + — Bx* + . C x3 

+ ZE Dx* + — Ex* + Fe + &c, to be continued till we 

come to the term r x Pr , in which P/, or P with an accent placed 

0 over it, repreſents the co· efficient of the next preceeding term; the capital 
letter A being put for the firſt term x, and the capital letters B, C, D, E, FE, 


&c, for the numeral-co-efficients of x, x, x*, x*, x*, and the other following 
powers of x in the ſecond, third, fourth, fifth, ſixth, and other following terms 


of the ſaid ſeries. And after the term - x Pr *, the following terms 


P+1]x8# 
| n 1 SOIT +a — +23 + 28 — t . þ+3 
Jpn + z — mm i Þ+4 , ft +4 —m +5 _ [pr +5n—m „5576 
2 P | = x 


+ &c, which are marked with the ſigns — and + alternately, or are alter- 
nately to be ſubtracted from, and added to, the firſt term 1. * 


137. This is in general the beſt method of expreſſing this ſeries; more eſpe- 
cially when we are conſidering the law of the generation of its terms, and the me- 
thods by which the ſaid law may be inveſtigated : which is the ſubject of the 
foregoing articles. But, when we have occaſion actually to compute a conſi- 
derable number of the firſt terms of the ſeries, in order to find ſome high frac- 
tional power of the binomial quantity 1 + x in ſome particular example (as is 
the caſe at preſent), it will be more convenient to make the capital letters B, C, 
D, E, F, &c, ſtand for the whole ſecond, third, fourth, fifth, and fixth, and other 
| | 5 following 
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following terms, including the powers of x, inſtead of repreſenting only the nu- 
meral co-efficients of the powers of x in the ſaid terms. And then the foregoing 


theorem will be as follows; to wit, 1 + x|* = the ſeries 1 + = Az + — 
By 4 = — Cx + —= Ds + "=2 Be + 52 Fx + te Now, | 
if we ſubſtirute 970,877 i in this equation inſtead of , and 10,000 inſtead of u, 


— : 
and —, or 77s inſtead of x, we ſhall have 1 + 510,000 = the ſeries . 
970,877 2+ 970, 877 — 10,000 24 er — 2 X 10,000 

i + To900 > e + "7x 10,000 B * _ 1588 * 3 * 10,000 C x 
24 9794077 — 3 X 10,000 24 979,877 — 4 X 10,000 24 

— 4 X 10,000 D K 1688 T 5 X 10,000 mug 
— — F x — — + &c = the ſeries 1 + 97.0877 A x — + 
ae . EEC e x oh, 4 


eser x = 2 | _—_ x oh + 65ers 4-90 


'% 
85.0877 24 , 84.0877 24 , 82.0857 24 
e T MX 70s + — 70 i e e e 
een Oe 25. + ZR x = „ 7 8 x + EST x 
— NS. ON 2 þ L921 W x 4, + 7 x . 5 2 


Tx; 24 ra 24. — + 12997 A SATA B/ x = 


a 25 1000 26 3 1000 
lt * C — o. o 7885 22 52 E. 24. 68.0877 

27 4 þ 299 py * + 688 70 F * 
e 


: 
> 


1.000,000,000,000,000,000,000, 


+ 2.330,104,800,000,000,000,000, B, 
+ 2.686,732,931,891,520,000,000, C, 
+ 2.043,802,040,062,570,290,432, D, 
+ 1.153,779,799,228,770,568,290, E, 
+ 0.515,532,997,520,006, 524,943, F, 
+ 0.189,896,992,062,892,419,468, G, 
+ 0.059, 304, 960, 836, 321, 574,297, H, 
+ o. 016, 027,942, 561, 02, 861, 266, I, 
+ 9.003,307»713:435:978,27,943, K, 
+ o. oo, eee 11200, 1 
+ o. ooo, 152,953,869, 152,773,747, M, 


+ 0.000, 
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+ 0.000,026,335,237,953,726,481, N, 
+ 0.000,004,136,870,448,803,617, O, 
+ o. ooo, ooo, 596, 331, 293, 550, 623, P, 
+ o. ooo, ooo, O79, 276, 472, 990, 633, Q, 
+ o. ooo, ooo, oo, 761, 435, oo), 869, R, 
+ o. ooo, ooo, oo 1, 117, 457, 383,747, 8, 
+ o. ooo, ooo, ooo, 119, 326, 122,283, T, 
+ o. ooo, ooo, ooo, o11, 920, 709, 761, V, 
+ o. ooo, ooo, ooo, oo, 117, 32, 969, W, 
+ o. ooo, ooo, ooo, ooo, og8, 410, 8 59, X, 
+ o. ooo, ooo, ooo, ooo, oo8, 168, 570, Y, 
+ o. ooo, ooo, ooo, ooo, ooo, 640, 26, Z, 
+ o. ooo, ooo, ooo, ooo, ooo, 47,41, A, 
+ o. ooo, ooo, ooo, ooo, ooo, oog, 327, B, 
+ o. ooo, ooo, ooo, ooo, ooo, ooo, 221, C-, 
+ o. ooo, ooo, ooo, ooo, ooo, ooo, or 3, 5 


+ o. ooo, ooo, ooo, ooo, ooo, ooo, ooo, 


+ &c = 9:999,979,282,720,950,507,346, &c. Therefore (if no miſtake 
has been made in computing theſe numbers) the quantity 1 + = Nee, or 


the 970,877th power of the 10, oooth root of the binomial quantity 1 + =, 


will be equal to the mixt number 9.999,979,282,720,950,507,346, &c. 
| | : | . E. I, 
137. By the == this number we may find the logarithm of 2, or of the 
ratio of 2 to 1, in Briggs's Syſtem of Logarithms, to a conſiderable degree of 
exactneſs, in the manner above explained, in the tract intitled, . An Appendix to 
Dr. Halley's Diſcourſe concerning Logarithms,” in pages 123, 124, 125, &c, to 
152, without having recourſe to the doctrine of fluxions, or infinite ſerieſes, or 
the arithmetic of infinites in any of its modifications. This may be done in the 
manner following. | | 


Dp p pp p p p p r — — 
An application of the foregoing example to the in- 
veſtigation of the Logarithm of the ratio of 2 to 
1, in Brigg's Syſtem of Logarithms. 


...... — 


I 38. The tenth power of 2 is 1024. Therefore the ratio of 2 to 1 is one 
tenth part of the ratio of 1024 to 1. But the ratio of 1024 to 1 is equal to the 
ratio of 1024 to 1000, together with the ratio of 1000 to 1. Therefore the ratio 
of 2 to 1 1s equal to one tenth part of the ratio ef 1024 to 1000, together with 
one tenth part of the ratio of 1000 to 1. Therefore the logarithm of the ratio 
of 2 to 1 1s equal to one tenth part of the logarithm of the ratio of 1024 to 1000, 
together with one tenth part of the logarithm of the ratio of 1000 to 1. But the 
logarithm of the ratio of 1000 to 1 in Briggs's Syſtem of Logarithms is 3. 

Therefore 


12 
* 
= = 
* 
5 
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Therefore the logarithm of the ratio of 2 to 1 in Briggs's Syſtem of Logarichms 
is 1 to one tenth part of the logarithm of the ratio of 1024 to 1000, together 


with one tenth part of 3, or with z, or o. zoo, ooo, ooo, ooo, ooo, ooo, oo, &c. 


Therefore, if we can diſcover the logarithm of the ratio of 1024 to 1000, we 
m7 eaſily deduce from it the logarithm of the ratio of 2 to 1, by firſt dividing 
it by 10, and then adding the quotient to 0,300,000,000,000,000,090,000, 
&c,. which is the tenth part of the logarithm of the ratio of 1000.to. 1. We 
mult therefore endeavour to find the logarithm of the ratio of 94 to 1000. 
This may be done in the manner following. | | 
139- The logarithm of the * of 1024 to 1000 is the me with gt 6 of the 


ratio of == to 1888, or of 1 + — to 1. We muſt therefore endeayour to 


find the logarithm of the ratio of 1 Þ+ = — to 1, or its proportion to the loga- 
rithm of the greater ratio of 10 _ 15 or c (which comes to the ſame thing) the 
proportion of the ratio of 1 + — to 1 fo the greater ratio of 10 to 2. 


140, Let this proportion be that of 1 to . Then, fince the xatio of 
1 + — to 1 1s to the ratio of + 2 wor as N is to x; and the ſaid ratio of 
I + == to x is to the ratio of 10 to 1 in the ſame proportion of 1 to x, it fol- 
lows that the ratio of 1 + to 1 muſt be equal to the ratio of 10 to 1, and 
conſequently! ar 7 + Zi will be ny to 10. We muſt therefore ve 


„ 


vour to reſolve the equation 1 + 20. 


yy 


141. . By a fied harm the quan 1+ EV is equal to the ſeries 


8 . — = x r 
1 += X == X = x os ker ihe fe * 7 
LR Px Ben ExP xxx 
08 bs @={# 2x M405 DY 9 x 2 + 
. 2. 4 . RT =] T. &c: There- 


"| rH ard 
fore the ſeries 1 125 x 8 28 * ]* e | « <p 


e La * Due 4 | 24] * will be 


ice, gal conſequently (ſubtracting 1 from both des) the x x 
Vor. II. f 21 ; XX —X 
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K* 7 —3. 3 a*—6x3 + —6 4 
+= r — 4 43 „* + 2 * = 14 


JUS” 24 
- 


x —10x%+ 352% —g02%þ 24.5 * 5 | + &c, will be ='9. | 


120 


142. Now, if we take any finite number of terms of this ſeries, and ſuppoſe 
them to be equal to the whole ſeries, and conſequently to the abſolute term g, 
and reſolve the equation reſulting, from ſuch ſuppofition, it is evident thar the 
value of x, that will be J ſuch reſolution, will always be greater than 
the true value of x. in the foregoing equation between the whole of the ſaid 
ſeries and the abſolute term g; but that, the more terms of the ſaid ſeries are 
retained in ſuch finite equation, the nearer will the root of ſuch finite equation 
approach to the true value of x in the ſaid infinite equation between the ſaid in- 
finite ſeries and the abſolute term q, or to the value of x in the original equation 


1 ＋ — 5 = 10. In order therefore to approach gradually to the true value 


of x in the ſaid original equation 1 +2* = 10, we will, firſt, ſuppoſe one 
term of the foregoing ſeries to be equal to 9; and, 2dly, two terms of it to be 
equal to the ſame quantity; and, *3dly, three terms of it, and, 4thly, four 
terms of it; to be equal to the ſame quantity, and will reſolve the ſeveral equa- 
tions reſulting from theſe ſuppoſitions. This may be done in the manner fol- 
flowing. of 1 o noifninaagtst E | | is Oy 3 


143. If we fuppoſe the firſt term x x — of the foregoing ſeries to be 
equal to the whole ſeries, and conſequently to the abſolute term 9, we ſhall 
have x X 24 = 9ooo, and x = EY = 4375. Therefore 375 is the firſt ap- 


9 


proximation to the value of x in the equation 1 + 2 4s 10. But this ap- 
proximation is very much too great, the true value of x being (as we ſhall pre- 
{Fatty ſee) ſomewhat greater than 97, but leſs than 98. 


1 o | 


144. In the ſecond place, we will ſuppoſe the two firſt terms, x x = * 
Z. of the foregoing ſeries, to be equal to the whole ſeries, and con- 
ſequently to he abſolute term 9. And we ſhall then have 7555 * — + 
zx—alx 24Þ er 499999 . ax—a]x 576 „ or 48,000+576*85 576x 
2/X 1000. X 100 9» Ol 7% 000,000 TX Tooajoog — | 2 X 1000,000 
7 97 1 8 — = = 9, and conſequently 23,712x 
+ 288x+'= 9000,000, and (dividing all the terms by 288), xx + 82.333,333, 
dee #=. 31,250. This quadratick equation we muſt now reſolve, _ = 
COLL | * i | pt A 


K— KA , | a. 
2's ag we tg 
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Add 41. . 66,666, &c}* to both ſides; and we ſhall have ær 82, 333,333, 
&c x + 41,766,066, &c}* (= 31,250 + 41.166,666, &* '= 31250 + 
1694-1456). = 32,944-1456, and conſequently x + 41.166,666, & (= 
32, 944.1456) = 181,50, and x (= 181.50 — 41.16) = 140.34. There- 
fore 140.34, or (dropping the decimal fraction. 34) 140, is a ſecond * 


mien tothe true yalue fin d + == 100% 


* E. 1. > 


This: approximation is ich nearer than the firſt approximation, 37 $9 6 jo the 
true value of x in this equation, but yet is much too * | : 1 * 


145. In WW -w YT AD 41 — 
x 4 + + , 7550 , of the foregoing ſeries, to be equal to the 


whole ſeries, and conſequently to the abſolute term 9. 
Then, ſince the two firſt terms of this ſeries have been ſhewn to be . to 


47,424 ＋ nd 23,712x + 288xx 23,712x + 288 r ax? — — Sn 2x 
| _ 2 X 1000,000 __ 1000,000 ? it follows that 1000, 00 2 6 


a will; up6n.this ſappoltivn, -be «= 5/08 this TEIN gte. 


1000 1000, 000 


1 24]? will be = 9, or that 23,712x+ 2888 + EIS x 13824 will be = 
100013 Tooop 


1000,000 - 1000 


9, or that — + Jaz 2a X Ex; will be = 95 or r that 
1 


ooo, ooo 
24,712x+288xx + 2304 —6g12xx+ 4608x ill be = 9, = —5 2. 200 . 288, 

1000, 00 1000, ooo, ooo looo, ooo, oo 
4 7 — — 59 9, or chat 2 . 28 15088xx + 23, 716,60B ilk 
| 1000,000,000 1000,000,000 
be = q, and conſequently that 2304x* + 281,088xx + 2 228 bogæ will be 
gooo, ooo, ooo, and (dividing all the terms by 2304) that * ＋ 122 + 
10293.666 &c x will be = 3, 906, 250. This cubick equation we muſt now: 
endeavour to reſolve, 

Now, ſince we know that the value of x in this equation muſt be leſs than the 
root of the foregoing quadratick equation, and that root was found to be nearly 
equal to 140, it ſeems reaſonable to conjecture that the root of the preſent 
cubick equation will be pretty nearly equal to 100. We vill therefore ſuppoſe 
x to be = 100, and will ſubſtitute 100 inſtead of it in the compound quantity 
* + 122xx + 10293.666 &c x, in order to diſcover whether the reſult will be 
—_ equal to the abſolute term 3,906, 250, and which of them is Dy than 
the other. 

Now, if we ſuppoſe x to be ioo, we ſhall have xv S 10,000, * MICA 
100,000, and conſequently 1a22à* (122 x 10,000). =. 1, 220, oo, and 
10,293-666x (S 10, 293-66 x 1000 S 1,029, 366.6, and x* + 122 + 
10,293: .666x (= * + 1,220,000 + 1,029,366. 6) = 3249,360-0; 

* 2 712 which 


4 . 6 0 F 
. 
22 
| 
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which is leſs than the abſolute term 3,906,250. Therefore 100 is leſs than the 

true value of in the ſaid cubick equation x* + 122xx + 10,293.666x = 
„906, 2 50. 

, We wall therefore form a ſecond conjecture concerning the root of this cubick 

equation, and will ſuppoſe it to be = 110, » 

Now, if x is = 110, we ſhall have xx = 12,100, and x* = 1,331,000, and 
122xx (= 122 X 12,100) = 1,476,200, and 10,293.666x (= 10, 293.666 
X 110); =-1,132,303-26, and conſequently x* + 122xx + 10,293.666x (= 
1000,000 + 1,476,200 + 1,132,303-26) = 3,939,50g-26 3 which is but 
little greater than the abſolute term 3, 906, 250. We may therefore conclude 
that the root of the cubick equation x* + 122xx + 10, 293.666 == 3,906,250. 
is ſomewhat, but not much, leſs than 110, and conſequently that 110 will be 


2 third approximation to-the value of the index x in the equation 1 + 88. 
= 10 | n r „ Bot 3h 


146. In the ah place let us ſuppoſe the four firſt terms of the foregoing 
ſeries, to vit, the terms x x 24. + ZZ x e Ho 


1000 2 x 
af —bat+112%—bo 2}, to be equal to the whole ſeries, and conſequently 


24 
to the abſolute term 9. WO | 
Then, fince it has been ſeen in the laſt article, that the three firſt terms of 
this ſeries are equal to en —— it follows that the four firſt 


3 + 281,088xx + 23,716,608 x*—bx3 + 11xx—6x 
18 1 118 _— 2304 28 1, 88 αα 23,71 Rx ou I1XXx—- 
terms of this-ſeries will be = = = + 7 


10 7 | — 23044 +281,088xx + 23,716,608x + * — 6x3 + 11xx—6x "24* 45 


f | 1000,000,000— 24 * 10000 2 
2404x*+ 2Br,of88xx+ 23, 216, 608K my 
7 I ISS + * — 6x* + 11zxx — 6x x — 
2304 + 281,088xx + 23,716,608x - _ 13824 
—— + * — 6x* + 11xx 6x] x —_ 
2304x? + 281,088xx + 23,716,608x + 13,824x* — 82,944 + 152,064xx — 82,944x __ 
46S 1000,000,000 1000,000, 000,000 
2,304,000x3+281,088,000xx + 23,7 16,608,000x ＋ 13,824x*—82,944x*+1 $2,064x* — 82,944 
a waa 1000,000,000,000 1000, 000, 000,000 ; 
od 138243%+2,221,056x" + 281, 240004xx+ 23,716,525,056x e T0 
| | 1000,000,000,000 
13,$24x*+2,221,056x% + 281, 240,004xx+23,7916,525,056x 
E.. T0900, 000,000,000 


will be = 9, and conſequently 


13,8244 + 2,221,056x* + 281,240,064xx + 23,716,525,056x will be = 
gooo, ooo, ooo, ooo, and (dividing all the terms by 14,824) * + 160.666, 666, 
&c * + 20, 344.333.333, &c * + 1,715, 605. 111,111, &c x will be = 
657,041, 666.666, 666, &c. This biquadratick aquation we muſt now endea- 


Now, 
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Now, ſince we know that the root of this biquadratick equation muſt be leſs 
than the root of the foregoing cubick equation, and that root was found to be 
nearly equal to 110, we may reaſonably conjecture that the root of this biqua- 
dratick equation will be nearly equal to 100. And ſo, upon trial, we ſhall 
find it to be. For, if x be = 100, we ſhall have xx = 10,000, and & = 
1,000,000, and x* = loo, ooo, ooo, and conſequently 160.666,666, &c x * 
(= 160.666,666, &c X 1,000,000=) 160,666,666.666, &c, and 20, 344.333, 
333, &c x xx (= 20,344-333-333, &C X 10,000) = 203,443,333+333, &c, 
and 1,715,605.111,111, &c x x (= 1,715,605.111,111, &c X 100) = 171, 
560,511.111,111, &c, and x* + 160.666,666, &c x x* + 20, 344,333,333, 
&c x ** + 1,715,605.111,111, & x #(= 100,000,000 + 160, 666, 666.666, 
&c + 203,443,333+333, &c + 171,560,511.111, &c) = 635,670,511.110, 
&c ; which is not a great deal leſs than the abſolute term 651,041,666.666, &c. 
And conſequently 100 is not a great deal leſs than the true value of x in the 
aforeſaid biquadratick equation x* + 160.666,666, &c x * + 20,344-333,333s 
&c x xx + 1,715,605,111,111, &c x x = 651,041,666.666,666, &c. 
Me may therefore conſider the number 100 as a fourth approximation to the 
* 


i 


. . 2 Y 
true value of x in the equation 1 + — =-10. d. B. 1. 


147. By the reſolution of theſe four equations we have obtained the four 
numbers 375, 140, 110, and 100 for ſo many ſucceſſive approximations to the 


o 


true value of x in the equation + — * 10. And, as the difference be- 


tween the ſecond and third of theſe values, to wit, 140 and 110, is 30, and 
the difference between the third and fourth, to wit, 110 and 100, is only 10, 
2 is but a third part of 30) it ſeems reaſonable to conjecture that the dif- 
erence between 100, the fourth, or laſt, approximation to the true value of x in 


i 


the equation 1 + = = 10, and the faid true value will be leſs than a 
third part of the former difference 10, or will be nearly equal to 3, and conſe- 


quently that the ſaid true value of x in the equation I + — = 10 will be 
nearly equal to 100 — 3, or 97. We will therefore ſuppoſe the true value of * 


in this equation 1 + — * = Io to be equal to 97, and will now proceed to 
try whether it is ſo, or not, and whether it is greater, or leſs, than the ſaid true 
value, by raiſing the binomial quantity 1 + — to the 97th power. This may 
be done moſt conveniently by means of the binomial theorem in the manner 
following. | 


148. By the binomial theorem we ſhall have 1 + = = the ſeries 1 + 
97 Ax 2 ＋ 2B x = +2C x eb x 2'+BE x 
: 24 


= 
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HV + Fx xE 6x E|'+PHx 4 + 21 x &} 
88 24 1% 87 24 |! 86 24 5 24 3 
+ —K — Tz KR 725 . NA » 
2 0 M*+ EP x A" + ZQx ET + ERx 2" +8 
Sx 21 +2T xl +5) x A W l 


1000 22 
82 . 4 n = 72 n- 
+ 2] I ＋ EZ x e L A x; + R 


— we 2 C- x 211” + 2 D. x =} + 2 E x BT" + &c; in which 
feries the capital letter A ſtands for the firſt term 1, and the following letters 
B, C, D, E, F, &c, ſtand for the coefficients of the powers of 1555 in the ſecond, 


+EB X 23 T5 C * 5 ＋ D* + E X 2 T F 


1. ooo, ooo, ooo, ooo, ooo, ooo, 
＋ 2.328, ooo, ooo, ooo, ooo, ooo, 
+ 2.681, 8 56, ooo, ooo, ooo, ooo, 
+ 2.038, 210, 560, ooo, ooo, ooo, 
+ 1.149, 550, 755, 840, ooo, ooo, 
+ o. 513, 159, 457, 406, 976, ooo, 
+. o. 188,842, 680, 325, 767, 168, 
+ o. o 58, 918,916, 261,639, 356, 
+ o. o 15, 908, 107, 390, 642, 626, 
+ o. oog, 775, 524, 154, 045, 849, 
+ o. ooo, 797, 390, 701, 334,483, 
+ o. ooo, 151, 359, 253, 126, 036, 
+ o. ooo, o26, o33, 791,537,678, 
+ o, ooo, 
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+ 0.000,004,085,302,672,066, 

+ o. ooo, ooo, 588, 283, 584,777. 

+ do. ooo, ooo, o78, 124, o60, o58, 

o. ooo, ooo, oog, 609, 259, 387, 

+ o. ooo, ooo, oo, og8, 847, 73, ; a 

+ o. ooo, ooo, ooo, 117, 210, 354, 

+ o. ooo, ooo, ooo, o11, 696, 359, 

+ do. ooo, ooo, ooo, oo 1, o94, 779, 

+ o. ooo, ooo, ooo, ooo, og6, 340, 

+ o. ooo, ooo, ooo, ooo, oo), 987, 

+ o. ooo, ooo, ooo, ooo, ooo, 623, 

＋ do. ooo, ooo, ooo, ooo, ooo, o, 

+ o. ooo, ooo, ooo, ooo, ooo, oog, 

＋ o. ooo, ooo, ooo, ooo, ooo, ooo, 

+ &c 
= 9-979,201,547,673,599,050, &c ; which is ſomewhat leſs than 10. There- 
fore 97 is ſomewhat leſs than the true value of the index # in the equation 


r 2 = 10. But it differs from it by leſs than an unit. For, if we mul - 


tiply the number juſt now found for the value of 1 + Eg to wit, 9.979,201, 
547,673, 99,050, into 1 + —-, or 1.024, we ſhall find the product to be = 


24 9? 


10. 218, 0, 384, 8 17,65, 427, 200, which is therefore the value of 1 + N 


Therefore 1 + 2] is greater than 10, or than 1+ — — *; and 1 + =P is 
leſs than 10, or than 1 + ; and conſequently x muſt be leſs than 98, but 


10 
greater than 97, or the difference between 97 and the true value of x in the 


equation I + — * = 10 mult be leſs than 1. We therefore now know with 
certainty that the two firſt figures of the true value of x in the equation 


I + =_ * = 10 are 97; which is a conſiderable ſtep towards a more accurate 


determination of it. 


149. Let the exceſs of the true value of x in the equation 1 + 7555 | e 
above 97 be called 2. And we ſhall then have 1 + 24 ]97+* (= 1 + — ) 
= io. But 1 + 1 97721 1 + — ** 4 15 = 9. 979,201, 5475673, 


599,050, X 1 + LP. Therefore 9.979,201,547,673,599,050 X 1 + 8 


18 
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10.000,000,000,000,000,000 __ 
9-979, 201,547,073, 599,050 


o84, 180, oo4, 486, 389. But, by the binomial theorem, 1 + — * is — the 


is 10; and conſequently 1 + = 5 = 


t r $=2.,, 24} 
ſeries 1 + 2X — + 2 * . + 2 * - K + 2 X 
„„ n = | Ew VAT 
* * x2 r x 2 
| 3 4... 6z3 walls 4 : f 
— — * EY ＋ 2 —.— 2 x 50 + &c = (becauſe z is leſs 


than 1, and conſequently zz is leſs than 2, and 2* than zz, and 2* than 25) 
| 
24 = 4 \*® 23 — 322 +23 24 3 62 — 112% +623 — x 
8 ea 2 82 — 6 x == 44 2 0 


= + &c. Therefore the ſaid ſeries 1 + 2 * — 2 = EN 50 


— 24) — — p 2 
ED X = r + &c, will be = 1.002,084, 


| 24 G'S 2 
180, 004, 486, 389, and conſequently (ſubtracting 1 from both ſides) the ſeries 
24 2 — * 24] ˙ „ 22 — 322 T3 24 | ſ6z—1122+623—24 "24 \4 
EN oo * 6 * - 24 ke | 


+ &c, will be = 0.002,084,180,004,486,389, &c. This equation we muſt 
now endeayour to reſolve, 


150. To find the value of z in this equation we will, firſl, ſuppoſe the firſt 
term 2 * =_ of the laſt-mentioned ſeries to be, alone, equal to the whole 


ſeries, and conſequently to the abſolute term 0.002,084,180,004,486, 389, &c ; 
and we ſhall: then have z & 24 = 1000 Xx 0.002,084,180,004,486,389, &c 
= 2.084,180,004,486,389, &c, and conſequently z = ec 
= 0.086,840, &c. | . # 


Therefore x, or 97 + z, will be = 97 + 0.086,840, &c, or 97.086, 840, 
&c ; of which number the firſt four figures 97.08 are exact, the more accurate 
value of x being 97.087,787,353,856,001,437, as I have found by dividing 1 
by 0.010,299,956,639,811,952,13, which 1s the logarithm of the ratio of 1024. 
to 1000. And of theſe four figures, 97.08, which are exact, the two laſt, 
to wit, ;o8, have been obtained by the reſolution of this very eaſy ſimple 


equat ion. | 


151. This firſt value of z (which is obtained by reſolving the ſimple equa- 
tion 2 * 7555 = 0.002,084,180,004,486,389) muſt be leſs than the true value 


of z in the infinite equation {ct down in the latter part of art. 149; becauſe che 
ſecond and other following terms of the infinite ſeries contained in that equation 
are marked alternately wich the ſign — and the ſign ＋, or are alternately ſub- 

"= | tracted 
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trated from, and added to, the firſt term of it, the conſequence of which is (as 
the terms form a decreafing progreſſion) that the firſt term alone muſt be greater 
than the whole ſeries, and the firſt and ſecond together, that is, the exceſs of the 
firſt above the ſecond, muſt be leſs than the whole ſeries, and, in like manner, 
that the three firſt terms muſt be greater, and the four firſt terms muſt be leſs, 
and every following odd number of terms muſt be greater, and every following 
even number of terms muſt be leſs, than the whole ſeries. Therefore, when the 
firſt term is ſuppoſed to be equal to the whole ſeries, or to the abſolute term 
0.008,884, 180,004, 496,20 , It is ſuppoſed to be leſs than it really is, and the 
value of it derived from 85 ſuppoſition will be lefs than its true value. There- 
fore 0.086,840 is leſs than the true value of z. d. E. b. 


152. In the next place we will ſuppoſe the two firſt terms, z & 5 — 
== „, of the foregoing ſeries to be equal to the whole ſeries, and con- 


ſequently. to the -abſolute term 0.002,084,180,004,486,389, and will reſolve 
the quadratick equation reſulting from ſuch ſuppoſicion, which (from what has 
been ſhewn in the foregoing article) will give us a value of z ſomewhat greater 
than the truth, but which will come nearer to it than the laſt value 0.086,840. 


| 24 SZ —2% 24 2 24. —＋ 
Now theſe two terms z X 7555 f * i R 
„ „ „„ „„ =» AD = 
— © 1000 2 1000,000 1000 2 x 1000,000 © 
2 K 4 „ 2X1090. $76%—576z% "Ai 48,000z — [576z= 5762s * 
100 2 X 1000 :t 2 x 1000,000 2 X 1000,000 2 X 1000,000 
48,0002 576% . 47,424z+576zx __ 24,712z+28828 Therefore 280zz 


2 X 1000,000 2 * 1000,000 i100, 000 1000,000 
will be = o. ooa, o84, 180, oo4, 486, 389, and conſequently 23,7122 + 288zz 
will be (= 1000,000"Xx o. oo, o84, 180, 004, 486, 389) = 2, 084. 180, 04, 486, 
389, and (dividing all the terms by 288) zz + 82.333, 333, &c, * 2 will be 
7.236, 736,126,688. Therefore (adding 41. 155,505, &c}* to both ſides) we 
ſhall have zz + 82.333, 333, &c, X 2 41.166, 606, &c|* (= 7. 236,736, 126, 
688 + 41,166,066, cf 7.236, 736,126,688 ＋ 1694694, 389, 555,556) 
= 170.931, 125, 682,244, and conſequently z + 41.166, 666, &c (= 
vV 1701.931,125,682,244) = 41.264, 457, and z (= 41.264, 460 — 44,166, 
666) = o. 087, 801. Therefore o.o87, 801 is a ſecond approximation to the 
true value of z in the infinite equation ſet down at the end of art, 149, or in the 


equation ＋ 27 = 1.002,084, 180,004,486, 389. QF 


153. The arithmetical mean between 0.086,840, and -0.087,801 is 0.087, 
20. But the true value of z is much peqpex.t0, 0,08 760; than to 0,086,840. . 
herefore it muſt be greater than the ſaid arithmetical mean between them, to 

wit, 0.087,320, and probably not much leſs than 0.087,801, the latter and 
greater of the two foregoing approximations to it, It ſeems reaſonable there. 

Vol. II. 2 U fore 
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fore to conjecture that it is equal to 0.087,7. We will therefore ſuppoſe it to 
be equal to 0.087,7, and conſequently ſuppoſe x, or 97 + z, to be equal to 
97. 0877, and ſhall proceed to make a trial whether this number is greater or leſs 


than the true e of x in the equation 1 + . 10, by raiſing the bino- 


mial quantity 1 + == —= to the 97. o8 7 7th, or _ : 9% Ih power dy.) means of the 
binomial theorem, | + I 


"1:54. Now this has been done above in art. 136, and it has Se that the 
ſaid power of the binomial quantity 1 + = is equal to the mixt number 9. 


999,979,282, 720, 950, 507, 346, &c, wal is very little leſs than 10. There- 
fore the number 97.0877 muſt be very little leſs than the true value of the in- 


dex x in the equation 1 + =]* = 10. 
Let y be the exceſs whereby the true value of x exceeds 97.0877. Then 


will 97.0877 + be = x, and 1 + EI will be = r nad. 
conſequently 1 + —_— 7747 will be = 10. But 1 + = 97-9377 +3 jo = 


1 += 24 = * 1 Ty =p = 9.999,979,282,720,950,507,346, & * 


1 + . Therefore 9.999,979,2824720,950,507,346, &c X 1 + = =] 


1000 


will be = 10, and conſequently x + EY £17 will be (= NN 


= 1.000,002,071,732,197,014, &c. 0 by the binomial theorem, 1 + - — 


ny riot +: 7% 75h — +y X*= XxX — HP + 3x2 x 


2 * = . Pr e 
32 + y ow 2 28 2 . N — + &c = 


ö As 1 == „ — + Engr x e * 
+ 2 2 tas * EY; eee tele * 


120 


5 "+ &c = (becauſe y is leſs than 1, and ! V is leſs than y, 
and y* than yy, and y* than ˙, and every following power of y leſs than the 


next preceeding power of it), 1 + N — — — =] & 2 2 


24 Þ R 24 247 — 5Oyy +3533 — 109+ y5 
x =} - [2= e = 


120 
[1209 


\ 
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tracted from, and added to, the firſt term of it, the conſequence of which is (as 
the terms form a decreaſing progr eſſion), that the firſt term alone muſt be greater 
than the whole ſeries, and the firſt and ſecond together, that is, the exceſs of the 
firſt above the ſecond, muſt be leſs than the whole ſeries, and, in like manner, 
that the three firſt terms muſt be greater, and the four firſt terms muſt be leſs, 
and every following odd number of terms muſt be greater, and every following 
even number of terms muſt be leſs, than the whole ſeries. Therefore, when the 
firſt term is ſuppoſed to be equal to the whole ſeries, or to the abſolute term 
0.002,088,164,696,639,869, it is ſuppoſed to be leſs than it really is, and the 
value of it derived from ſuch ſuppoſition will be leſs than its true value. There- 
fore 0.08 7,006 is leſs than the true value of z. | . B. D. 


152. In the next place we will ſuppoſe the two firſt terms, z X 7500 — 


== 1 2. of the foregoing ſeries to be equal to the whole ſeries, and 


1000 
conſequently to the abſolute term o. oo 2, 88, 164, 696, 639, 869, and will re- 
ſolve the quadratick equation reſulting from ſuch ſuppoſition, which (from 
what has been ſhewn in the foregoing article) will give us a value of z ſome- 
what greater than the truth, but which will come nearer to it than the laſt 
value 0.087,006, | 


— 2 — 

Now theſe two terms z X == = |= x — are r A x = [= 

241%. = 24. 1258 FAN 24 ([t — 26 
8 3” X 1788888 © * Toro © |: x 100,000 


24 2 * 1000  {576z—5763x 4358, 0002 bz — 762 

* * 1888 ** 271668 f K 166,565 77 76600608 — — oy 
48,00 — 576z + 5 762% i 6 47,424% + 57023 LOG 23, 12 ＋288 2 TI 7 2288 
2 X 1000, 000 — 2 X 1000,000 1000, 000 1000, %; 
will be = oO. oo, o88, 164, 696, 639,869, and conſequently 23,7122 + 28822 
will be (= 1000,000 Xx o. oo, o88, 164, 696, 639,869) = 2, 088. 164, 696, 639, 
869, and (dividing all the terms by 288) zz + 82.333, 333, &c z will be = 
7.250, 571, 863, 332. Therefore (adding 41.166,666, = to both ſides) we 
ſhall have zz + 82.333,333, &c 2 + 41.166,666, &c|* (= 7.250,571,863,. 
332 + 41.166,666, &c|* = 7.250, 571,863,332 + 1694.694,389,555,556) 
= 1701.944,961,418,888, and conſequently z + 41.166,666, &c (= 
1701. 944.961, 418,888) = 41-254,635, and z (= 41.254,635 — 41.166, 
666) = 0.087,969. Therefore 0.087,969 is a ſecond approximation to the 
true value of z in the infinite equation ſet down at the end of art. 149, or in the 


equation 1 + — = 1. oo, o88, 164, 696,639, 869. 


81 


153. The arithmetical mean between 0.087,006 and o. o8 7, 969 is 0.087, 
37. But the true value of z is nearer to o. 087, 969 than to o. 087, oo6. 
herefore it muſt be greater than the ſaid arithmetical mean between them, to 
n 2 U é wit, 
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wit, 0.087,537. It ſeems reaſonable therefore to conjecture chat it is equal to 

0.087, 7. We will therefore ſuppoſe it to be equal to o. 087, 7, and conſe- 
quently ſuppoſe x, or 97 ＋ 2, to be equal to 97.0877, and ſhall proceed to 
make a trial whether this number is greater, or leſs, than the true value of x in 


the equation I + =} = 10, by raiſing the binomial quantity 1 + = — to. 


the 97. 087 7th, or — power by means of the binomial theorem. RA 


*, 54. Now this bas been done above in a 136, and it has appeared that the 
{aid power of the binomial quantity-1 + —=- is equal to che mixt number 9 


999,979,282, 20, 950, 507, 346, &c, which is very little leſs than 10. _— 
fore the number 97. 0877 muſt be very little leſs than the true value of the in- 


dex x in the-equation 1 + A] = 10. 
Let y be the exceſs whereby the true + alu of x excoods 1 Then 


will 97-0877 + y be = x, and 1 + - will be = : + 29% and 
confquettly 1 6877 +y bee Wt But 1+ P70 panda 
1 + n * 1 4 — f = = 9: 999-97 9-282,720,950/507,346, &c c 
1 + = . Therefore 9:999,979,282,720,950,507,346, &c —_ 
will be r=: x0, and — 1 ＋ Sh will be (= ee ö 


een e +5 x 52 8 #5 x2 x2 +3 KW x 


=x=| N > 66 24 | — 2 4 
C 


25 xi] ** (et ee * 2 = x + &c = 


1+3 x — + 22 « 2} + — — * 8 ＋ 25 2 


1000 24 


e Soy + 2 „ = 32 — — „ 


= + &c = (becauſe is leſs * 1, and conſequently Y is leſs than I; 
and . than yy, and y* than y*%, and every following power of y leſs than the 


— a 
next preceeding power of it), 1 + y X — x = + 2 — 


ö 24 1 50 59 * - — K. hy 7 
X 1 1 19889.7 © _ 
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* „ = + &c, "Therefore this ſeries 1 +7. x 


22 2 N . 
will be.=1 eee np and 3 (ſubtracting 1 from 
both ſides) the ſeries'y & = — [2 x = + ZZWEL ot 


2 I 2 1 


9 —.— X —47 + &c will be 2 o. oo, 02,7 1,732, 197,014. This 
24 | 
equation we maſbnow endeavour to reſolve. | 
155. Now, if we. ſuppoſe the firſt term, * — of this ſeries to be equal 


to the whole ſeries, and. conſequently to. the ablolote term 0.000,002,071,732, 
197 ,014, we (hall have y X 24 ( 1000 & 0.000,002,071,732,197,014) = 


o. oo, , 732519014, and conſequently y (== — — = 0.000, 


| 24 
086,322,1. Therefore x, or 97.0877 + 5, will be = 97.087,786,322,1, of 
which the firſt ſeven ones, 97.087, 78 are exact, the more accurate value of x 
un; * we enn ob erved 1 in art. 150) 97-087,787,353,856,001-497- 


BE ae phico e.ill Gipgalatho ooo Lellrmidco X — — = 


* 2 1. , of the foregoing ſeries, to be equal to the whole ſeries, and * 


to the abſolute term o. ooo, ooa, o) 1, 732, 197, 14, and will reſolve the quadra- 
tick equation thence reſulting. | 


Now 5.x E x EF =o x x ie — ED 


_$76_ _ _ 48,0009 | __ [57%y—576y _ 48, Ew Eg 414249 +376 _ 


1000,00 2 1000,000 2 r 2 * 1000, % % %c.&iu1Q 2 & 1000, 0 
23 — + 288 23,-712y +2 224 
Lee . Therefore 7606.6 will be = o. ooo, ooa, o) 1, 32, 19), 014, 


and conſequently 23,712y + 288yy will be (= 1000,000 X 0.000,002,071, 
732,197,014) = 2.071,732,197,014, and (dividing all the terms by 288) 82. 
3335333, &c X + Y will be = o. oo), 193, 514,572. Therefore, if we add 


41.166,666, &c}*, or 41 + Dl „to both ſides, we ſhall have 41.166,666, XC 


+ 82.333,333, & X y + y (= 90076193, 5144578 + 41 + 05 = 0. 007, 
193,514,572 5 a T 2 * 41 XK 15 5 = 0.007,193,514,572 + 


1681 ＋ 41 X — bb, o. 166 666, 666, 666, &c x => = 0.007,193,5149572 + 


1681 + 13. 666, 666,666,666, + —_ mage = 0.007,193, 514,572. 4 


1694.666,666,666,666, + 0.027,777,771,777 = 0 907) 193,5T4,572 %4 
1694.694,444,444,444) = 1694- 791,6374959,015- Therefore 41.166,66 266, 
2 


2 
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666, &c + y will be (= 4/ 1694.701 637,9 59701 60 = 41.166,54, 037, and 
y will be (= 41.166, 7 54,037 — 41.166, 666,666) = o. —_— +371, and con- 
ſequently x, or 97.0877 + 3, will be = 97.087,87, 371; of which number 
the firſt nine figures 97.087, 787, 3 are exact, the more accurate > log of x being 
97.087, 787, 353, 8 56, 001, 437. This is a very conſiderable degree of exactneſs. 


157. In order to obtain the value of y to a ſtill greater degree of exactneſs, it 
will be convenient to ſet down the infinite ren that is obtained in art, 1 54, 
in a different manner, as follows; to wit, 


5 * = — S* N — * + &c 
4 24 1157 24 
+2 * TX" T 4 * 1885 — &c 


= 0.000,002,071,732,197,014. 
Now, fince y is a very ſmall quantity (being leſs than 0,000,088, and, à 


fortiori, leſs than 0.0001, or _— it follows that yy and y* and * and all the 


following powers of y will be very ſmall in compariſon of y; and conſequently, 
if we omit all the terms in the e . uation, which involve yy, or any 
higher power of y, the ſeries which forms t 25 ft- hand fide of the ſaid equation 
will not be much affected thereby, but the remaining terms of it (which are thoſe 
that involve only the ſimple power of y) will be very nearly equal to the abſo- 
lute term 0.000,002,071,732,197,014 ; that is, the upper line of terms alone, 


to wit, 3 


2y Eq, 24]* , 249 4 | 
r 2 * T * x 2] 


. 2 ** &c, will be very nearly equal to o. O00, 002, 71, 732, 197, 


720 X 
014. Ka i of rm 6 SN -; * — + x 222 
1505 Wo 8 | — x | TG +> 


2 7 4 45 e Ahn = * — F 


put A for the firſt term —— — of the ſaid ſeries, and B for its ol term — X 


. and C for its 8 term — L * =] „ and D, E, F, G, H, Se 
fifth, ſixth, ſeventh, eighth, and other following terms reſpectively) y x the 


1 24 : — — 6... » HSA + *. — K 4 — — 
3 Tet e 12 55 . 1 s 
1 F Hx 2 1 5 
SKK L KA + he = 7 3X the fre 


2 0.024, 
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 0,024,000,000,000,000,000,000, A, 

— 0.000,288,000,000,000,000,000, B, 

+ 0.000,004,608,000,000,000,000, C, 

— o. ooo, ooo, o8 2, 944, ooo, ooo, ooo, D, : 

: 1 + o. ooo, ooo, oo 1, 592, 524, 8o0, ooo, E, 
| — 0.000,000,000,031,850,496,000, F, 
+ 0.000,000,000,000,65 5,210,203, G, 

— 0.000,000,000,000,013,759,414, H, 

+ 0.000,000,000,000,000,293,534, TI, 

- o. ooo, ooo, ooo, ooo, ooo, oo6, 222, K, 

+ o. ooo, ooo, ooo, ooo, ooo, ooo, 135, L, 
— o. ooo, ooo, ooo, ooo, ooo, oo, oa, M, 


+ &c =, 
0.024,004,009,593,180,303,872 x y 
— 0.000,288,082,0431,864,261,638 x y 
= 0.023,716,527,561,316,042,234 * . 
Therefore 0.023,716,527,561,316,042,234 * y Will be very nearly equal to 
the abſolute term 0.000,002,071,732,197,014; and conſequently y will be 
very nearly equal to -e, or o. ooo, o8 J, 353,943,011. 


0.023, 716527501, 316,042,234 1 
Therefore x, or 97.0877 + 5, will be = 97.087, 87, 353,943,011; of which 


number the firſt eleven figures, 97.087,78), 353, are exact, the more accurate 
—1]* = 10 being 97.087,787,353,856,001, 


value of x in the equation 1 + - 
437+ 


158. We have now obtained the value of the index x in the equation 
1 + = = 10 exact to eleven places of figures And, if we wiſh to ob- 
tain it to a ſtill greater degree of exactneſs, we need only retain a few of thoſe 
terms of the compound infinite ſeries ſet down in art. 157 which involve the 
ſquare of , and which conſtitute the ſecond horizontal row of terms in the 
ſaid compound ſeries, Now the firſt five terms of the ſaid ſecond horizontal 

row are + 2 * 2 x | + = x | 2 « 2] + 


„ E which are equal to yy x the ſeries — X 22 2 + 


720 1 
11 8 24 |* , 274 — 3 1 3 
Ex 85 2 = + 22 x 2 = 2X the ſeries — X 0.024| 

= * 0.024 P '+ 2 * O. 24“ — 2 x 0.024} + 368 * 0.024)* = yy * the 
ſeries = X o. ooo, 576 — - X 0.000,01 3,824 + 12 & o. ooo, ooo, 331,776 


8 * o. ooo, ooo, o), 962, 624 + > x 0.000,000,000,031,8 50, 496 =» x 


the ſeries - ' 
| 0.000,288, 
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o. ooo, 288, ooo, ooo, ooo, ooo, 00, 
— o. ooo, oo, 912, ooo, ooo, ooo, ooo, — 
+ o. ooo, ooo, 1 52,64, ooo, ooo, ooo, > = yy Xx 
— o. ooo, ooo, oog, 317, 760, ooo, ooo, 
* ＋ o. ooo, ooo, ooo, 012, 120, 883, 200, | 
0.000,288,152,076,120,883,200 — yy' x .0.000,006,91 5,317,760,000,000 = 
„ co. ooo, 281, 236, 7 58, 360, 88 3, 200. Therefore the two upper horizontal 
lines of the compound infinite ſeries ſet down in art. 157 are o. o23, 716, 527, 
561,3 16,042,234, x y + o. oo, 281,236, 7 58, 360, 883, 200, x yy; and con- 
ſequently theſe two terms o. o2 3,716, 527, 561, 316, 42, 234 x y + 0.000,281, 
236,7 58, 360, 883, 200 x yy will be very nearly equal to the abſolute term 
o oo, 2, 71,732, 197,014. This quadratick equation we muſt now endea- 
vour to reſolve. | 
This equation may be moſt conveniently reſolved by approximation, by ſub- 
ſtituting, inſtead of y, in the quantity 0.000,281,236,758,300,883,200 x yy the 
value of y derived from the ſimple equation o. 023, 716, 527, 561, 316, 042, 234 
| 8 | 2 8 o. 002, 71,32, 197,014 
X J o. ooo, oog, o) 1,732, 19), ora, which is . 
or) o. ooo, o87, 353,943, 11. We ſhall then have yy = d ese 
== O. ooo, ooo, oo), 630, 7 10, 833,623, 6, or (dropping the laſt ſeven figures), 
0.000,000,007,630;710, and conſequently o. ooo, 28 1, 236, 58, 360, 883, 200 x, 
I (= do. oo, 281, 236, 58, 360, 883, 200 * o. ooo, ooo, oo), 630, 710) = 0.000, 
ooo, ooo, oo, 146, 036, 144, 391,975,043, 2. Therefore o. 023,7 16, 527, 561, 
316,042,234 x y + o. ooo, ooo, ooo, oo, 146, o36, 144, 391,975, 43, 72 will 
be (= o. o23, 716, 527, 561, 3 16,042, 234 * ＋ o. ooo, 28 1, 26, 7 58, 360, 883, 
200 x Jy) = o. ooo, oo2, 71,732, 197, 14, and conſequently (dividing all the 
terms by o. oa 3, 7 16, 527, 561, 316, 042, 234) ＋ o. ooo, ooo, ooo, ogo, 487 will 
be = o. ooo, os 7, 353,943, ol 1, and y will be = 
no me: co. ooo, os), 3 53,943,011 


TR," — 0.000,000,000,090,487 
= 0.000,087,353,852,524. Therefore x, or 97.0877 + y will be = 97.087, 
787,353,852, 524; of which number the firſt thirteen figures 97.087,787,353, 
85 are exact, the more accurate value of x being (as we have before obſerved) 
97.087,787,353,856,001,437. We have therefore now obtained the value of 


x, or the index of the power of the binomial quantity 1 + 7505 in the original 
equation 1 * — "= 10, exact to thirteen places of figures. 


. E. I, 
159. The ratio of 1 + —\, or 10, to 1 is to the ratio of 1 + 24. to I as 

v is to 1, and conſequently as 1 is to the fraction ; ſo that, if x be taken for 

the repreſentative of the ratio of 10 to 1 (as it is in Briggs's Syſtem of Loga- 


rithms), the fraction 7 will be the repreſentative of the ratio of 1 + 7505 to I, 
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that is, in other words, the fraction + will be Briggs's logarithm of the ratio of 
1 + =_ to 1. Thercfore Briggs's logarithm of the ratio of 1 — — to 1, 
1.000, 000,000,008, 000/000\ 


or of the ratio of 1024 to 1000, will be (= N Apr 555 52 0-010, 
299,956, 639-812. — the logarithm o — to 1 will be (= 


log. — — + log. — = o. 010, 299,9 56, 639,8 12 + log. — = 0.010,299, 
956, 620.312 + a ma = 3.010, 299, 956,639,812; and conlonuently the loga- 
rithm of the ratio of 2 (which is the 1oth root of 1024) to 1 will be (= 
2 2 939812) o. 301, 029, 993,663, 95 1, 23 or, according to the common 


mode of expreffion, the BY. greens of the number 2 will be = 0.301,029,995, 
663,981,2, . 


This value of the Gs of 2 is exact to fifteen places of figures, and errs 
only in the 16th, or laſt, figure, which ſhould be an unit inſtead of a 2, the 
more accurate value of this logarithm: (according to Mr, Abrabam Sharp's com- 


putation) being 0.301,029,995,063,981, 195,213,738, 894,724, 493. 


160. As the ſolution of the foregoing problem conſiſts of a great number of 


ſteps, which, for the ceaſe of the reader, have been ſet forth diſtinctly and at 
conſiderable length, it will not be amiſs to take a ſhort review of all the fore- 
going proceſſes, and of the ſeveral gradual approximations, = the value of x, 


(or of the index of the power of the binomial quantity 1 + = in the equation 
1*+ 752 100 which have been obtained by means of them. | 


A review of the ſeveral ſteps of the foregoing ro- 
lution of the equation 1 + — "= 10, and. 
computation of the logarithm of 2. 


2 * firſt ſtep towards finding the value of 8 e ges x in the equation 


1+ — = 10 was to expand the quantity 1 + —— into an infinite ſeries 
by means of Sir Iſaac eg r binomial — in which we aun the 


2 * 

equation 1 + . & . + EZ x e x BP 4 
* — 643 +11 4*— bx 24 — 508% +247 | 

_— X. We 2 * 7 e 


and conſequently (by ſubtracting 1 from both ſides) the ne * * == 1255 + 
88 | XX — x 
2 


* 
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28 A 5 + nant x 2 3 + . * E „ 
4 we” I 
* 3 3 5 
De „ = + &c = 9. : 


120 


162. We then ſuppoſed, firſt, one term, then two terms, then three terms, 
and laftly, four terms, of the ſeries which forms the teft-hand fide of this laſt 
equation, to be equal to the whole ſeries, and conſequently to the abſolute term 
9, and we reſolved the ſeveral equations reſulting from thoſe fuppoſitions. 

By reſolving the ſimple equation reſulting from the firſt of theſe ſuppoſitions, 


to wit, the ſimple equation x X —_ = 9, we found x to be equal to 375; | 
which was therefore our firſt approximation to the value of x in the original 


equation 1 + = = 10. This approximation 1s very wide of the true value 
of x, being more than three times as great. my 
From the ſecond ſuppoſition, to wit, that the two terms x * — „ 


=] were equal to the whole ſeries, and conſequently to 9, there reſulted the 


quadratick equation xx + 82.333, 333, &c X x = 31,250; by the reſolution 
of which x appeared to be = 140.34 ; which was therefore our ſecond approxi- 


mation to the value of x in the original equation 1 + 2 = 10. This ap- 


proximation is much nearer to the truth than the former, but yet is conſiderably 
too large. 


From the third ſuppoſition, to wit, that the three terms x X = + — 


* = + ——— x =] were equal to the whole ſeries, and conſe- 


quently to 9, there reſulted the cubick equation *» + 122xx + 10, 293.666, 
666, &c X x = 3,906,250 ; by the reſolution of which in a groſs manner, by 
conjecturing x to be equal, firſt, to 100, and then (upon finding it to be greater 

than 100), to 110, we found it to be ſomewhat leſs than 110; which was there- 
fore our third approximation to the value of x in the original equation 


+2) * = 10. 


And from the fourth ſuppoſition, to wit, that the four terms x & — + == 


000 2 
* 24 + . +2 X 24 * x*—6x* + 11xx—6x 24 


* = are equal to the 


24 

whole ſeries, and conſequently to 9, there reſulted the biquadratick equation x* 
+ 160,666,666, &c x x* + 29,344-33 3-333» &c X xx + 1,715,605.111, 
111, &c X * = 651,041,666.666,666, &c; by the reſolution of which in a 
groſs manner, by a conjecture and trial, we found x to be ſomewhat greater than 
100; which was therefore our fourth approximation to the value of x in the 


original equation 1 + — =*x0, | 


163. Having 
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163. Having thus obtained the numbers 375, 140, 110, and 100 for our 


four firſt approximations to the value of x in the equation 1 + 24 = 10, we 


obſerved that the difference between the ſecond and third approximations, to wit, 
140 and 110, was 30, and that the difference between the third and fourth ap- 
proximations, to wit, 110 and 100, was only 10, or one third part of the pre- 
ceeding difference; and we were thereby led to conjecture that the difference 
between the fourth approximation 100 and the true value of x in the equation 


1 + 2}* = 10 would probably be leſs than a third part of the laſt difference 
10, or would be nearly equal to 3, and conſequently that the true value of x in 


the equation 1 + — = Io would be nearly equal to 100 — 3, or 97, or that 


97 would be a fifth approximation to the ſaid true value of x. And we then 
tried whether the ſaid true value of x was greater or leſs than 97, by. raiſing the 


binomial quantity 1 + —55 to the 97th power by means of the binomial theo- 


rem; and we found the ſaid 97th power of 1 + — to be equal to 9.979, 201, 
547,673, 599, of, which is ſomewhat leſs than 10; whence it followed that 97 
muſt be ſomewhat leſs than the true value of x in the equation 1 + — * = 
10. We then multiplied the number 9.999,201,547,673,599,050 (which is 
equal to the 97th power of 1 + ==) into 1 + —, or 1.024, and found the 
product to be = 10.218,702,384,817,765,427,200, which is greater than 10, 
and we therefore concluded that the g8th power of 1 + — was greater than 


10, and conſequently that the true value of x in the equation 1 + ET, = 10 
was greater than 97, but leſs than 98. | | 

164, We then put z for the unknown difference by which the true value of * 
in the equation 1 + — = 10 exceeds 97, ſo that x was = 97 ＋ 2. And 


we thereby had 1 + 217 += (= 1 + =} ) = 10. 


But 1 —— is =' x + EY I 1 + EN, ; and 1 + 24.197 had | 


been found to be = 9.979,201,547,673,599,050, dc. Therefore 9.979, 
201,547,073,599,050 X 1 + — is (= 1 + * X 1 + 21 
= 1 + £47+*) = 10, and conſequently x + I is (= 


— ny og, = 1. 002, 84, 1 80,004,486, 389. And thus we ob- 
tained a new equation, in which the unknown index z of the power of the bi- 


Vol, II. 2 X nomial 


92 


J | ' 


* 
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nomial quantity 1 + 17505 is leſs than an unit, inſtead of the original equation 


1 + -þ = 10, in which the index x of the power of the ſame quantity is 


greater than 97. In conſequence of this change of equations the ſubſequent 
approximations to the true value of x, or 97 + 2, became much ſwifter than 
they were before. 


165. We then expanded the quantity 1 + 7 into an infinite ſeries by the 


24 — 


binomial theorem, and thereby obtained the equation I! . X ds ena 


24 |, 22—32z+23 24] ſ6z— 1122 +623 —24 ply 2 
n | | - X + &c = 1.002, 


| 44 1 f 
084,1 80,004,486, 389, and (by ſubtracting 1 from both ſides) the equation z X 


24 2 -K _24 |* 22 — 322+ 23 24 P [6z— 1122z+62% —2* 24 |* 
1000 2 x = + 6 x =P — | 24 * 7888 


&c = o. ooa, o84, 180, oo4, 486, 389, &c. 


166. We then proceeded to find approximations to the value of z in this new 
equation in the ſame manner as we had before found approximations to the value 


. . 24 XXX 24} & = 2xx+2x 247 
of x in the former equation x * 271 * + — — * — 


+ — — * 7850 + & c = 9, by, firſt, ſuppoſing the firſt term, 
2 N =, alone, of the ſeries which forms the left-hand fide of the equation, to 


be equal to the whole ſeries, and confequently to the abſolute term 0.002,084, 


180, 04, 486,389, &c, and then ſuppoſing the two firſt terms, z * 7556 — 


—.— * 7 of the ſame ſeries to be equal to the ſame quantity, and by re- 


ſolving the equations reſulting from thoſe ſuppoſitions. 

From the frſt of thoſe ſuppoſitions we had the ſimple equation 2 x 24 = 
2.084, 180,04, 486, 389, &c; by the reſolution of which we had z = 0.086,840, 

and conſequently x, or 97 + z, = 9.086, 840; of which number the four firſt 

figures, 97.08, are exact; the more accurate value of x in the original equation 


1 4 = == 10 being 97.087,787,353,856,001,437, as I have found by di- 


1 
wer 1 by o. 010, 299, 956, 639, 8 11,952, 13, which is the logarithm of the ratio 
of 1024 to 1000. And of theſe four figures, 97.08, which are exact, the two 
laſt, to'wit, .o8, were obtained by the reſolution of the foregoing very eaſy ſim- 


ple equation, 
This number, 97.086, 840, is therefore the ſixth approximation to the true 


value of x in the original equation 1 + 555 = 10. - 
From the ſecond ſuppoſition there reſulted the quadratick equation zz + 82. 
33373335 
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3334333» &c Xx 2 = 7.236,736,126,688 ; by the reſolution of which we had 
2 = 0.087,801, and conſequently x, or 97 +'z, = 97.087, 801, of which 
number the five firſt figures, 97.087, are exact. Therefore 97.087,801 was a 


ſeventh approximation to the value of x in the equation 1 + =x ——» 


167, We then found the arithmetical mean between the two laſt values of z, 
to wit, 0,086,840, and 0.087,801, which was o. 087, 320; and we obſerved 
that this mean muſt be leſs than the truth, becauſe the ſecond value of z, to wit, 
0.087,801,' muſt be much nearer to its true value than the firſt value of it, to 
wit, 0.086,840. And therefore we conjectured that the true value of z (being 
greater than 0.087,320, and, probably not much leſs than 0.087,801) might be 
very nearly equal to 0.087,7, and conſequently that the true value of x, or 
97 + Z, might be very nearly equal to 97.087,7. And thus we obtained 
97.0877 for an cighth approximation to the true value of x in the equation 


24 __ 


168. We then dropped all further conſideration of the equation z x —= — 


— 22 24 1 22 — 322 + 23 "24 \3 (Gz— 1122 +623 —24 247% * 
2 x | + 6 * 24 * e = 
o. oo, o84, 180, 04, 486, 389, &c, and made a trial of the exact neſs of the laſt 


value of obtained by the foregoing proceſſes, to wit, 97.0877, by raiſing the 
binomial quantity 1 + — to the power of which 97.0877 is the index; which 
was done by the help af Sir Iſaac Newton's binomial theorem. And we found 
that the ſaid power of 1 + — was = 9.999, 979, 282, 720, 950, 507,346, which 
is very little leſs than 10; and we thence concluded that 97.0877 muſt be a 


very little leſs than the true value of x in the equation 1 + —<|* = 10. 
N 1000 


169. We then ſuppoſed x to be = 97.0877 + y, and conſequently 


1+ 2219709774) to be = 10, 
"% 1 pt — 24 1880 24 b 
Then, ſince 1 + — is = 1 + — X I + —}, we had 


1 — 97.877 1 + =} = 10, and conſequently (becauſe 1+ „ 
has been found to be = 9.999, 979, 282, 720, 950, 507, 346) 9.999, 979,282,720, 


24 | y 10. ooo, ooo, ooo, ooo, ooo, ooo, ooo, 


0,507,346 X 1 2] = 10, and 1 = = 
950,507»34 aA , 7 7 9.999979, 232, 720,950,507, 340 


= 1. oo, oo2, 71,732, 197,14, &c. 


170. Having thus obtained a third equation 1 + =} = 1.000,002,071, 


732,197,014, &c, in which y is much 5 than 2⁊ in the former equation, 
8 2 X 2 we 
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we proceeded to expand 1 + Pl into an infinite ſeries by means of Sir Iſaac 


Newton's binomial theorem, and thereby obtained the equation 1 + y X — 


* — WAY x „ 7255 . — EL da 2 =} 
2 100 6 10 "9, I 
„ =} _ [1209274 +2359 —B59$+ 1595 —»5* RELA by 

1000 | 


120 


| 720 I 

+ &c = 1.000,0023071,732,197,014, &c, and (by ſubtracting 1 from both 
3 N 24 S 24 j 2. „ 24] 
ſides) the equation Y x — — [= x —=| + = x — 


1000 1000 
2 [6y — 11% + 65 —5 0 24 5 245 Foy + 3593 — 109% + 55 ® 24 Wee! 
| 24 10 n 1 
— * + 3 6 f 
Io 224 L23527 8ey*+ 2. — * 7035 2 o. ooo, oo2, 71,732, 197, 
r yoo i 0 
O14, &c. a 


171. We then proceeded to approximate to the value of y in this equation, 


by firſt ſuppoſing the firſt term, Y x —=, alone, of the ſeries y x — is 


CER x 2 + &c (which forms the left-hand fide of this equation), to be 


2 1000 
equal to the whole ſeries, and conſequently to the abſolute term o. ooo, 


002,7 1,732, 197,014, &c; and, ſecondly, by ſuppoſing the two firſt terms, 


1000 2 1000 
and reſolving the ex reſulting from theſe ſuppoſitions. 

From the firſt of theſe ſuppoſitions we had the ſimple equation y x 24 = 
0.002,071,732,197,014, &c; by the reſolution of which we had y = o. ooo, 
086,322,1, and conſequently x (= 97.0897 + y) = 97.087,786,322,1; of 
which number the firſt ſeven figures 97.087, 78 are exact, the more accurate 
value of x being (as we have before obſerved) 97.087, 737, 353, 8 56, 001, 437. 

Therefore the number 97.087, 786, 322, 1 is a ninth approximation to the 


1 * is ws 2 =P, of the ſaid ſeries to be equal to the ſame quantity, 


true value of x in the equation 1 + 750 = 10. 
And from the ſecond of theſe ſuppoſitions there reſulted the quadratick equa- 
tion yy + 82. 333,333, &c x y = o. oo), 193, 5 14,572; by the reſolution of 
which we had y = o. ooo, o87, 371, and conſequently x (= 97.0877 + y) = 
97.087,787,371; of which number the firſt nine figures, 97.087,787,3, are 
exact. 

This number 97.087, 789, 371, is therefore a tenth approximation to the true 


value of x in the equation 1 +4- =] 10 


172. we then, in order to obtain the value of y to a ſtill greater degree of 


exactneſs, had recourſe to a different method of reſolving the equation y * — 


4 | — 22 
2 
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- EZ « eee e ee 
o. ooo, oo, 51, 32, 197,014, &c; which was grounded on the dien of all 


the members in each term of the ſeries that involved either yy, or A „ or , or 
any other power of y, except the ſimple power, or y itſelf : by whic wa ut * 


aid equation was changed into the following ſimple hi to wit; 2 


24 24 
Ae —.— * + is * wn 152 2 


x 2} =Lx 2 24 © x 2oÞ— L x = —— 
| „ off &c, 05 % che init Milf x * = 2 2 * 5 
r * 22x + ne = 3 
732,197,014, &c, or if we put A for the firſt term i * 2 2288 of this ſeries, and 
Bforits ſecond term + x 7889“. and C, D. E, F, Kc for. in think fourth, - 
Aſh, ich, and other following terms reſpeCtively); y x the ſeries © & 8888 


2 A. e — 8 
5 Metab Hal | 1 * 090 +, 
| K 5 * 282 17 L X 7505 + &c = 9:990,005,97 1,739,197. Ke. We 


then computed the value of che ſaid infinite ſeries 1 * 55 — = AX * #5 + 
Ze 


Dx ah = 2Cx a5 +2 Dx. 4B x 4224 be, and 


1900 
fund it to be o. o2 3, 716, 527, 561, 3 16,042,234; ch gave, us the ſimple 
equation y X . o23, 16, 527, 561, 316, 4a, 234 22 o. ooo, oa, 1573251979144 


&c, by the reſolution of which we had y (= - —— e. ) = 


0.000,087,353,943,011, and conſequently x (= 97.0877 T = 9 087, 
787, 353,943,011 ; of which number the firſt es figures, ae 53s 


are exact, the more accurate value of x in the equation 1 + 22 "="10 being 


(as we have before obſerved) 97.08747874353a856,001,437 
This number 97.087,787,353,943,011, _ therefore the — * 


tion to the true value of x in the equation 1 + - =} = 10. 


173. And, laſtly, to obtain the value of y to a ſtill greater degree of ad- 
neſs, © Wees bn un 15 the ve ee 
art, 


- 
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art. 4.57 and 170, tliat rent. the ſquare of 2 to wit; the five terms . x 


24 |* 74 

=] — Wag 2 + 22 bf EE xo e 
1 + 2 x | — = * 
— +2 x'=t] =» x G dls dBA 266: And hence 


720 1 

we obtained the quadratick equation 0.023,716,527,561, 316,042,234 X 7 + 
0.000,281,236,758,360,883,200 X yy = 0.000,002,071,732,197,014, &c; 
which (being reſolved by approximation by ſubſtituting, inſtead of y, in the 
quantity o. 000, 281, 236,7 58, 360, 883, 200 X Y the value of y before obtained 
by the reſolution of the ſimple equation, to wit, o. ooo, o8), 35 53730 1) gave 
us o. ooo, o8 ), 353,8 52, 524, and conſequently x (= 97.0877 + ) 37 
987,787, 353852524 5 of 1 which number the firſt thirteen figures, 97. 08 7. 
78 235 85, are exact. 

This number 97.087,78, 3 5338 525 524 is therefore the Uh 8 


el\ 
24 |Xx 


to the true value * f equation I + EY = 10. 
1741 We then divided 1 by this laſt, or twelfth, near value of x, to wit, 97. 
087, 787,353,8 52, 524. in order to obtain the value of —, or the logarithm of 


the ratio of 1. 4 7855 = to i in Briggs's fyſtem; and we found the quotient to be 
ax 0.019,299,956,639,813. And hence it followed-thar the JS of 22 


24 "1024 ooo 

FFS 
182 n * 1 2 

18 . - 15 * 3 is 4 in eg 2 = | + 6.3 = 

* +. 2” + bs — 25 X 0010,299,956 659,914 + 03) would be 1 

2 45. — a 


_ 


1 
0.3 ＋ —_—_— 1,25 or o. i ation, Aich i is exact 
to 15 places of figures, the more accurate value of that logarithm (according 
to Mr. Abraham Sharp's computations) * 0. 301, 29, 995, 663,98 1,195, 
y 213,738,894,7 24,493: | 
Und of the review of the ſeveral ep of the foregoing reſolution of the 


e equation 1 + ra = 10, and computation of the logarithm of 2, 


"Or" 


. A $CHOLIUM, 


175. The foregoing _— of com ggs's logarithm of 2 is cer- 
indy ſomewhat. — but much W leſs ſo ing Briggs the methods uſed for the ſame 


r by Mr. Briggs himſelf, which required many very long —— of the 
quare- 
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ſquare-root. For the difficulty of performing the operations that were neceſſary 
in thoſe methods was ſo great, that (according to what Mr. Eaclid\Speidalians 
forms us (ſee above, page 74) he had been told) it was tbe work of eight perſons 
for a whole year to compute the logarithm of 2 by thoſe methods exatito v5 places of 
Jgures, or to the degree of exactneſs to which it has been obtained in the foregoing 
articles. This aſſertion of Mr. Speidall ſeems, I confeſs, a little ſtrange. Let, as 
he publiſhed his tract on logarithms (which has been printed above in che for- 
mer part of this volume) lo long ago as in the year 2688, it ſeems probable 
that in his youth (perhaps, about the year 1660) he might have converſed with 
ſome old men who had been acquainted with Mr. Briggs himſelſ, who publiſhed 
his Arithmetica Logarithmica in the year 1624, which: was leſs than 40 years be- 
fore that time; and this ſeems. the more likely to have been the caſe, as his 
father, Mr. John Speidall, was an eminent mathematician, and had very much 
cultivated the, at that time, new invention of ud N pu have 
given both him and his ſon an opportunity of hearing many remarkable parti- 
culars relating to them. 

We may further obſerve that the foregoing method of GY logarithms 
by the help of the binomial theorem, and Mr. Briggs's methods of computing 
them by repeated extractions of the ſquare- root, are equally founded on the pure 
and genuine principles of arithmetick, without any reference to the hyperbola, 
or the logarithmick curve, or any other geometrical figure, and alſo without any 
recourſe to the doctrine of infinitefimals, or of fluxions, or of the limits of ratios, 
or in general, of the arithmetick of infinites in any of its modifications; which is, 
in Dr. Halley's opinion, the proper way of treating this ſubject, and the way in 
which he boaſts (though without bein faffcient! authorized in his pretenſions), 
that he himſelf has treated it in the *— diſcourſe reprinted above in this 
volume in pages 84, 85, 86, 87, 88, go, and g1. 


— —U—ñ .. 


CONCLUSION, 


176. I have now 22 the inveſtigation of the famous binomial the- 
orem in all the caſes of fractional powers; which was the propoſed ſubject of 
this diſcourſe. This, however, is but a part of that important and moſt com- 
prehenſive propoſition. For it is found to be true likewiſe in the caſes of nega- 


tive powers, both integral and fractional, that is, in the caſes of 1 + x\© ®, 
A I n 

and 1 + x =, or of = 7 - and N But, as the knowledge of theſe 
caſes is not neceſſary to the underſtanding any of the foregoing methods of 
computing logarithms, I ſhall not on this occaſion enter into any inquiries 
concerning them. And therefore I here conclude what I meant to offer to the 
reader's conſideration concerning the binomial theorem properly /o called. But, 
as the theorem concerning the Fradtional powers of a re/idual quantity, ſuch as 

1— * 7 
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x x, is very nearly related to the foregoing theorem concerning the fractional 

of the binomial quantity 1 + , inſomuch that it is uſually conſidered 
as a branch of it and, as the ſaid refdual theorem, in the firſt caſe of it, or 
the caſe of the nth root of the reſidual quantity t — x, is made uſe of (as well 
as the binomial theorem) in the inveſtigations of ſome of the foregoing methods 
of computing logarithms ;—1 ſhalt now proceed to ſhew how we may derive 
from the theorems above demonſtrated concerning the roots, and the powers of 
the roots, of the binomial quantity z + , the like theorems concerning the 
roots, and the powers of the roots, of the reſidual ity 1 — x. But this 
mall be the ſubject of a ſeparate tract. And therefore I here conclude this 
diſcourſe concerning the roots, and the powers of the roots, of the binomial 
quantity 1 + u. 8 N 


T ud of the Diſcourſe concerning the 
u, Dad concerning 


Binomial Theorem in the caſe of 
Powers. 


\ 
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QUANTITY 1—#, IN THE CASE OF FRACTIONAL POWERS, oa 
POWERS OF WHICH THE INDEXES ARE FRACTIONS. 


FI; EC Q | 2 
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_ By FRANCIS MASERES, Esg, F. R. 8. 


CURSITOR BARON OF HIS MAJESTY'S COURT OF EXCHEQYER. 


ART. 1. VN the foregoing diſcourſe we inveſtigated the ſerieſes that were equal 

to the mh root of the binomial quantity x +# and to the mth 
power of its nth root. In the preſent diſcourſe we are to inveſtigate the ſerieſes 
that are equal to the »th root of the reſidual quantity r — x, and to the mth 
power of its mth root, Now theſe ſerieſes may be inveſtigated by the ſame me- 
thods which were employed in the foregoing diſcourſe to inveſtigate the ſerieſes 

| T m 
which are equal to 1 I and 1 + |* : but they may likewiſe be derived 
from AG es ſerieſes (obtained in the et Gleburſe „ by a juſt and 
legitimate train of reaſoning, with much leſs trouble than would be neceſſary to 
the diſcovery of them by a new application of all the methods of inveſtigation 
uſed in E tract. therefore I ſhall, for brevity's ſake, have re- 
courſe to this derivative method of obtaining them, rather than to the methods 
employed in the foregoing diſcourſe. And, firſt, I ſhall conſider the mth root 
of So reſidual quantity 1 — x, and endeavour to ſhew that it is equal to an in- 
finite ſeries conſiſting of the very ſame terms as the ſeries which 1s equal to the 
nth root of the binomial Pantry 1 + x, but with the ſign — prefixed to all 
the terms after the firſt term 1, inſtead of only the third, fifth, and ſeventh, 
and other following odd terms of the ſeries, as in the ſeries which is equal to 
I x 


V"[i+x, or 1 + x». 
2. Now it has been ſhewn in the foregoing tract, that, if » be any whole 
T 


number whatſoever, the quantity 1 + #]=, or Veſi + x, will be equal to the 
Vor. II. 2 Y | infinite 
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nai fries 1 + 2 A FA Bat + 2 7 o #7 3 


n =] F x* + &c ad infinitum. $5, will therefore now proceed 


5 
* 


to ſhe that the quantity Vi — x, or 1 — An, will be equal to — — ox 


ſeries 1 A= — n- - [= - Cx? = =  Dx+ — Ex- 


"SAC 


a 7 Fx* — &c ad infaitum, which conſiſts of the 1890 ſame terms as the 


former ſeries (which i is * to 1 + IT or v/" 4 + W but with the fep * 
prefixed to every term aſter the firſt term, inſtead of every other term. . This 
may be ſhewn in the manner 9 


Be + 


3. Since the ſeries 1 + — Ax ng = Cx — 22 Dx“ 


n & is equal to 1 + _- or gn Fo Þ+ *, it follows that, if we 


raiſe $I ſaid ſeries to the »th power, or multiply it » — 1 times into itſelf, the 
product of theſe multiplications will be equal to 1 + x; that is, the product of 
the ſeries 1 + Bx - Cax + Dx — Ex! + F — &c ad infinitum multi- 
* 24 Wh times _ itſelf (upon the ſuppoſition that the echt B is 


2 A=—X 1, or = and that the co-efficient C is = 8 B, and that the 
Sedan D, E, F, &c, are equal, reſpectively, to _ C, X D, — — 


nu 

E, &c) will be equal to 1 + x; and conſequently the <o-efficient of # will be 
equal to 1, and the compound quantities which will bg-the-co-efficients of x, *, 
FEY" and of all the following powers of x in the terms of the ſaid product, 
will he. each of them, equal to o, or will conſiſt of ſeveral members, of which 
ſome will be marked with the fign +, and others with the fign —, and which will 
be of ſuch magnitudes that the ſum of the terms, or members, which are marked 
with the fign — will be equal to the ſum of the terms, or members, which are 
marked with Fg fign +, Some of theſe multiplications will be as follow. 


> Ay 


1 + BX — Cx* + Dx — &c =_ "7 
ray ", 
I B — Cx* ＋ De. —&% STA 
WY” B — Cx* + Dx. <= &c FI 
Bx + B*x* = BCx* + &c 
— Cx* - BCx* + &c 
+ Dx* + &c 


1 +2Bx—2Cx + 2Dx7 * 221 


+ +|+ 


+ B*x* — 2BCx* + &c 10 
| 1 + By 
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1 + Bxy — Cx* + Dx — & =1 + x}*, 


1 + 2Bx — 2Cx* + 2D &c 
+ PB*x* — 2 BCx* e - 
+ Bx + 2B*x* — 2BCx* + &c 


+ Bi — &c 
— C - 2BCx*' + &c 
+ Dx* + &c 


I 2 3Cx* + 3Dx* . 7 


+ 3B*x* — 6BCx* &c 
+ Box? &c 


11 Bx— Cx* + Di -& = 1 + x|*. 
4 + 3B«x — 3Cx* + 3Dx%* & 2 
| | + 3 B*x* — 6BCx* & 
* + B*x*  &c 
+ Bx + 3 B˙ 1 — 3 BCA + &c 
42 + 3 B*x* — &c 
C —o BEs*— SC | * 
1 +... Dx* + &c 
1 +4 Bx—- ID + 4Dx* -  &c 4 
ce he 6 B*x* — 12 BCx? & þ = 1 + x|*, 
* a EP” AC | 


— 


17 3 — Cx* + DZ - & ST. 
1 ＋ 1B — 4Cx* + 4D & 
+ 6B*xt — 12 BC - &c 
545 | + 4B»®x3 &c 
+ By + e. — 4BCx* + & c 
| | + 63 — &c/ 
CX — 4 BCx* + &c 
—_— FO : 
I 7 Cx” 5D | F 
f DTT + 20 BC XW & H = 1 + As, 
+. 10 Big? &c 
4. By theſe multiplications it ap that the ſquare of the ſeries 1 By - — 
c. + Dx? — Ex + F — &c (carried only to the third power of x) is ad 
* to the compound ſeries 4 
| I eb ge ＋2 DE & - : 


+ B*x* — 2 BCx? &c; 


and chat i its cube is equal to the compound ſeries + Ho | P 
P LN TT 
+ 3B > „* &c 
- S. } 14 uf 142 a Kc; Ne 
Sit DEOCGOTITODI ME HY 
SF | | and 


y 
- (which is equal to the, cube of 
Wit, the compound ſeries 3 
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and that its fourth power is equal to the compound ſeries 
"1+ 4B*«x — 4C#* + 4D. & 
oy +6 B*z* — 12 BC#*&c 
2 7 71 4B &c; 

and that its fifth power is equal to the compound ſeries 

8 I + 5 BX — 5 Cx* +. 5Dx? &c 
| + 10 B*x* — 20BCx* &c 
+ 10 B*x3 &c. 


5. Now, when u is = 2, the firſt of theſe compound ſerieſes (which is equal 

to the ſquare of the ſeries 1 + By — CK + Dx — &c), to wit, the ſeries 
1 +2Br — 2C % + 2 Dx? &c 
| 3 + B*x* — 2 BC &c, | 

muſt be equal to 1 + x, and conſequently 2 B (the co- efficient of x) muſt be 
= 1, and B* = 2 C (the compound eo efficient of *) muſt be = o, and 
2 D — 2 BC (the mp Per co- efficient of x*) muſt alſo be = o, and every 
following co-efficient of one of the powers of x in the ſaid ſeries muſt, in like 
manner, be = o, if the co-efficients of the terms of the ſeries 1 + Bx — Cx? 


+ Dx? — &c, or 1 A. — [EE Bat + 222 Ca — ke, have been 


rightly aſſigned. For otherwiſe the faid compound ſeries cannot be equal to 
1 + x, as it ought to be upon the preſent ſuppoſition that »is = 2, becauſe 


upon this ſuppoſition the ſeries 1 + = Ax — [= B- oY —= Cx: — &c 


.. 


—— ſ — il 2 —— - = 


| 1 1 
(which is univerſally equal to 1 + , or Vi Þ %), will be = IF Ar, 
or, VI + x, or the ſquare-root of 1 & x, and conſequently the ſquare of the 
ſaid ſeries muſt be equal to r x. . 
And accordingly we ſhall find that, if a be ſuppoſed to be = 2, the co- effi- 
cient 2 B, of the ſecond term Bix, of this compound ſeries, will be = 1, and 
B* — 2 C and 2 D — 2 BC (the com 


b gw co-efficients of the two following 
powers of x, to wit, x* and æ in the. (aid; ſeries)-will each of them be equal to 


o. For, if u is = 2, weſhall have BC 2 * AXA ＋ * 93 
2. and C B AN = and D(= 2 C 
quently 2 B (=2 * =) = 1, and BY” 2 C = 7 — 2 X 7 * 7 21 = 


I 1 pony —_ ' BCT a. 64 L. 1 2 2 
— — —e — — — « © — 9 * —— * — . — 
enn 


” 


. 


2 Oo [ 


x! the ſecond of theſe compound ſerieſes 
er 


ies I + Bx = Cx* + Dx* — &c), to 


: 
. 
— 


4 eV. — 5 tn Cl ' 
6. In like manner, when » 1 
the 
s. OL 


F 1 + 3Bx 
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I+3Br—-3CcCzs* ＋ 3 De &c 
+ 3 B*x* — 6 BCA &c 
: + Br &c 0 . 
muſt be = to 1 + x, and conſequently 3 B muſt be = 1, and 3B* — 3 C 
muſt be = o, and 3D — 6 BC + B* mult be =©, cor3Cmatlamatis. 
and 6 BC muſt be = B* + 2D. . | 
And fo we ſhall find theſe ſeveral quantities to be, For when u is = 3, we 


ſhall have B(=—A = — * a2 X 1) => and C (= = B= £=< 


A8 es 4 . and D C 2 i= 

6.5 3 3 3 3 7 93 ST <3 8 

_ 5 = = and conſequently 3 5 (= 3 * —) = 1, and 3B* 

—3C(=3x7=3 x =) =0, and g D- 6 BC ＋ B (S * &— 
Eg OW PER RY | 

i ot ng ned Yer. 


„And, when u is = 4, the third of the foregoing compound ſerieſes | 
(abich is equal to the fourth 22 of the ſeries 1 + Bx — Cx* + Do? — 
Ex* + Fx* — &c), to wit, the compound ſeries 
1 +4B:z—-4Cr + 4Dx* &c 
+ 6 B*x* — 12 BC x* &c 
| | + 4B*x* &c, 
muſt be equal to 1 + x; and conſequently 4 B muſt be = 1, and 6B* = 4C 
muſt be = o, and 4 D — 12 BC + 4 B* muſt likewife be = o. | | 
And ſo we ſhall find theſe quantities to be. For, if x is = 4, we ſhall have 
J(==)=S,adC(ma—R= i= xf=3 | 
B (= -) = 7 3 — ar. mn 7 2 7 7 * 3 and D 
— 22 —1 „ 2K 4— WES. cons. 1 1 
(= C'S = x = x = 7 * =) = 7753 and conſe- 


7 3X4 3 3X4 38 © 4 
. 4 855 1 
quently 4 B (= 4 X = = 1, and 6B* — 4C(=6 x = — 4 * = = 3 


— 1 — 3 1 
o, and 4D 12 BC + 4B* (V4 x 55 12 * 4 2714 


ID 9 82 Gs. 
RS hut Th nat HA ain 
8. And, when u is = 5, the laſt of the foregoing compound ſerieſes (which 
is equal to the fifth power of the ſeries 1 + By — Cx* + Dx) = Ex%* + Fx 
— &c), to wit, the compound feries 
1 + 5Bx— 5Cx* + 5 Dæ &c 
+ 10 B*x* — 20BCx* &c 
+ 10 B*x* &c; | 

muſt be equal to 1 ＋ x, and co ö = 1, and toB* 5 C 
muſt be = o, and 5 D 20 BC + 10 B“ muſt likewiſe be = os | 
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And ſo we ſhall find theſe quantities to be. For, if » is = 5, we ſhall have 


B (S A XA=Z7X1)=5, and C(=—B = i— * = = 


175 g . DK 7 * = * = 2 
* 7 3 2 X 22 * = 53 and conſequently 5 B (= 5 x 7) =o; 
and 10B* — 5C (= IO 3 5 5 * 25 250 So, and 5 D — 
20 BC + 10B* (= 5 x 1 20 f * 3 rn 


s) =o. 
n | 


9. Thus we ſee in all theſe inſtances, that, when the ſeries 1 + Bx n 
| | f 


+ De — Ex! + FX — &c (which is equal to 1 + |=, or * 1-+ x) 
is raiſed to the ath power, or multiplied into itſelf » — 1 times, the co-efficient 
of x in the compound ſeries obtained by ſuch multiplication is always equal to r, 
and the co-efficients of x* and & (which are compound quantities, or quanti- 
ties conſiſting of more than 1 term) are, each of them, equal to o, the term, or 
terms, which are marked with the fign —, or ſubtracted from the other terms, 
being equal to the term, or terms, which'are marked with the fign +, and from 
which they are to be ſubtracted. And the ſame thing muſt take place in the co- 
efficients of all the following terms of the compound ſeries obtained by ſuch mul- 
tiplication. For otherwiſe the ſaid ſeries could not be equal to 1 + x. We 
may therefore lay it down univerſally, as an undoubted truth, reſulting from the 
I 


nature of powers and roots, © that, if the ſeries which is equal to 1 + x», or 
O Þ x, to wit, the ſeries 1 + A — — Bx* + So Cx? — 
ec —— Dx! 42 Ex* — Ke, or the ſeries 1 + By — C x* + Dx? — 


T F 2+ + Fx: — & (in which latter ſeries the co-efficients B, C, D, E, F, 


te &c, are reſpectively equal to the former co-efficients — A, or = and _— B, 
* C, E P, 25 E, &c), be raiſed to the nth power, or multiplied into 
cc irlelf -i times, the co- efficient of x in the compound ſeries produced by ſuch 
« multiplication will be = 1, and the co-efficients of x*, x*, &., x, and all the 
ce following powers of x in the faid ſeries, will be, each of them, equal to o; the 
« {aid co-efficients being compound quantities conſiſting of ſimple terms, or mem- 
« bers, connected with each other, by the ſigns + and -, and the ſum of the 
« members of each of the ſaid co-efficients that are marked with the fign —, or 
« ſubtracted from the other members of them, which are marked with the fign +, 
te being always equal to the ſum of the ſaid other members from which they are 
« ſubtracted. This fundamental propofition being well underſtood, we may de- 
rive from it a proof of the propoſition afferted above in art. 2, concerning the 

| | quantity 
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3 or W" 1, or the mth root of the reſidual quantity 
1 — x, to wit, © that it will i equl to he ls 2 l br 


[7 ou = Cx — — D* — 2— Ex. — &c, or 1 — Bx Cx — 


3 4 
te DE — Ext — Fx) — 1— which conſiſts of the very ſame terms as the 
« former ſeries which is equal to the mth root of the binomial quantity 1 ＋ x, 
ce but with the ſign - — prefixed to every term after the Giri term 1, inſtead of 


cc every other term.” 


10. To render the proof of this propoſition as eaſy as poſſible, it will be con- 
venient to multiply each of the two ſerieſes 1 + By — Cx* + D — Ext 
+ Fx - &c, and 1 — Bx — CK = D — EA! — FK — Ke, into itſelf, 
and then to compare' together the . or products thence ariſing. Theſe 
multiplications will be as follow. 


1 + Bx—- Cx* + Ds) — EJ“ + Fx* — &c 
1 + Bxy—- C' + De — EEK“ + Fx: — &c 
1+ Br Cx* + Ds? — Ex* + Fs — &c 
+ Bx + B*x* — BCx* + BDE — BET + &c 

— Cx* — BCx* + C - CD + &c 

+ Dx* + BD — CD + &c 

— EX“ — BEN + &c 

| + Fx: + &c 
T1 +2Bx—2Cx* +2Ds —2Ex* +2Fx &c 
| + B*x* — 2 BCx* + 2BDx* - 2BEx* &c 
£47 + C*x* — 2CDxz* #®c 

1 — BX — Cx* — Dx? — EX“ — Fx* — &c 
— 33 — Cr - Dx* — EX“! — Fx* — &c 
1— Bx — Cx* — Di — Ex* — Fx — &c 

— Bx + + B*x* + BCx* + BDx* + BEN + &c 

— Cx* + BCx* + C*x* + CD + &c 

— Dx* + BDx* + CD + &c 

— Ex* + BEx + &c 

- — Fx + &c 
1 —2Bx—2Ca* - 2 Dx - 2Ex* —2Fx &xc 


+ B*x* + 2 BC + 2 BDK“ + 2BEx* &c © 
＋ C'. + 2.CD x3 &e. 


11. Now, if we compare this laſt compound ſeries (which is equal to the 
ſquare of the ſimple ſeries 1 — BX = CA — Dx Ex! — Fe — &c) 
with the former compound ſeries (which is equal to the ſquare of the ſim : 
feries 1 + Bx = CX + Df — Ext + FX = &c), we ſha find the 


lowing obſervations to be true concerning them, 


"Tn 
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In the firſt place, all the terms of the ſecond of theſe compound ſerieſes are 
the very ſame with the correſponding terms of the former of them, but are dif- 
ferently connected with each other by the figns + and —. And this, it is evi- 
dent, muſt be the caſe with all the following terms of both theſe compound 
ſerieſes (to whatever number of terms theſe ſerieſes may be continued) as well as 
with the few terms here computed. For, fince the terms of the ſimple ſeries 
1 B. C — Di - Ext — Fx: — &c, are the ſame with the terms 
of the ſimple ſeries 1 1 By — C + D' — Ext + Fr! — &c, though 
differently conne&ed with each other by the figns + and —, it follows that the 
products of the multiplication of the terms of the ſeries 1 — By — Cx* — 

Dx? — Ex! — Fx* — &c, into each other muſt be equal to the products of 
the multiplication of the correſpondent terms of the ſeries 1 + BX — Cx* + 
Dx? — Ex! + Fx* — &c, ihto each other, that is, the ſeveral members of 
the ſquare of the ſeries 1 — Bx — CX — Dx? — Ext — F. — &c 
muſt be equal to the correſponding members of the ſquare of the ſeries 14 Bx 
— Cx* TD — Ex* + Fx* — &c, though differently connected with 
each other by the ſigns + and —. - (] 8 x1 

And ſecondly, we may obferve that the firſt term in both theſe compound 


ſerieſes is 1. e eee h 
And, thirdly; we may obſerve that the third and fifth terms in the ſecond of 
theſe products, or compound ſerieſes, which is equal to the ſquare of the ſecond 
ſimple ſeries 1 — By — C#* — D — Ex! — F — &c (in which all the 
terms after the firſt term 1, are marked with the ſign ) to wit, the terms — 2C x* 
+ B*x* and — 2Ex* + 2BDx* + C*x*, have the ſame figns + and — 
prefixed to their ſeveral members 2'Cx*, B*x*, 2 Ex“, 2BDx+, and C*x+, 
reſpectively, as are prefixed to the ſame members of the third and fifth terms 
of the former of theſe products, or compound ſerieſes, which is equal to the 
ſquare of the fimpte feries 1ů + Buy — CA + D — Ex“ + Fx — &c 
(in which the ſecond; and other following terms are marked with the figns + 
and — alternately), to wit, the terms — 2 CX + B*x* and — 2 Ex* + 
2 BD x* + C*x*. And the ſame obſervation is true likewiſe of the ſeventh 
and ninth, and eleventh, and all the following odd terms of theſe two com- 
pound ſerieſes (to whatever number of terms the ſaid ſerieſes may be con- 
tinued), to wit, that the figns + and — that are to be prefixed to the ſeveral 
members of any of the ſaid odd terms in the latter of theſe compound ſerieſes 
will be the ſame that are to be prefixed to the ſame members of the ſame odd 
terms in the former of theſe compound ſerieſes; as will appear from an attentive 
conſideration of the two. foregoing operations of multiplication ſet down in the 
foregoing article. | | 
And, 4thly, we may obſerve that the ſecond, fourth, and ſixth terms of 
the ſecond of theſe products, or compound ſerieſes (which is equal to the ſquare 
of the ſecond ſimple ſeries 1 — BX — CX — Di? — Ex! — F — &c), 
to wit, the terms — 2 Bx, — 2 Dx* + 2BCx?, and — 2 Fx* + 2 BE xs 
«+ 2 CDx*, have their ſeveral members 2Bx, 2 Dx*, 2 BC, 2 F,, 
2 BE x*, 2 CDx*, marked with contrary figns to thoſe which are pre- 
- fixed to the fame members of the ſecond, fourth, and ſixth, terms of the for- 
_ | mer 
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mer of thoſe compound ſerieſes (which is equal to the ſquare of the firſt ſimple 
ſeries 1 + BT - C + De — Ex! + F —-&c), to wit, the terms + 
2 Bx, + 2 Dx* = 2 BCx?, and + 2Fx* - 2BEx* - 2CDx*. And the 
ſame obſervation is true likewiſe of the eighth, and tenth, and twelfth, and other 
following even terms of theſe two compound ſerieſes (to whatever number of 
terms they may be continued), to wit, that the ſigns + and — that are to be 
prefixed to the ſeveral members of any of the faid even terms in the latter of 
theſe compound ſerieſes will be, reſpectively, contrary to thoſe which are to be 
prefixed to the ſame members of the ſame even terms in the former of theſe 
compound ſerieſes ; as will appear from an attentive conſideration of the two 
foregoing operatians of multiplication ſet down in the foregoing article, 


12. And if we were to repeat the foregoing multiplications of the two ſerieſes 
1 +Bx— CA + Dx: —Ext ＋ Fx — &cand 1 — BY — C — D#? 
— Ex! — FA Xe into themſelves any number of times whatſoever, ſo as 
to obtain the cubes, and the fourth powers, and the fifth powers, or any higher 
powers of the ſaid ſerieſes, the foregoing obſervations would be true of all the 
compound ſerieſes, or of all the powers of the ſaid two ſimple ſerieſes, which 
would be thereby obtained; to wit, 1ſt, That the terms of every power of the 
one ſeries would be the very fame with the correſponding terms of the ſame 

wer of the other ſeries; and, 2dly, That the firſt term of every power of both 
erieſes would be 1; and, gdly, That the figns + and —, which would be 
prefixed to the ſeveral members of the third, fifth, ſeventh, ninth, eleventh, 
and other following odd terms of any power of one of theſe ſerieſes, would be 
the very ſame that were to be prefixed to the ſame members of the ſame odd 
terms, reſpectively, of the ſame power of the other ſeries ; and, 4thly, That 
the figns + and —, which would be prefixed to the ſecond term, and to the 
ſeveral members of the fourth, ſixth, eighth, tenth, twelfth, and other follow- 
ing even terms of any power of one of theſe two ſerieſes would be, reſpectively, 

contrary to the ſigns — would be prefixed to the ſecond term, and to the 
ſame members of the ſame following even terms of the ſame power of the 
other ſeries. | 


13. Of the truth of theſe obſervations in the caſe of higher powers of the two 
foregoing ſimple ſerieſes 1 + B — C + D — E + F — &c and 
I — B C — D. — Ex! — F — &c than the ſquare, I ſhall here 
give one example, by raifing the ſaid two ſerieſes to the cube, or third power. 

We have already 2 in art. 10 that the ſquare of the ſeries 1 + Bx — C x* 

+ Dx? — Ex“ + F — &c is the compound ſeries 


1 +2Bx—2Cx* +2Ds* —2Ex* +2Fx —"&c 
| + B*x* — 2 BCN + 2BDx#* — 2 BEx* + &c 


+ C' — 2 CDx* + &c. | 
Therefore to find its cube, we muſt multiply this compound ſeries into the 
original ſeries 1 + Bx — CX + Dx? . + F x* — &cz which may 
be done as follows. | 

Vor. II. 2 2 I + 2B 
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I + 232 —2Cx* ＋ 2 Dx — 2 E x* +2F x a ee 
+ B*x* — 2 BCx* + 2 BDx#* — 2 BE#* + &c 
> + C*z* — 2CD& + &c 


t B34 — C. + Dx: — EX“ + Fx: — &e 
1 + 2Ba—2Cx* +#2Dx* —2Exzx* + 2Fx* — & 
+ B*x* — 2BCx* + 2BDx*+ —2BEx* + &c 

| CZ —2CDx* + &c 

+ Bx + 2B*x* — 2BCx* + 2BDx* — 2 BEA + &c 
+ Bir —2B*Cx*t + 2B D — &c 

| + BC- Y — &c 

— Cx* — 2BCx* + 2C*#* — 2 CD + &c 

| — B*Cx* + 2 BC*xs — &c 

+ Dx? + 2BDx* — 20D + &c 

+ B*Dx* — &c 

— Ex“ — 2BEx* + &c 

bs - a . + Fx — & 
1 + 334 — 3 C + 3Ds* — 3E!“ ＋ 3 FT — &c 
+ 3B*x* — 6BCx* + 6BDx* — 6BEx* + &c 

| 1 Bir + 3C*'z#* — 6CDx: + &c 
— 3B*Cx+* + 3B*Dxi — &c 

+ 3 BC“ — &c. 


Therefore the cube of the ſeries 1 + Bx -C + D = Ext + Fx 
,—» &Cc is the compound ſeries | 


1 +3Bx—3Cx +3Dv —3Ex* +3Fx* — Ce 
+ 3 B*x* — 6 BCx* + 6 BD Y — 6BEx* + &c 

+ Bx* + gC'z* — 6CDx: + &c 

| — 3 B*Cx* + ;3B*Dx: — &c 

+ 3 BC“ — &c. 


And we have already ſeen in art. Io that the ſquare of the ſecond ſeries 1 — 
B. -C D Ext —Fx: — &c is the compound ſeries 


1 233 — 2C & —2 DX —2Ex* —-2Fx* - &c 

+ B*x* 2 BC + 2BDx* T2 BEN + &c 

+ C*x* + 2CDx* + &c. 
Therefore, to find the cube of the ſaid ſecond ſeries 1 — By — Cx* — 
De“! — Ex! — F — &c, we muſt multiply this laſt compound' ſeries into 
the ſaid ſecond ſeries itſelf ; which may be done as follows, b 
12 2 x 


THE RESIDUAL THEOREM 355 


1 — 23 — 2C 1 — 2D —2Ex* —2Fx —& 
+ B*x* + 2 BC + 2BDx* T2 BEA + &c 

+ C' + 2CDx* + &c 

1 — Bx— CX — Dx — Ex“ — Fx — &c 
1 — 2 BX — 2 «* —2Dsx — 2 EX“ —2Fx* — & 

+ B*x* + 2BCx* + 2 BDx* + 2 BEA + & © 

| + C*x* + 2CDx*' + &c 

— Bx + 2B*x* + 2BCx* + 2BDx* + 2BEx* + & 
— Bir! — 2B*Cx* — 23 D — &c 

| | — BC*x* — &c 
— Cx* + 2BCx* +2C*'z#* + 2CDx' + &c 

— B*Cx* — 2BC*xz* — &c 

— Dx* + 2BDx* + 2CDx* + &c 

— B' Dx + &c 

— Ex + 2 BEx* + &c 

3 — Fx + &c 

T=3B: IND be -E —3Fo Rc 
+ 3B*x* + 6BCx* + 6BDx* + BETA + &c 

fl —  B*x* + 3C*'x* + 6CDx* + &c 
= 3B*Cx* — ;B*Dx* G&c 

 '— 4, BC*x5 — &c 

Therefore the cube of the ſaid ſecond ſeries 1 — By — CY — Dx? — 
Ex! - F — &c is the compound feries 

1 —3Bxzx—3Cs — Ds —3Ez* —3Fz* — & 
+ 3 B*#* + 6BCx* + 6BD#* + 6 BEX Y + & 

— Rx + 2C*x* + 6CDx* ++ &c 
ns 3B*Ca* — 2B*Da* &c 

— 3 BC*x5 — &c. 


14. The four obſervations made in art. 11 and 12 are evidently true of the 
two compound ſerieſes obtained in the foregoing article 13, and which are equal 
to the cubes of the two ſimple ſerieſes 1 + Bx CY + D — Ex! + 
Fx — &c and 1 — Bx — CY — DSE — EA! — FE — &c. For, in 
the 1ſt place, the ſeveral terms of the latter compound ſeries are exactly the 
ſame with the correſponding terms of the former 93 ſeries; and adly, 
the firſt term in both theſe compound ſerieſes is 1; and, 3dly, the ſigns + and 
that are prefixed to the ſeveral members of the third and fifth terms, — 3 C x* 
+ 3 B*x* and — 3 Ex ＋ BD! +,3C*z* 3B C& of the latter com- 
pound ſeries (which is equal to the cube of the ſeries 1 - By — CA — Dx? 
— Ex! -F — &c) are the ſame with thoſe which are prefixed to the ſame 
members of the third and fifth terms, — 3 C + ;B*x* and — 3 Ex + 
6 BD. + 3 C*x* — 3 B*C x+, of the former compound ſeries, which is equal 
to the cube of the ſeries 1 + Bx - CN] D — Ex* + Fx*'— &c; 
and, Athly, the ſigus t and — which are prefixed to the ſecond term, — 
-3-B «, and to the ſeveral members of the fourth and fixth terms, — 3 Dx + 
NC — Bi and — gFx' + 6BEz* + 6CDs*/-— 3B*Dx* — 


 294057q + 1% 2 7. 2 | MO 3.BC*x;, 
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3 BC“, of the latter compound ſeries (which is equal to the cube of the ſim- 
ple ſeries 1 —Bx — C&A — DE — Ex — F #3. — &) are, reſpectively, 
contrary to thoſe which are prefixed to the ſecond term, + 3 Bx, and to the 
ſeveral members of the fourth and fixth terms, ＋ 3 Dx* — 6 BC + BN 
and + 3Fx' — 6 BEN — CD +3 B*Dx* + 3 BC“, of the former 
compound ſeries, which is equal to the cube of the ſimple ſeries 1 + Bx — 
Cx* + Da? —Ext + Fx — &c. 

And the ſame obſervations will be found to be true of the ſeveral members of 
all the following terms of the ſaid two compound ſerieſes after the ſixth terms 
(to whatever number of terms the ſaid ſerieſes may be continued) and of the 
ſigns + and — that are to be prefixed to the faid members. And they will be 
true alſo of the terms of the ſeveral compound ſerieſes that are equal to the 
fourth powers, and to the fifth powers, and to all higher powers, of the ſaid two 
ſimple ſerieſes 1 + BY —Cx* + Dx —Ex* + Fx* — &c and 1 — Bx 
— C — Dr — Ext — FA — &c. 


15. This relation between the ſigns that ate to be prefixed to the ſame mem- 
bers of the ſeveral terms of the ſaid compound ſerieſes which are equal to the 
ſquares and the cubes and other higher powers of the two ſimple ſerieſes 1 + B x 
— Cx* + Di? — EL“ T Ex* — &c and 1 — BX — CX — Dx — 
Ex - F — &c is. the conſequence of the known rules of Algebraick mul- 
tiplication; according to which the product of the multiplication of two quan- 
tities which are both marked with the ſign — is to be marked with the ſign +, 
as well as the product of the multiplication of two quantities which are both 
marked with the fign ＋; and the product of the multiplication of two quan- 
tities, of which one is marked with the ſign +,-and the other with the ſign —, 
is to be marked with the fign —. For it will follow from hence that in the 
compound ſeries which is equal to the ſquare, or cube, or fourth power, or 
fifth power, or other higher power, of the ſeries 1 + BX — Cx* + D — 
Ex! + F — &c, all the terms that will involve the odd powers of x, to 
wit, &, *, x*, x7, x, „ &c, will be marked with -contrary ſigns, ro- 
ſpectively, to thoſe which are to be prefixed to the fame terms in the com- 
pound ſeries which is equal to the ſquare; or cube, or fourth power, er fifth 

wer, or other correſponding higher power, of the ſeries x — By CX 
* —Ex* — F. — &c; and all the terms that will involve the even 
wers of , to wit, x*, «, x*%, x*, X , #*2, Kc, in the former compound 
eries, which is equal to the ſquare, or cube, or other higher power, of the 
ſeries 1 + Bx -C DT Ex ＋ Fe &c, will be marked with the 
ſame ſigns + and , reſpectively, as are prefixed to the ſame tertns in the latter 
compound ſeries; which is equal to the ſquare, or cube, or other correſponding 
higher power, of the ſeries 1 —Bx CHD E us an Pat. &c. 
16. To make this more evident, let the capital -letter-P'be-put'= Bx + 
Dx? + F + Ha! TEK TM + &c, or the ſum of all the ternis in 
the firſt ſeries 1 + BA — C ＋ Do? — Ent TFA Gat . Hx t 
I' IR. LV + Ma — &c, which involve the odd pewers of x, 
and which in this ſeries have, all of them, the ſign + prefixed to them; 15 
et 
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let the capital letter Qbe put Cx + Ext + Gr TITLE + &c, 
or the ſum of all the terms in the ſame ſeries which involve the even powers of 
x, and which in this ſeries, as well as in the ſecond ſeries 1 — Bx— Cx* — 
Dx — Ent — Fo — G — H —- IX“ -K —- Lx MT; — 
&c, are all marked with the ſign —. 

Then will the ſeries 1 + BT — Cx#* + Dx? — Ex- + Fx — &c be = = 
1 +P—Q, and the ſeries 1 — Bx CA — DE — EK! — Fx — &c 
will be = 1 —=P — Q and conſequently the ſquare of the former ſeries will 


be (= + P=Qr=1i+P—Qbp = 1 + 2 * 1 x(F—Q + 


P—Q!) = 1 +2P—-2Q+P —2PQ + Q, and the ſquare of the 
latter ſeries will be (= I= F = 1 —PF+Q = 1 — 2 K 1 
P + FT OD =1—2P—2Q+ P* ＋ 2 POT QA. | 


The terms of this latter quantity (which is equal to the ſquare of the lat! 
* eries) are exactly the ſame with the terms of the former quantity 1 + 2 P 
—2Q+P'—2 PQ.+ Q*, (which is equal to the ſquare of the former ſe- 
ries) but are not connected with each other by the ſigns: , and — in the ſame 
manner as the terms of the ſaid former quantity. And the difference between the 
terms of theſe two quantities in this reſpe& is as follows. The third term 2 Q, 
and the fourth term P', and the, fixth, or laſt, term Q?, in both the quantities 
14 2P— 2 e 2P Q + Q and Nr P* + 2PQ 
+ Q are marked with the ſame ſigns + and —, bein + "ya Q+P: +Q*n 
both quantities; but the ſecond term 2 P, and the fifth 4.4 2 <q. have dif- 
ferent ſigns in the two quantities, being/+ 2 and — 2PQ in the A I 
tity and —2P and +2 PQ the latter quantity. 


18. Now the three terms 2 Q, P“, and Q, which are marked WY the ſame 
ſigns in both . theſe qanttags will be equal to ſerieſes that will involve only the 
even powers of x. 

For, in the firſt place, the ſecond term 2 Qis = =2 X the ſeries Cx* + Ex* 
＋ G IX + Lo? + &c the ſeries. 2 C x* + 2Ex* +2 Gx* + 
21x* + 2 Lx + &c, which contains only the even powers of x. | 

And, in the ſecond place, the ſixth term Q* (being equal to the ſquare of the 
ſeries C x* + Ex! TG +I! + Lat + &c) wil evidently be equal to a 
ſeries that will contain only x*, x*, x*, x, and the following even powers of x, 

And, laſtly, the fourth term P* (being equal to the ſquare of the ſeries Bx 
+ D Fe + HY + K# + Mx" Kc, which-contains — the odd 
powers of x) will alſo be equal to a ſeries that will contain only the even powers 
of x; becauſe its terms will be the products of the multiplication of the terms 
of the ſeries BE + Dx? + Fx + Ha" + Ka? + Mx" +; &c (which 
involve only the odd powers of x) into each other: it being evident that the 
multiplication of two odd powers of x into each other muſt always. produce an 
even power of it. 

Therefore the three terms: 2 Q; Pe, and: Q. which are marked with the ſame 
beer + and — in both — i+2P-2Q+P —2PQ + Q* 


and 
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and 1 — 2P =2Q+P* + 2PQ + Q, will be equal to ſerieſes which will 
involve only the even powers of x. a. k. 5. 


19. And the ſecond term 2 P, and the fifth term 2 PQ , of the ſaid quanti- 
ties 1 +2P—-2Q +P*—2PQ +Q*andt —=2P—2Q +P*+2PQ 
+ Q, which are marked with contrary ſigns in the latter of theſe two quanti- 
ties to thoſe with which they are marked in the former quantity, will be equal to 
ſerieſes which will contain only the odd powers of x. | 

For, in the iſt place, 2 P is = 2 x the ſeries Bx + D + F x5 + H 
+ Ka: + Mx* + &c = the ſeries 2 Bx + 2 DK + 2 F. + 2 He! + 
2Kx* + 2 Mx" + &c, which contains only the odd powers of x. 

And, 2dly, 2PQs = Q x 2 P =Q xXx the ſeries 2 By + 2Dx* + 
2Fza* +2 HI TAK. + z Me + &c = the ſeries C & + Ex! + 
Gx* + Izx* + LA“ + &c (which involves the even powers of x) x the ſeries 
2Bx T2 D + 2 F + 2 He + 2K + 2 Mx + &c (which in- 
volves the odd powers of x) = a ſeries conſiſting of terms which will involve 
only x*, x*, x”, *, x, and the following odd powers of x; becauſe all the 
terms of it will be the products of the multiplication of ſome of the terms of 
the ſeries Cx + Ex* + G + II“ + LY + &c (which involve only 
the even powers of x) into ſome of the terms of the ſeries 2 By + 2 Dx* + 
2Fx* T 2 Hz! + 2Kx* + 2 Mx" + &c, which involve only the odd 
powers of x; it being evident that the uct of the multiplication of an even 
power of x into an odd power of it muſt always be an odd power of it. 

Therefore the two terms 2 P and 2 PQ of the two quantities 1 + 2 P - 
20+P -2PQ+Qtandt —=2P-2Q +ÞP* + 2 PQ + Q, which 
are marked with contrary ſigns + and — in thoſe two quantities, will be equal 
to ſerieſes which will contain only the odd powers of x. d. E. D. 


20. It appears, therefore, from the two preceeding articles, that, to whatever 
number of terms the two ſerieſes 1 + By — C + DX — Ex* + Fx — 
&c and 1 = BK - Cx* = Dx* — Ex* — F — &c, and the ſquares of 
theſe two ſerieſes, may be continued, the terms involving the even powers of « 
in the ſquares of both ſerieſes, will be marked with the ſame yt + and , 
and the terms involving the odd powers of x in the ſquare of the latter ſeries will 
be marked with the contrary ſigns to thoſe with which the ſame terms are marked 
in the ſquare of the former ſeries. | | 


21. The reaſonings uſed in the fix preceeding articles to prove, that, 
0 in the two compound ſerieſes which are equal to the ſquares of the two ſimple 
« ferieſes 1 + Bx — CY + Ds — EK! + Fx — &c andi — By —- 
«KCx* - Dx* — Ex! — Fx* — &c, the ſeveral terms, and members of 
« terms, which involve the even powers of x will be marked with the ſame 
« ſigns + and reſpectively, and that the ſeveral terms, and members of 
« terms, which involve the odd powers of x in the latter of the ſaid compound ſe- 
<< rieſes will be marked with the contrary ſigns to thoſe which are to be prefixed 
« to the ſame terms, and members of terms, in the former of the ſaid _ 

% poun 
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« pound ſerieſes,” may be extended to the more complicated compound ſerieſes 
which are equal to the cubes of the ſaid ſimple ſerieſes 1 + By = CY + Dx? 
— Ex* + Fx' — &c and r- Bx = CY Dx — Ex* F — &c, 
and to the fourth powers of the ſaid ſerieſes, and to the fifth powers of the ſaid 
ſerieſes, and to all higher powers of the ſaid ſerieſes, ſo as to prove, © that in 
« all theſe compound ſerieſes the ſeveral quantities which involve the even 
powers of x will be marked with the ſame ſigns in every two correſponding 
* ſerieſes, and that in the compound ſeries which is equal to the cube, or the 
fourth power, or the fifth power, or any higher power, of the ſeries 1 — Bx — 
«Cx — Du) — Ex* — F — &c, the quantities which involve the odd 
* powers of x will be marked with the contrary figns to thoſe which are prefixed 
to the ſame quantities in the compound ſeries which is equal to the cube, or 
* the fourth power, or the fifth power, '@r other correſponding higher power of 
cc the ſeries 1 + Bx CK + DK — Ex* + FY — &c.“ And there- 
fore I think, we may now conſider the four obſervations ſet forth above in art. 
11 and 12 as ſufficiently eſtabliſhed. | 


22. Now, if theſe obſervations are admitted to be true, it will follow that, 
whenever the co-efficients of the third, fourth, fifth, ſixth, and other following 
terms of the compound feries which is equal to the ſquare, or the cube, or the 
fourth power, or the fifth power, or any higher power, of the ſeries 1 + Bx — 
Cx + Dx* — Ex* + Fx* — &c are all equal to o, or thoſe of the mem- 
bers of the ſaid co-efficients which are marked with the ſign —, taken together, 
are equal to the other members of the ſaid co-efficients which are marked with 
the fign +, and from which the former members marked with the ſign —, are 
to be ſubtracted, the ſame thing will alſo take place in the compound ſeries 
which is equal to the ſquare, or the cube, or the fourth power, or the fifth power, 
or the other correſponding higher power, of the ſeries 1 = By — C#* = Dx? 
Ex! - FF — &c; to wit, that the co-efficients of the third, fourth, fifth, 
ſixth, and other following terms of the ſaid compound ſeries will likewiſe all be 
equal to o, or that thoſe members of the ſaid co-efficients which are marked 
with the fign —, or are ſubtracted from the other members of them which ar 
marked with the ſign ＋, will be equal to the ſaid other members. | 

For in the ſaid correſpondent compound ſerieſes the members of the ſeveral 
correſponding terms, or terms involving the ſame powers of x, will be the very 
ſame tities, by the iſt obſervation in art. 11 and 12. And in the third, 
fifth, ſeventh, and other following odd terms of the ſaid compound ſerieſes 
(which will involve the even powers of x) the figns + and , to be prefixed 
to the ſeveral members of the Raid terms, will be the ſame in both (cries ; and 
in the ſecond terms and the ſeveral members of the fourth, fixth, eighth, and 
other following even terms of the ſaid compound ſerieſes (which will involve the 
odd powers of x) the figns + and —, to be prefixed to the ſaid ſecond terms, 
and to the ſeveral members of the fourth, ſixth, eighth, and other following even 
terms of the ſaid compound ſerieſes, will be, reſpectively, contrary in one of 
thoſe compound ſerieſes to what they are in the other; as is evident from the 
third and fourth obſervations in art. 11 and 12. Therefore, if in the third, 


2 fourth, 
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fourth, fifth, ſixth, and other log terms of the compound ſeries which is 
equal to any power of the firſt ſimple ſeries 1 + By — Cx* + Dx? —Ex+ 
+ Fx* — &c, the ſum of the members of each of the ſaid terms that are 
marked with the fign — is equal to the ſum of the members of the ſame term 
which are marked with the fign +, the ſame thing will alſo take place in the 
compound ſeries which is equal to the ſame power of the ſecond fimple ſeries 
1- Br CX — Dr: —Ext — Fx: — &c, or the ſum of the members 
which are marked with the ſign — 1n the third, and the fourth, and the fifth, and 
the ſixth, and every other following term of the ſaid ſecond compound: ſeries, 
will be equal to the ſum of the members of the fame term which are marked with 
the fign +; that is, in other words, when the third, fourth, fifth, ſixth, and 
other following terms of the compound ſeries which is equal to any power of the 
ſimple ſeries 1 + Bx — CX + DG Ex* + F! — &c, become, all, 
equal to o, and the whole ſeries conſiſts of only the two firſt terms, the third, 
fourth, fifth, fixth, and other following terms of the compound ſeries which is 
equal to the ſame power of the ſeries 1 - By C — DE — E! — Fx 
— &c will alſo be, all, equal to o, and the whole ſeries will conſiſt of only the 
two firſt terms. Ek. D. 


23, And hence we may derive a proof of the propoſition aſſerted above, in 


1 
art. 2, concerning the quantity 1 , or Vieſi — x, or the th root of the 
reſidual quantity 1 — x; to wit, that, if A be = 1, and B be = — A, and C 


be = B, and D be = C, and E, F, G, H., &c be equal to E. D, 


2" 4* 
2 E, _— F, —.— G, &c, reſpectively, the ſaid quantity 1 — x], or 


[rt — x, will be equal to the infinite ſeries 1 — A — — Bx* — 


—_ Cx? — = D x* — = - Ex* — &c, or1 — B- CA — Ds? 


— Ex! - Fx* — &c, in which all the terms after the firſt term 1 are marked 
with the ſign —, or are ſubtracted from the ſaid firſt term. 2 


322 1 28 — 1 Cx: — 33 — 1 


For, fince the ſeries 1 + — Ax — P Bx* + _ 
Dx“ + —— Ex, — &c, or 1 + Bx — CX + De — Ext +F «5 = 


4 


' &c, has been ſhewn in art. 47 of the preceeding diſcourſe concerning the Bino- 
. I 


mial Theorem, page 237, to be equal to 1 + A, or "ſt + x, it follows 
chat, if the ſaid ſeries were to be raiſed to the #th power (n being any whole 
number whatſoever) or to be multiplied » — 1 times into itſelf, the compound 
ſeries thence ariſing would be equal to 1 + x, which would be the two firſt 
terms of it, and conſequently the co-efficients of x*, *, , , &c ad infi- 
nitum in the ſollowing terms of the ſaid compound ſeries would be, each of them, 
equal to o, or thoſe members of the ſaid co-efficients which would be 
| | « 
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with the ſign —,or would be to be ſubtracted from the others which would be mark- 
ed with the ſign +, would be equal to the ſaid other members, from which they 
would be to be ſubtracted; of which we have given ſome examples above in art. 5, 
6, 7, and 8. But, by the foregoing article 22, whenever the co-efficients of the 
third, fourth, fifth, ſixth, and other following terms of the compound ſeries which 
is equal to any power of the ſeries 1 + Bx — Cx* + Dx? — Ex! + Fx* — &c, 
are all equal to o, or the ſubtracted members of each of the ſaid co- efficients are 
equal, taken together, to the members from which they are ſubtracted, the co-effi- 
cients of the third, fourth, fifch, ſixth, and other following terms of the compound 
ſeries, which is equal to the ſame power of the ſeries 1 — Bx — Cx* — Dx? — 
Ex* — Fx* — &c, will alſo be, all of them, equal to o, or the ſubtracted mem- 
bers of each of the ſaid co-efficients will be equal; taken together, to the mem- 


bers from which they are ſubtracted. Therefore, if the ſeries 1 — = Ax — 


n 
2 B * — _ Cor HQ D —— Ex, = Ke, or 1 — Bx 
24% 34 4" 5 
— Cx* — D- Ex+* F — &c (in which Bis =— A, or = x r, 


or =, and C is 2 B, and D is = C, and E is = =D, and F, 
1 2 n 4 * 


32 
G, H, I, &c, are equal to = — * ——ĩ— F, = G, and —_ H, &c, re- 


ſpectively), be raiſed to the ath power, or multiplied » — 1 times into itſelf, 
the co-efficients of the third, fourth, fifth, fixth, and other following terms 
of the compound ſeries which will be produced by ſuch multiplication, and 
which will be equal to the ſaid mth power of the ſeries 1 = By = C xt — 
Dx: - Ex — Fx — &c, will, each of them, be equal to o, or the ſub- 
tracted members of each of the ſaid co-efficients will be, all taken together, 
equal to the other members of them, from- which they are to be ſubtrac- 
ted; and conſequently the whole of the ſaid compound ſeries will be equal 
to its two firſt terms; which will be 1 — x, becauſe the two firſt terms of 
the compound ſeries which is equal to the th power of the ſeries 1 + BX — 
C + Dx* — Ex* + F. — &c, or 1 + Ax — 


— Bx* + 


2n — 1 


Cx? — 5 Dx“ + —.— Ex* &c (to which the compound ſeries that 
is equal to the nth power of the ſeries 1 - By — Cx*t — Dx? — Ext — Fx 


E &c, has been ſhewn to be analogous in the manner above-deſcribed), are 


I + &. 
And, ſince the ath power of the ſeries 1 — B CX — Dr? — Ext — 


F x5 = Ke, or 1 2 Ax — [= ban ud EARS Cx, Et MS 
1 22 3" 4n 


<= Ex — &c, will be equa] to 1 — x, it follows that the ſaid ſeries itſelf 


I 
will be equal to 1 — x|*, or Vi = x, or the nth root of the reſidual quan- 
tity 1 — x. | G. E. D. 
Vol. II. 1 24. We 
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. 
24. We muſt now proceed to conſider the quantity 1 — As, or the mth 
power of the nth root of the reſidual quantity 1 — x. h 


Of the ſeries which is equal to the quantity 1 — x\", 
or the mth power of the nth root of the reſidual 
quantity 1 — x, when m and n are any whole num- 
bers whatſoever. 


—O—— — — — 


25. It has been ſhewn in -the foregoing diſcourſe concerning the binomial 
theorem, art. 77, p. 269, that, if m be any whole number whatſoever, and x 


m 

any other whole number greater than n, the quantity 1 + x#, or the mth power 
of the nth root of the binomial quantity 1 + x, will be equal to the ſeries 1 + 
Z Ar = Br + Cn = [EE Dat + EZ Ext — ke ad 
infinitum ; in which ſeries the ſecond, and third, and fourth, and other following 
terms, are alternately marked with the ſign + and the fign —. And it has been 
ſhewn in art, 104 of the ſaid diſcourſe, page 289, that, when m is greater than 


u, but leſs than a u, the quantity 1 + A, or the mth power of the nth root of 


the binomial quantity 1 + x, will be equal to the ſeries 1 + = Ax + — — 


c Bx* — [==2 ox + £22 De. E Ee + &c; in which the three 


firſt terms of the ſeries N together, and the fourth and fifth, and other 
following terms of it are marked with the ſign — and the ſign + alternately, or 
are alternately ſubtracted from, and added to, the ſaid three firſt terms. And it 
has been ſhewn in art. 115 of the ſaid diſcourſe, page 299, that, if m be of any 
magnitude greater than 2 12, and pn is the greateſt multiple of # that is leſs than 


m, ſo that m 1s greater than pn, but leſs than p + 1) x n, or pn + n, the quan- 
- m f 
tity T + #|*, or the mth power of the »th root of the binomial quantity 1 + x, 


will be equal to the ſeries 1 + A + — B + 5 Cx? + —. 

1 22 1— 2 e 
Dx“ + 75 E x* + Fe“ + &c, R »." whe 
Dr * 3 3 re“ 1 Fx T5 [pn + 5n—m G * Y 


Na | b Py pe + os 
+ &c ad infinitum ; in which ſeries all the terms after the firſt term x are to be 
added to the ſaid firſt term, till we come to the term TEES Cr , which 
| 2 | | 7 bs 
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is to be ſubtracted from it; and all the terms after the ſaid term CE 


Cx? are to be added to, and ſubtracted from, the ſaid firſt term alternately. 


m 

Now the quantity 1 , or the mth power of the nth root of the reſidual 

quantity 1 — x, will always be equal to a ſeries conſiſting of the very ſame 
m 

terms as the ſeries that is equal to the quantity 1 + x)", or the ſame power of 
the ſame root of the binomial quantity 1 + x, but with the figns + and — 
changed into their contraries in all the terms that involve x, x*, x*, *, , 
*, and the other following odd powers of x, or in the ſecond, and fourth, and 
ſixth, and eighth, and tenth, and other following even terms of the ſeries. 
This I ſhall now endeavour to demonſtrate. 


1 
26. It has been ſhewn above in art. 23, that 1 — x]*, or the nth root of the 
reſidual quantity 1 — x, is equal to the infinite ſeries 1 — -- Ax — — Bx* 
C 1 — 22 Ex — &c, which conſiſts of the 


very Jame terms, only differently connected together by the ſigns + and —, as 
the ſeries 1 + £ As — E B= 75 2n—1 C — [== D x+ 41 — 1 
1 


3 42 52 


Ex — &c, which is equal to 1 + A, or the nth root of the binomial quan- 
tity 1 + x. And the difference between theſe two ſerieſes with reſpect to the 
ſigns + and —, that are to be prefixed to their ſecond and other following 


I | 
terms, is that in the ſeries which is equal to 1 — Ar the ſign — is to be pre- 
fixed to all the terms after the firſt term, whereas in the ſeries which is equal to 


1 | 
1 — |= the ſign - is to be prefixed only to its third, and fifth, and ſeventh, 
and other following odd terms, and the ſign + is to be prefixed to its ſecond, 


and fourth, and fixth, and other following even terms. 
. . 


Now, fince 1 — . is equal to the infinite ſeries 1 — —Ax —|— Bx* 


2 


— TW Cx — b Dx — 5 Ex — &c, it follows that the quan- 
* 1 
tity 1 — |=, or the mth power of 1 — A= will be equal to the mth power of 


2 . . I n—1 4 2n — 1 3a — 1 
the ſaid infinite ſeries 1 — — As HE Bx* — 90 og Cx? — _ Dx* 
— on Ex* — &c, or (as it will be convenient to denote it for the ſake of 
brevity), of the ſeries 1 — BX — CX — Du? — Ext — Fx? — &ec ad in- 
fnitum, We muſt therefore inquire what will be the terms of the ſeries that is 
3 A 2 equal 
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equal to the mth power of the ſeries 1 — BX — CX = Dx? — Ent — Fx) 

&c, and what will be the figns + and — that will be to be prefixed to them, 

or what will be the terms of the ſeries that will be produced by multiplying the 

faid ſeries 1 — Bx — Cx* — DT — EXT! — FX — &c m — 1 times into 

itſelf, and which of the ſigns + and — will be to be prefixed to each of them: 

and we muſt compare the ſeries ſo produced with the ſeries which is produced 
21 — 1 


be ; I n— 1 1 
by the multiplication of the ſeries 1 + — Ax — — BX + — Cx? — 
E. — SE E. — &c, or 1 + Bx — Cx* + D — Ex* + 


3 
| ; I 
Fx* - &e (which is equal to 1 + a]*) m — 1 times into itſelf, and which is 


therefore equal to the quantity 1 + xn , or the mth power of the nth root of 
the binomial quantity 1 + x. 


27. Now, from what has been ſhewn above in art. 11, 12, — — —— 21, 

itt is evident, in the firſt place, that if we raiſe both the ſerieſes 1 + Bx — Cx? 
+ Dx — Ex! + Fx — &c, and i —Bx— CX - Dx — Ext — Fx 
— &c, to the mth power (m being any whole number whatſoever), or multiply 
each of them m — 1 times into itſelf, the products of the ſaid multiplications 
will be two compound ſerieſes conſiſting of exactly the ſame terms, of which 
the firſt term will be 1; and, 2dly, that the figns + and —, that will be pre- 
fixed to the members of the ſeveral terms of the ſaid compound ſerieſes, will be 
the ſame in all the terms which will involve the even powers of x in both ſeri- 
eſes, but will be different in thoſe terms of the ſaid two ſerieſes which will in- 
volve the odd. powers of x. Therefore the compound ſeries which 1s equal to 
the mth power of the ſimple ſeries 1 = BR CX — Do? — Ext — FX — 


&c, or 1 — = Ax — — py 2 8388 2 Dx! E 


2 27x * 
Ex — &c, may be derived from the compound ſeries which is equal ** 
mth power of the fimple ſeries 1 + By — CX + Dx — Ext + Fx — 
&c, or 1 + = Ax — —— Bx* + . Cx? — =: Dx + —_— 
Ex* — Ke, by changing the ſigns of all thoſe terms of the {aid latter compound 
ſeries which involve the odd powers of x, into their contraries. But the com- 
pound ſeries which is equal to the mth power of the ſaid ſimple ſeries 1 + Bx 


— C + D — Ex! + F — &c, or 1 + ZE As EB. + 


5 Cx? — E= Dx + 2. — Ex — &c, is equal to the mth power 
1 m 

of T + a=, or to the quantity 1 + , and conſequently (by what is ſhewn in 

art. 115 of the foregoing diſcourſe, page 299) is alſo equal to the fimple ſeries 14 


m — 24 m — 32 


＋ Ax + ZE Bu) + C D. TB. + AK 


52 
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— Greg tec Therefore, if the ſigns + 


n + 3n | 
and — of thoſe terms 8 laſt imple ſeries. which involve the odd powers of x, 
that is, of the ſecond, fourth, fixth,. and other following even terms of it, be 
changed into their contraries, the ſimple feries thereby produced will be equal to the 
compound ſeries produced by changing the ſigns of thoſe terms of the compound 
feries that is equal to the mth power of the ſimple ſeries 1 + BX - Cx* + 


Dx* — Ex* + F — &c, or 1 + LAs — = Br + —— 8 


wr D + —— Ex — &c, which involve the odd powers of x, or the 
ſigns of its ſecond, fourth, ſixth, and other following even terms, into their 


contraries. But it has been juſt now ſhewn, that the compound ſeries pro- 
duced by changing the ſigns of thoſe terms of the compound ſeries that is equal 
to the mth power of the ſimple ſeries 1 + Bx CX + D — EN + Fx 
— &c, or 1 + Ax — |— B. + = Cx — —.— Dat + E= 
Ex — &c, which involve the odd powers of x, into their contraries, is equal 
to the compound ſeries, or rather is the compound ſeries, which is equal to the 
mth power of the ſimple ſeries 1 — BX — Cx* = Di? —Ex* — F - &c, 
oft =Ar = F=cBr re 25 * — 
n n 4 8 


2" 
&c. Therefore the ſimple ſeries. chat is produced by changing the figns of 
thoſe terms of the. ſimple ſeries 1 += A + — BY + 2 C + 
1 — 22 | m — 4n t | ou 1 ＋ 5 — 1 / þ+2 1 +2n - mM 
— De! + — 0 + &c, — Cee” + 2 
Dr 3 EST E/x? © # + &c, which involve the odd powers of x, or 


the ſigns of the ſecond, fourth, ſixth, and other following even terms of it, into 
their contraries, will be equal to the compound ſeries which is equal to the mth. 
power of. the ſimple ſeries 1 — BX — Cx* — Dx?) — EK! — F — &c, 


— 0 — 
or 1 = Au = E B. — Cx 8 e De — eps "i 
1 22 33 42 5% 
1 ; 


&c, and conſequently will be equal to the mth power of 1 — (which is 
equal to the ſaid laſt- mentioned ſimple ſeries), or to the mth power of the ath 
root of the reſidual quantity 1 — x. | 


Q. E. D. 


28. The reaſonings in the foregoing article appear ſomewhat perplexed in 
conſequence of the multitude of words which have been made uſe of in deſcrib- 
ing the ſeveral infinite ſerieſes mentioned in them. I will therefore, now re- 
peat them in a conciſer manner, which will, 1 hope, remove all obſcurity from 

them; and for this purpoſe I ſhall denote all the ferieles that we ſhall have oc-. 


caſion to conſider, by ſingle letters, 
29. Let. 


* 
4 
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29. Let the Greek capital letter F be put for the ſeries 1 + - Ax =— = i 


Bx* + == Cx — — Dx — 2.— Ex: — &c, ad infinitum, or 1 + 


Bx — CX + Dx — Ex! + Fx* — &c ad infinitum, which is equal to 
I 
I + =, or the mth root of the binomial quantity 1 + x; and let the Greek 


capital letter A be put for the ſeries 1 — Ax — — Bx — [== - C x3 
1 1 3 


ad _ Dx! — =; Ex — &c ad infinitum, or 1 - Bx CX — Dx? 
| 7 . 
— Ex*— Fx: — &c ad infnitum, which. is equal to 1 — T*, or the th root 
of the reſidual quantity 1 - x. And let T'* ſtand for the compound ſeries which 
is equal to the mth power (m being any whole number whatſoever) of the ſimple 
ſeries 1 + Bx CX + Dx — Ex! + Fx — &c, or T, or the product which 
ariſes by multiplying the ſaid fimple ſeries m — 1 times into itſelf; and let 
A* ſtand for the compound ſeries which 1s equal to the ſame, or the mth, power 


of the ſimple ſeries 1 — B&T — CX — Dx* — EX! — FE — &c, or A, or 


the product which ariſes by multiplying it 1 — 1 times into itſelf. And let the 


Greek capital letter A. denote the ſimple ſeries 1 + = A# + — BA + 
DEED + 2 Dx + == Ex + c — c 4 
e. Lr D et E Ef 4 ep „ 
2 D's —+a E'x + 12 Fx &c ad 
m 


inſnitum, which is equal to the quantity 1 + x]= , or the mth power of the nth 
root of the binomial quantity 1 + x. And, laſtly, let the Greek capital letter 
IT denote the ſimple ſeries which is derived from the fimple ſeries A by chang- 
ing the ſigns of thoſe terms in it which involve the odd powers of x, that is, of 
the ſecond, fourth, ſixth, eighth, and other following even terms of it, into 
their contraries. With this notation the reaſonings contained in the foregoing 
article 27 will be as follows. 


30. From what has been ſhewn above, in art. 11, 12, &c, — — — 21, it is 
evident, in the 1ſt place, that the compound ſerieſes I” and An will conſiſt of 
exactly the ſame terms, of which the firſt term will be 1; and, 2dly, that the 
ſigns + and — that will be prefixed to the members of the ſeveral terms of the 
ſaid two compound ſerieſes will be the fame in all the quantities, or members of 
the terms of the ſaid ſerieſes, which will involve the even powers of x, that is, in 
the third, and fifth, and ſeventh, and other following odd terms of the ſaid ſe- 
rieſes ; but will be different in thoſe terms of the ſaid two ſerieſes which will in- 
volve the odd powers of x, that is, in the ſecond, and fourth, and fixth, and 
other following even terms of the ſaid ſerieſes. Therefore the compound ſeries 
A*® may be derived from the compound ſeries T by changing the ſigns of all the 
members of thoſe terms of the ſeries P which involve in them the odd * 

0 
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of x, that is, the ſigns of all the members of the ſecond, fourth, ſixth, and other 
following even terms of it, into their contraries. But, becauſe the ſimple ſeries 


I 
DT is equal to 1 + AN, the compound ſeries N will be equal to the mth power 


1 
of TA, or to the quantity x AN, and conſequently (by what is ſhewn 
in art. 115 of the foregoing diſcourſe, page 299) will be alſo equal to the ſimple 
ſeries A. Therefore, if the ſigns + and — in thoſe terms of this ſimple ſeries 
A which involve the odd powers of x, that 1s, in the ſecond, fourth, fixth, and 
other following even terms of it, be changed into their contraries, the ſimple 
ſeries thereby produced will be equal to the compound ſeries that is produced 
by changing the ſigns + and — of all the members of thoſe terms of the com- 
pound ſeries T*, which alſo involve the odd powers of x, or the figns of all 
the members of the ſecond, fourth, fixth, and other following even terms of 
the ſaid compound ſeries T., into their contraries. But it has been juſt now 
ſhewn, that the compound ſeries which is produced by changing the figns + 
and — of all the members of thoſe terms of the compound ſeries L which 
involve the odd powers of x, or of all the members of the ſecond, fourth, 
ſixth, and other following even terms of it, is the compound ſeries . There- 
fore, if the figns + and — in thoſe terms of the fimple ſeries A which in- 
volve the odd powers of x, or in the ſecond, fourth, ſixth, and other fol- 
lowing even terms of it, are changed into their contraries, the ſimple ſeries 
thereby produced will be equal to the compound ſeries An, and conſequently 
1 


will be equal to the mth power of 1 — As, or of the nth root of the reſidual 
quantity 1 — #, Which is equal to the ſimple ſeries A; that is, the ſimple ſeries 
1 


II will be equal to the mth power of 1 — x|*, or of the nth root of the reſidual 
4 | 


quantity 1 — x, or to the quantity 1 — x] . "WK 
31, And, if ſtill greater brevity be deſfir'd, this demonſtration of the equality 


between the ſimple ſeries IT and the quantity 1 — A may be exprefſed in the 
manner following. 


Since the ſimple ſeries F is = 1+ #1", it follows that the compound ſeries 
I m 
T- will be = the mth power of 1 + T*, or = T + an. 


] m 
But (by the foregoing diſcourſe, art 115, page 299) 1 + Ii is equal the 
_ ſimple ſeries A. 
Therefore the compound ſeries * is equal the fimple ſeries A. 
Therefore, if we change the ſigns + and — of all the even terms, or terms 
involving the odd powers of x, in both theſe ſerieſes I and A, into their con- 
traries, the ſerieſes thereby produced will be equal to each other. 


But 
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But the ſeries produced by this age in the ſigns of the terms of the com- 
pound ſeries T* will be the compound ſeries A”, by what has been ſhewn above 
in art. 11, 12, 13, &c — — — 21. And the ſeries produced by this change 
in the ſigns of the terms of the ſimple ſeries A is the ſimple ſeries II. 


Therefore the ſimple ſeries II will be = the compound ſeries A*. 

But becauſe the ſimple ſeries A is = IE „it follows that the compound 
ſeries An muſt be = the- mth power of TE; or = the quantity 7 

Therefore the ſimple ſeries II will be equal the quantity . Q. E. b. 

32. We have now demonſtrated in a manner that, I hope, will be thought 


| I 
ſatisfactory, 1ſt, that the quantity 1 — xn, or the »th root of the reſidual quan- 
tity 1 — K, is equal to the infinite ſeries 1 — = Ax — = Is 5 a 


27% 
Cx? — _ Dx; — =D Ex* — &c ad infinitum, in which all the terms 
that come after the firſt term 1, are marked with the ſign —, or ſubtracted from 
—_— 


the ſaid firſt term; and ſecondly that the quantity 1 — ,, or the mth power of 
the nth root of the ſaid reſidual quantity, is equal to a ſimple ſeries (which we 
have called IT) conſiſting of the very-ſame terms as the ſeries (which we have 
5 a mM 
called A) that is equal to the quantity 1 + , or to the ſame mth power of the 
ſame nth root of the binomial quantity 1 + x, and derived from the ſaid ſeries A 
by changing the ſigns of thoſe terms of it which involve the odd powers of x, 
or the ſigns of its ſecond, fourth, ſixth, and other following even terms, into 
their contraries. Nothing therefore ſeems now to remain to be done with re- 
ſpect to this ſubject, but to illuſtrate theſe two ſerieſes by applying them to a 
few particular caſes, or examples, in the ſame manner as we illuſtrated the ſe- 
1 m 
rieſes which are equal to the quantities 1 + A and 1 + A in the beginning of 
the foregoing diſcourſe concerning the binomial theorem in art. 8, 9, 10, 11, 12, 
&c. — — — 19 of the ſaid diſcourſe, pages 201, 202, 203, &c. — — — 209. 
Theſe examples may be as follows, 
— ——ü— . —— ͥ DT—— 
Examples of the extraction of ſome particular roots of the 
reſidual quantity 1 — x by means of the ſeries given 
above in art. 2. 
————— . — 


33. In the firſt place we will extract the ſquare root of the reſidual quantity 
a — x by means of the ſeries given in art. 2, to wit, the ſeries 1 — — 472 — 
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— Bx* — = Cx? 55 2. Dx! = ED Bo — &c ad in- 
tum. | 
finitum ; . 


Now in this caſe 1 — ve is =1 — x12, or is = 2, Therefore 2n is (= 
2X2) = 4, and 3 is (='3 X 2) = 6, and 47 is (4X2) , and 
gnis(= 5 X 2) = 10, and conſequently 1 —1 is (= 2—1) = t, and 
a. ar zu — 1 is (26 1) S 5, and 4 — fis 


(2 8-1) = 7. We mall therefore have 1 — A — [= Bx* — 


Cz N — 2 — Ex: — & c = 1 Ui nip & SR. 
32 42 5 1 + 


Therefore, if the ſeries given above in att. 2 is really equal to 1 — 3 the 


quantity 1 Zi or the — root of the reſidual quantity 1 — , will be 


x5 
equal to the ſeries 1 = — f — 8 = 256 — KC. a. . 1. 


34. Now ec that this ſeries is really equal to the ſquare root of 1 = ,” will 
appear by multiplying it into itſelf. For we ſhall find that the product of the 
ſaid multiplication will be 1 — x. This KT may be performed in the 


manner following. 


* 
720 
75 
mY 
5 


A 4 & 
— =. c 
* FI — x 238 

x 

ELLE DO Fog 

x3 x* 25 
CAT ad hehe 
e 

4 
; —E + 6 
12 * 2 * * mou. 


It appears therefore that the ſeries 1 — 5 — 3 — 5 — — 8 — 256 — &c, is 
really and truly, as far as relates to the fix firſt terms of it, the ſquare· root of 
the reſidual quantity 1 — #; and conſequently that the ſeries given above in 

"=Y II. 3 B art. 
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art. 2 for the value of i — * 7, or "ſt x, is true in the caſe of ſquare- 
roots. . | 


. | 
35- In the next place we will inveſtigate the value of 1 — As, or the cube- 

root of the reſidual quantity 1 — x, by means of the ſame feries 1 — — Ax =— 

— = C— 2 De- — — E x* — &c ad infinitum. 
Now in this caſe 1 is = 3; and conſequently we ſhall have 2» = 6, and 


32 = 9, and 4% = 12, and 5 = 15, and #—1 = 2, 2M—1 = 6, 3—1 


=8, and4#—1 = 11. And therefore the ſeries 1 — = Ax — 2 B x* 


— Cx — 2 Dx“ — _ Ex* — &c, will in this caſe be = 


A- Br —£Cu De. EA —& = 1—- 
ot gown e gs e e IST 
1 - - 19) Noel levps 


36. Now = that this ſeries is really equal to the cube root of 1 — 4,“ will 
appear by multiplying the ſaid ſeries twice into ſelf. For we ſhall find that the 
product of the ſaid multiplications will be equal to 1 - x. Theſe multiplica- 
tions will be as follow. | 8 


* 4 * ; - Ai 10x%* * 22x5 
I 2 — 57 243 729 — &c 
x 4 * x3 20x* 22x5 
] — — — — — — aw 
= 3 9 81 243 729 
I YL? the; AN: A — mo * 
F NN Kt -- 
0 x * Xx 
3 T 7747277 729 + 
* x Xx 5x 
8 Fe 35 + &c 
$ 
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in art. 2 for the value of 1 — Af, or . T — x, is true in the caſe of cube- 
roots as well as in that of ſquare-roots. | 


— — —_————— ——— — | | | 


Examples of the extraction of the roots of ſome particular 
powers of tbe neſidual quantity 1 — & by means of the 
ſeries given above in art. 25, and which in art. 29, 
30, and 31 is denoted by the Greek capital letter II. 


* 


— 


2 

37. In the next place we will inveſtigate the value of the quantity 1 — x]3 , 
or the cube-root of the ſquare of the reſidual quantity 1 — x, or (which comes 
to the ſame thing) the ſquare of its cube: root, by means of the ſeries given 
above in art. 25, and denated by the Greek capital letter II in art. 29, 30, and 
31. a A 

Now it is ſhewn in the foregoing diſcourſe, art. 12, page 203, that 1 + #3, 
or the cube-root of the ſquare of the binomial quantity 1 + x, is equal to the 

SES 2 "0 fon 
ſeries 1 + yay * * = Kc, ad infinitum. Therefore the 


. 2 | 
quantity 1 — A muſt, according to art. 25, be equal to a ſeries derived - 
| — 3 B 2 18 


* 
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this ſeries by changing the ſigns of its ſecond, fourth, ſixth, and other follow- 
ing even terms into their contraries, that is, to the ſeries 1 — 7 — _ 1 FO 


275 — 720 — &c, in which all the terms after the firſt term 1 are marked with 
the fign —, or are ſubtracted from the ſaid firſt term. Therefore, if the propo- 


fition contained in art. 25, is true, and the ſeries juſt now ſet down, and which, 
N 


in the foregoing articles, is denoted by II, is really equal to 1 — A*, the quan- 
2 


tity 1 — ., or the cube · root of the ſquare of the reſidual quantity 1 — x, will 
be equal to the ſeries 1 — 2 — 75 — 3. 


a 2 

38. Now © that this ſeries is really equal to 1 — a3, or to the cube root of 
te the ſquare of the reſidual quantity 1 — x, or to the cube-root of the trinomial 
quantity 1 — 2x + xx,” (for both the quantities 1 + 2x + xx and 1 —2x 
+ xx are equally called 7rinomiat quantities, though in the latter quantity the 
middle term 2x is marked with the fign —, or fubtracted from the ſum of the 
two other terms) will appear by multiplying the ſaid ſeries twice into itſelf. 
Theſe multiplications will be as follow. | 


3 3 2 j 243 729 Cd 
2x 425 4x* 2 I4x* 
1— — — — — — — — — 
3 81 243 729 * 


2 4 2 
mtg e 
1435 
— — c 
— - pr 7 7 _ ef 
r 24 1 
1 5 * 7 T F, 7 725 &c 
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2x x® 3 2 14x5 
] — — ——  —— — — — — — 
4 wa 9 81 243 729 on 
4 , 28> > a#* 8 8 
I ——+ — T= + 2— + — c 
7 * 7 1 r 2 © 739 * 
1 + 8? 42 8.x+ 10x5 1 
3 9 27 243 129 
9 27 i 29 
4x3 16x .Bx5 &c 
81 243 729 
243 729 
14x 
— — c 
2 729 + ? BY 
. 2x x 4x3 7x4 14x5 
It appears therefore that the ſeries 1 i." oo Roe &c 


3 
is really and truly the cube-root of the crinomial . 1 — 2x + xx, or of 


the ſquare of the reſidual quantity 1 — x, and conſequently that the propoſition 
contained in art. 25 1s true, or that the ſeries IT is really equal to the quantity 


1 A, in the caſe of the cube-root of the ſquare of a reſidual quantity, or 
when w, the numerator of the fraction = (which is the index of the power of 


| m 
1—x in the quantity 1 — A) is = 2, and u, the denominator of the ſaid 
fraction, is = 3. | 


| m 

39. As another example of the inveſtigation of the value of 1 — A by 

means of the ſeries II, we will ſuppoſe m to be = 3, and » to be = 5, or 
— 2 

1 —x]* to be equal to 1 — x5, or to the fifth root of the cube of the reſi- 
dual quantity 1 — x, or to the fifth root of the quadrinomial quantity 1 — 3x 
+ 3x* — :V. 

Now it appears by art. 14 of the foregoing diſcourſe concerning the binomial 


X | | 1 : 
theorem, page 205, that the quantity 1 + Js is = the ſeries 1 + — 2 


+ 1 + Ec. Therefore the ſeries II will be 1 — Z — A 
I25 625 15525 | 5 25 


3 4 $ | X 
— Tr — == . — &c, and conſequently, by art. 25, the quantity 


3 ' "0 3 4 
1 — x]5 will be equal to the ſeries 1 r 


ęö—ä—j &c. . 
40. Now 
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p 
40. Now © that this ſeries is really equal to the quantity 1 — | 5, or to the 
* fifth root of the cube of the reſidual quantity 1 — x, or to the fifth root of the 
t quadrinomial quantity 1 — 3x + 3x* — *, will appear by raiſing the ſaid 
ſeries to the fifth power by multiplying it, firſt, into itſelf, whereby we ſhall 
obtain its ſquare, and afterwards multiplying the ſaid ſquare into itſelf, whereby 
we ſhall obtain its fourth power, and, laſtly, multiplying the ſaid fourth power 
of it into the ſaid ſeries itſelf, whereby we ſhall obtain its fifth power. For we 
(hall find that the product of thefe three multiplications will be the ſaid qua- 
drinomial quantity 1 — 3* + 3x* -*. Theſe multiplications will be as fol- 


low, ' 


* 4 gas 21.x* 63x5 
— + + 3} + 5 © + &c 


A8 
A ene 
7x 21x 42 + &c 


125. 625 3125 
. 4 3 b 


P IRE 
I OE ＋ 25 + 725 * 525 ＋ 


are 9  «c 


. 
eee 2 
e e dee 
e 

n 
* 


| $: 15625 
. 


This 
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This is the fourth power of the ſeries 1 — . — ZZ . 229. 257 
: $ 25 125 625 15625 


— &c. 
124 42 28x73 214% 168x5 
IS =. 25 - 6h 625 15625 &C 
I 1 — 2. — — 2 — 357x? — &c 
5 26 n 15625 
' 2 > 424% — 2bad _ 21x* " 168x5 
5 25 w_ — 7 — Ft 
5 25 125 + 625 + 3125 + &c 
oth! Ld 36x3 Goa 126x+* 84x + &c 
25 125 625 3125 
3 84294 
12 5 925 3125 
21x 25 245 
= "vas 3125 ce 
2 
1 5 7 2 L + a &C 
I — 3x + zu — x * * 
6 Wr 
It appears therefore that the ſeries 1 ä 7 


5 
&c, is really and truly the fifth root of the quadrinomial quantity 1 — gx + 3x* 


reſidual theorem laid down in art. 253 to wit, that the quantity 1 = . is 
equal to the ſeries II, is true in the caſe of the fifth root of the cube of a reſidual 


quantity, or when u, the numerator of the fraction = (which is the index of 


m 
the power of 1 — x in the quantity 1 — ) is = 3, and u, the denominator 
of the ſaid fraction, is = 5. : | 


41. In the foregoing examples the denominator u of the fraction = (which is 
the index of the power of the reſidual quantity 1 — x in the quantity 1 = a= ) 
has been greater than m, the numerator of the ſaid fraction. We will now give 
an e „or two, of the expreſſion of the value of the quantity 1 — An by 
means of the ſeries II, when the denominator ux of the fraction, or index, =, is 
lefs than its numerator m. 


. 3 
And, firſt, we will inveſtigate the value of 1 — 7, or of the ſquare-root of 
the cube of the reſidual quantity 1 — x by means of the ſaid ſeries II. 
Now it appears by art. 16 of the foregoing diſcourſe concerning the binomial 
| 7 theorem, 
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theorem, page 207, that the quantity 1 + x2 is equal to the ſeries 1 + ” + 


34* x? x* x5 . . * 
rn + 8 + & c. Therefore the ſeries II will be 1 — + 5 


+ = + 755 = + &c, and conſequently, if the propoſition contained in 


4 
art. 25 is true, 1 — A2, or the ſquare-root of the cube of the reſidual quantity 
1 —x, or the ſquare- root of the quadrinomial quantity 1 — gx + 3« — &, 
will be equal to the ſeries 1 — E + ＋ 4 26 1 26 8 * &c. 


« 35 128 


42. Now © that this ſeries is really equal to the ſquare - root of the cube of 
© 1 — x, or to the ſquare- root of the quadrinomial quantity 1 — 3x + 3 — 
% x3,” will appear by multiplying the ſaid ſeries into itſelf, For we ſhall find 
that the product of the ſaid multiplication will be the ſaid quadrinomial quantity. 
This multiplication will be as follows. | 


| x 
1 E ++ +& 
1 —E+ NT + &c 
x* x3 34* * 3x 
Fr + &c 


256 
„r 
4 6 


1 — 3 ＋ 3 — * AR, 


. 3x 34 x? 344 x5 
It appears therefore that the ſeries 1 — > + &- + > + 11 ＋ 25 + &c 


is really and truly the ſquare-root of the quadrinomial quantity 1 — 3x + 3* 
, or of the cube of the reſidual quantity 1 — x, — conſequently that the 
m 


reſidual theorem laid down in art. 25, to wit, that the quantity i — As is 
equal to the ſeries II, is true in the caſe of the ſquare- root of the cube of the 


reſidual quantity 1 — x, or when m, the numerator of the fraction = (which is 


m 
the index of the power of 1 — x in the quantity 1 — *) is = 3, and 2, the 
denominator of the ſaid fraction, is = 2. 


43. J 
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43. I ſhall add one more example of the ſeries I, in which the numerator m 
of the index = ſhall be greater than its denominator u. 


Let it be required to find, by means of the ſaid ſeries H, the value of 1 — wo 
or of the cube-root of the fifth power of the reſidual quantity 1 — x, or of the 
cube-root of the ſextinomial quantity 1 — 5x + 10x* — 10% + 5 — . 

Tt appears by art. 18 of the foregoing diſcourſe concerning the binomial 


& Þ 
theorem, page 208, that the quantity 1 + As is equal to the ſeries 1 + ＋ * 


x* 8K 88 ya | 


9 
ies II will be 1 = E + E 4 E AE ; 
Therefore the ſeries IT will be 1 — © + = + & + 3 + EE: Ke; 


and conſequently I — x13, or the cube-root of the fifth power of the reſidual 
quantity 1 — x, or the cube-root of the ſextinomial quantity 1 = 5x + lo 


— 10. +if—-H, will be equal to the ſeries 1 * 5 + 5 + 24 
oy 
+ 3 K. 


44. Now “ that this ſeries is really equal to the cube · root of the fifth power 
ce of 1 — x, or to the cube · root of the fextinomial quantity x —= 5x + 10#* — 
de 10 + 5x% = , will 22 by multiplying the ſaid ſeries twice into 
itſelf, For we ſhall find that the product of the ſaid multiplications will be the 
faid ſextinomial quantity. Theſe multiplications will be as follow. 


1=E+E+t ++ e 


e. SE asf. ©, 
1 2 
* reel 
122 ＋ 7 n 
e 
5 x® 2645” _ 2685 25x85 
r th Tong © 
ga®  2ga* , 2545 
* _—_ 
* += — = + &c 
+ 5— — &c 
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2 3 * 
rr e 


3 9. Bk 243 * 
ee ee 
Lo +5 + + + 
#22 0p + 354% 14047 + 354% Lhe 1445 &c 
8 
e t7c8 | 70060 . 195 
eee de 
. 
ff. ĩͤ Op. | AER. 
+ 9 27 T 81 729 + &c 
| r 
Ls 7 243 Be 729 * 
54 go x & 
* C 
+3 T + 
ad K 
8 


1 — Fir ior io 5 — a &c. 


It appears therefore that the ſeries 1 — = + i + Fr = + = + &c 
is really and truly the cube-root of the fifth power of the reſidual quantity 1 — x, 


or the cube-root of the ſextinomial quantity 1 — 5x + 10* — 10K + 5 — 
*, and conſequently that the reſidual theorem laid down in art. 25, to wit, that 


mM 
the quantity 1 — |= is equal to the ſeries II, is true in the caſe of the cube- 
root of the fifth power of the reſidual quantity 1 — x, or when m, the numera- 


tor of the fraction = (which is the index of the power of 1 — x in the quantity 
71 2 

1 — ) is S 5, and n, the denominator of the faid fraction, is = 3. 

45. Theſe examples will, I apprehend, be ſufficient to illuſtrate the two 
theorems delivered above in art. 2 and 25 of this diſcourſe concerning the 

1 m 

quantities 1 — x* and 1 — #| =, or the nth root of the reſidual quantity 1 — * 
and the mth power of the ſaid mth root. And therefore, having already given 
demonſtrations of theſe theorems in art. 11, 12, 13, &c. .. . and 26, 27, 30, 
31, 32, &c, I ſhall here put an end to this diſcourſe; 


End of the diſcourſe concerning the reſidual theorem in the caſe of 
| frattiqnal powers. 
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TO THE RESOLUTION OF THE CUBICK EQUATION 
gy — er, when — is of any magnitude leſs than 845 
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or — X 2 er when 1 is leſs than /2 X 775 


By the Help of Sir Jaac Newton's binomial and ręſidual Theorems in the Caſe of 
Roots, which have been demonſtrated in the two preceeding Diſcourſes, 


By FRANCIS MASERES, Esd F. R. 8. 


CURSITOR BARON OF HIS MAJESTY'S COURT OF EXCHEQYERe 


VVT 


OF EXTENDING 


GAR DA N. NU L E, i 


ART. 1. HE binomial and reſidual theorems, which have been demon- 

ſtrated in the preceeding tracts both with reſpect to integral and 
to fractional powers of the quantities 1 + x and 1 — x, are of very extenſive uſe 
in many other branches of the mathematicks as well as in the co ion of the 
logarithms, or meaſures, of ratios. And, amongft other ſubjects, they may be 
applied to the reſolution of cubick equations in which the ſquare of the unknown 
quantity is wanting, to wit, of the equations y* + gy = r, and — gy r, and 
qy — 3* Der, ſo as to enable us to find the values of y, in all the poſſible caſes 
of theſe equations, or in all the different relative magnitudes of the co-efficient 
q, and the abſolute term r, that can be ſuppoſed, not excepting that caſe of the 


ſecond equation y%* — gy = r in which 7 is leſs than 45, or er is leſs than , 
or er is leſs than 27, and which (from its not being capable of a direct and 


immediate reſolution by the help of Cardan's rule for reſolving the ſaid equation 
y* —=gy r, in the firſt caſe of it, or when is greater than 2. or rr is 


greater than . or v is greater than LL) has obtained amongſt algebrãiſts the 


name of the irreducible caſe. Even in this caſe we may always, by the help of 
Sir Iſaac Newton's binomial and refidual theorems in the caſe of roots (which 
have been inveſtigated in the two preceeding diſcourſes) derive from one or 
other, of Cardan's rules an expreſſion of the true value of y in the ſaid equa- 


tion y* — gy = r. The method of doing this, when — is leſs than 51 but 
greater than 7225 „ or 575 has been explained at conſiderable length in a paper of 
; mine 
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mine publiſhed in the Philoſophical Tranſactions for the year 1778, which pro- 

ceeds upon clear and intelligible principles, without any mention of impoſſible 

roots or impoſſible quantities of any kind, or even of negative quantities. But when 
3 

7 is leſs than £—, or C, or rr is leſs than (A, or) 275 or r is leſs than 4/2 


2X27 54 2X27 
X 955. the method explained in that paper will not enable us to find the value of 


I in that equation; becauſe the ſeries obtained in that paper for the ſaid value 
will not in that caſe be a converging ſeries. Nor had I, at the time of publiſhing 
that paper, diſcovered any method of deriving from Cardan's rules an expreſſion 
of the value of y in the ſaid equation 9˙ = gy r in this ſecond branch of the 


irreducible caſe of it, or when 73 was leſs than —, or 45 or r was leſs than 


V2 N 455. But I have ſince found out a way of doing it by the help of Car- 


dan's firſt rule, which gives us the value of y in the equation y* + gy =r, or 
gy +3* =r. For from the expreſſion of this value of y in the ſaid equation 
gy +3* = r we may, in the caſe ſuppoſed, or when = is leſs than , or 


| 2X 27 
N nl or 7 is leſs than 2 X Ly, derive an expreſſion of the value of the 


letter of the two roots of the equation 5 - = , by the help of the two ſe- 
rieſes for expreſſing the cube · roots of the binomial quantity 1 + x and the reſi- 
dual quantity 1 — x obtained by means of the binomial and reſidual theorems: 
and from the value of the ſaid leſſer root of the equation gy — y* = r, we may 
afterwards derive the value of y in the equation y* — gy = r by the reſolution of 
a quadratick equation. And this extenſion of Cardan's firſt rule (which gives 
us the value of y in the cubick equation y* + gy = r, or gy + = 7), to the 
diſcovery of the leſſer root of the cubick equation gy — y* = r, when r is leſs 


than V2 X i, may be made in aclear and intelligible manner, without any 


mention of impoſſible roots, or other impoſſible quantities, or even of negative 
quantities, as well as the former extenſion of Cardan's ſecond rule (which gives 
us the value of y in the equation y* — gy = r in the firſt caſe of it, or when 


1 JI. dag 
7 is greater than 55 or r is greater than ot ) to the diſcovery of the value of 


y in the firſt branch of the ſecond caſe of that equation, or when 7 is leſs than 
=, but greater than >, or 47 The manner of making this extenſion of 


Cardan's firſt rule to the diſcovery of the leſſer root of the equation 3 = y* = r, + 
I ſhall. now endeavour to explain, 


» 
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| | a : 
The values of the quantities 1 + x3 and 1 — x\3, or /* 
ft + x and Vi x, expreſſed in infinite ſerieſes by 


means of the binomial and reſidual theorems. 


2. It has been ſhewn above in the diſcourſe concerning the binomial theorem 


* 1 
in the caſe of fractional powers, art. 5, page 242, that 1 + x3, or A Þ #1} 
or the cube-root of the binomial quantity x + x, is-equal to the infinite ſeries 


; 1 2 2 8 4 11 14 17 
ron Aly "BY 8 + 1 B AF 
35 = Ho AI. -K T 2 LY E Mx* 435 Nan 
par 5 1 + * 7 vn + 7 * 35 Mx'* + — Nx 

3 4 1 16 | 3 18 . 
40 + 8 P x 4 VS +57 R x Sx" + &c ad infinitum, or. 


13 C'- 25 © 2009, 20% 02 4 0 mt 
81 243 729 6561 19,683 59,049 1,894,323 
C , e _ 2 . 2 12 8872264 
4782069 14,348,907 129, 140,163 387, 420, 489 1,162,261,467 


664,048 x*5 194.327,82 289,162 x*7 I 479,050 x9 : 
79,004,040 x%  194,327,7928 \ $37»259 __ 13,431,479,050x + &c ad in 


10,400, 353.203 _31,381,059,600 94,143,178,827 2,541,865,828,329 
fnitum. Therefore (by what is ſhewn-in the foregoing diſcourſe concerning the 


reſidual theorem in the caſe of fractional powers, art. 23, page 360) the quantity 


1 — 
1 A3, or H ſi — x, or the cube- root of the reſidual quantity 1 — K, will 
be equal to a ſeries conſiſting of the very ſame terms as the foregoing ſeries, but 
with the ſign — prefixed to every term after the firſt term 1, inſtead of every 


other term, that is, to the ſeries 1 — ＋ Ar mind = Ba* — © Cx) — SI 


9 12 

2 E. F. 420% 2 Het 2169. 2 Kat 22 
Li = M= ANY O PN - Q - Re 
36 1 NR yin e 25 57 5 
„ r 
54 | | 3 9 81 243 729 6561 


„ | _ IO} 7.5 1 

19,083 59,049 1,594,323 4.782, 969 14,348, 97 12, 140, 163 
E 8,612,640 70,664,648 194,327,782 x*5 537,29, 1620 
387,420,499 7,162,261, 10,60 5%%αjõſſ 31,38hz059,609 | 9411431178,827 
1324317470 . &c 1 
2,541,865,828, 329 : 


The 
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The value of Vi * = V*(1 — * expreſſed in an infinite ſeries. 


3. Therefore the difference of the two quantities V ſi + x and Vi x 
or the excels of i + x, (or the cube- root of the binomial quantity 1 + x,) 
above / z 1 — x, (or the cube root of the reſidual quantity 1 — x, will be) 
equal to the exceſs of the former of theſe two ſerieſes above the latter, that is 
(if, for the ſake of brevity, we denote the co-efficients of the ſecond, and third, 
and fourth, and other following terms of theſe two ſerieſes by the ſingle letters 
B, C, D, E, F, G, H, I, K, L, M, N, O, P, Q, R, 8, T, &c), to the exceſs 
of the ſeries 1 + Bx — CX + Dio = E“! + FX — GX + Her — 
IX“ + Kit — LT + Mot NX + O — P“ + QUW RE + 
Sx" TI“ + &c above the ſeries 1 — BX CK - DS EI! — Fx 
— Gx* — Ho! — If -K. = Lo = MT —= NG” O =P 
Q — R — Sx? — TX — &c, and conſequently to the ſeries 2 B x + 
21 De + 2 F + 2 Ha T2 K + aM T2 O + 2 + 25x"! 


+ &c. 

B BBB , —— 
Of the root of the cubick equation y* + qy =r, orgy +3” =r, 
& if according 5 Cardan's firſt rule. h ; 


* 1 — =s 0 


4. The firſt of the two rules for the reſolution of certain cubick equations uſu- 
ally known by the name of Cardar's rules was not invented by Cardan himſelf, 
but, about 30 years before the publication of his book, by one Scipio Frrreus, of 
Benonia, or Bologna, in Italy; as Cardan himſelf informs us. It relates to the re- 
folution of the cubick equation y* + gy = r, and is true in all the poſſible caſes 
of that equation, or in all the different relative magnitudes of q (the co-efficient 
of the unknown quantity y), and the abſolute term r, and conſequently when r is 
leſs than V2 > = which is the caſe that we are about to confider. And it 


43 
gives us two different expreſſions of the value of y in the ſaid equation, to wit, 


it, VE ＋ N += 3 
_—_ 


vity, we put ee = Z, and os = 45 + -) iſt, 9 3e ＋ and, 
| 7 edly, 


7 7.0. 
2 or (if, for the ſake of bre - 


ron TE RESOLUTION OF CUBTCK EQUATIONS, &c: 33; 


2dly, W'ſe +5 = Vi Y or, rather, (becauſe ut is greater than = 
or ee, and conſequently 5 is greater than = or e, and therefore ought to be 


3d n e 
placed before it) rſt, V 3 Ve + e, and, 2dly, A + e 
e. See my diſſertation on the uſe of the * ſign in 1 art. = 
209, 210, 211, 212, pages 178, 179, 180. 

5 is the ſecond of theſe two expreſſions, to wit, the expreſſion , + 8 — 


vb — &, that we ſhall have occaſion to conſider 1 in the courſe of the folloving 
articles, 


The value of the root of the ſaid cubick equation expreſſed by an 
infinite ſeries by means " the binomial and refidual the- 
orems, | | | | 


5. Now « eb =5 X 1+ 2. and = eis A X. =. Therefore 
e e and Vs — e will be = N x 
vr and conſequently TE = vw [= e will be = * 5 


X Hife ＋ 2 -V 7 — 2 =. «ly 3 
Therefore che root of the cubick equation y* . 95 =7, orgy +3* =r, will 


be = „* N -H. 


But, ſince i F i A is equal to the ſeries 2Bx +2 Dæ + 
2Fx* T 2 HKT + 2Kx* + 2 Mx +2 O + 2Q#* + 2S#7 + - 


ad infinitum (as is ſhewn in art, 3) it follows (by ſubſtituting - inſtead of x in 


the terms of the ſaid equation) that v*|: +=— 2 — = will be equal to 


2Be 220 2F es 2125 ** auen n 2 d 
＋ — + += + 


IO TOTES nn oþ r 1 


ALS — — + hr Fed Therefore 75 s X[y/*[1 + — I — — will be 
Be — 2 2 7 65 2 he7 r 2063 


equal hn 5 x the ſeries 22 . on Cy. _—_— CO 


45 


+ — 4 25 + tec of 3 and conſequently the root of the cubick 
equation y ＋ 5 Dr, or gy + y* = r, will be equal to Weg 5X the ſaid feries 
EEE + EE EE ++ BESS + +13 + ke 


Vol, IL | 3 2 ad 


$75 
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Be . v es He? M en 


p TTF +5 +55 ++ 
$f + 8 +8 + th od im, or ct the vals of the col 
cients B, C, D, E, F, G, H, &c) 2? 7 X the feries — + £5 + == + 


7 72 7207 

. l 10,664,648 1% 
705589 77 - 187375 14,348, 9% m 38,420,890 10, 400, 353,203 448 
2 + &c ad inſinitum. 


94414331 78,827 $77 
We will now proceed to give an example of the reſolution of a cubick equa- 


tion of the ſaid form y* + qy = r,, or gy +5* = r, by means of this exprefhion, 


: 


An example of the refalution of a eubitk equation of the 
_ foregoing form y* + q3y =r, or gy +3* r, by 


means of the expreſſion 24/* X the ſeries - + 8 
122 2255 4 4 A. roy 2t,z0;# 4 


229 19,083 5? 1,594,3235? 14,348,907, 
$174,920 20.6048 Lee, 
387,420, 89 “ 10, 460, 383.203 94, 143, 178,827 
+ &c infoitum. | 7 7 5 


— 


6. es that is to be reſolved by means of this pron, be 
„ +159 , er 15% +3* = 4. 
Here g is = 15, and vis = 43 and conſequently £ is (= 5) = 5, and © 


n (= — = 25 and 27 ! is = i =PH7T= 125, and S is E 2 21) 
= 4. 

We ſhall therefore have 3 (= 27 1 23 125 + 4) = 129, and s (= 
129) = 11.357,816,691, and 7 5s {= 11.357, 816,691) = 2.247, 
835, and | conſequently 25 ( 2 & 2-247,835) = 7495,70. 

And we ſhall alſo have e (= = 2 = 2, and conſequently — — (= — 


= © rh th and — = 6.175,90, 1 FJ) = 0.031,006,7 52, 


and 2 - (= — K ＋ e X 0.031,006,752) = = 0.005,459,984, 


I 


and 2 2 5 — X = 6 = 0.005,459,984 X 04031,006,752) = 0.000,169,296, 


Pl es 
8 


5 (= 7 N 2 o. ooo, oog, 249 X 0-031,006,752) = o. oo, ooo, 162, 
7 and 


X = = 0.000,169,296 X 0.031,006,752) = 0.000,005,249, 


For THE RESOLUTION OF cumeR noyAattons, & 337 
et 


ett 


and r ( N A = 9,000,000, 161 X rg reve gt = 0:999,090,005, 


3 gt 4 
; I L 
and CE (= 4 * n = ry X n = 0.058,696,727, 
"TY . | 
805 (= BY 4 XR —̃ B = 


»299,920 g 
e == 3 036, and 7705 ( 525 X ＋ = II X O. ooo, 


81 
22 X 0.009,169,296 __ = 229312445125 = o. ooo, oo; * s 3747 
, » r 


N pi 1729 * 729 | . > 19,6835 
+ We 0,900,005,149  _ 
(= A X T = 7 * 0:000,005,249 = 1 2 222 
— = — 0.000,000,099, an 3 — (= be nd; ne WES * 7 — 215%, 
fs: eee 8 e Tips 
| 35810 
o. ooo, 1622 2 — 2 + ns eB 
p 147-497 8 — 7 228 l 
, e | 

e = o. oo, o — 

14,348,907 (8 14, 348,907 er ny 14,348,907 * 00060 


EDIT EO Nt => EE2YIBF3) = 0,000,000,000. Therefore the (cries 


34907 = 108097 eee ee glen wat) | 
4 5 220 + 374e 21,506 + 474497 * &c will be 


3s ilk — 7296 19,0837 1,594,323?  -14435,9075"* 

(= 0.058,696,727 + o. ooo, 337,036 + 0.000,005,L09 + 0.000,000,099 
＋ 0.000,000,002, + 0.000,000,000, + &c) = 0.059,038,973; and conle- 
quently 2 , multiplied into the ſaid ſeries will be = 2 r multiplied into 
o. 059,038,973 = 1 * 0.059,038,973 = 0. 265, 419,739 · There - 
fore y, or the root of th cubick wunde or 153 T = 4, 
yill be = 0.265,419,739- F Q, E. 1. 


7. This value of y approaches very nearly to the ruth. For, if we ſuppaſe 
y to be equal to 0.265,419,739, we ſhall have yy = o. 279:4413037:B50, and 
y* = 0.018,698,193, and 15y (= 15 X 0.265,419,7 139) = == 3.9 $1,296,085, 
and conſequently y? + 159 2 o. 018,698,193 + 3.981, 296, 8 5) = 3.999, 
994,278; which differs from the abſolute term, 4, of the propoſed equation 


3* + 15y = 4 by only o. ooo, oog, 72a, or leſs than 0,000,006, or —— or 
6 millionth parts of an unit, or 6 r e Sai parts, 


of the id min term 4 itſelf. 


8. If we were to le the * of 5 already 88 to wit, 0:26 5,419,739, 
the baſis of a furtlier approximation to its true value according to Mr. Raphſon's 
method of reſolving equations, by ſuppoſing y to be in val to o. erde 27 39 + 
⁊, and ſubſtituting this compound quantity inſtead the propoſed equa» 
ton y + gy = 4, and then reſolving the equation akin from ſuch ſubſti- 
tution in the ſame manner as a fimple equation by omitting all the terms that 


involve either the ſquare or cube of 2, we ſhould find that z was equal to 
3 D 2 — — 


3154211,342,913 


388 anurnon or /BXTENDING cARDAx's FIRST RULE” 


n o. ooo, ooo, 376, and conſequently that Y, or o. 265, 
419,739 + 2, would be (= 0.26 5,419,739 + 0.000,000,376) = 0.265,420, 
115. We may therefore conſider this laſt number, 0.265,420,115, as being 
the true value of y as far as the ſaid true value can be expreſſed in nine places of 
figures. | 


End of the rgolution of the equation y* +159 = 4, er 15 T 4. 


—— — — 


9. It has been ſhewn in the foregoing articles, that, if e be put = = and ss 


3 . . . 
be = 27 + S. or 45 ++ ee, the root y of the cubick equation y* + gy Dr will 
5 Nee 21,505 
be equal to 2 Y x theſeries = + g + 770 + 2 pn, + 
11 * 0 
EE + &c ad infinitum, or 2 / x the ſeries = + 2 + A + 
9 11 £273 es 8617 Ne ; 
— — r + += — + &c ad infinitum, the terms of which are 


the ſecond , fourth, fixth, eighth, tenth, and other following terms of the ſeries 
which is equal to 1 + - 3, ory [1 x — or the cube - root of the binomial 
quantity 1 + =, Now from this expreſſion, which is equal to the value of y 


in the equation y* + gy = r, orgy T =r, we may, by a peculiar train of 
reaſoning, derive another expreſſion, very'much reſembling the former, which 
ſhall be equal to the leſſer of the two roots of the equation gx — x* = r ig 
which the letters g and r denote the ſame known quantities as in the foregoing 
equation y* + qy-=r, orgy +y* r. The method of doing this'I ſhall now 
endeavour to explain. N. 8 EOS 

| | SY AF TACTIC DR ION TA EE! | 


Of the cubick equation qu * 7. 


Her 
47 


K — _ | 


ah 


10. The equation qx — * = r is not always poſſible, whatever be the mag- 
nitudes of and r, but only when 7 is equal to, or leſs than, the quantity 
251, or that value of the compound quantity gx — x* which reſults from the 


ſubſtitution. of LL, or y [z, in its terms inſtead of x. If 7 is equal to this 


quantity, the equation gx — & . will have only one root, to wit, YE or 
* 8 ; and, when the abſolute term 7 is leſs than the ſaid quantity 255 the 
equation gx * x will have two roots, of which the leſſer will be leſs than 


24 
35 
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2, and the greater will be greater than 22, but leſs than yg. See my diſſertation 


on the uſe of the negative ſign in Algebra, art. 114, page 92. It is the leſſer of 
theſe two roots of the equation gx — x? = r that I now propoſe to find in thoſe caſes 


of the ſaid equation in which the abſolute term is leſs not only than 3555 (which 
is its greateſt poſſible magnitude), but than y/2 x fo, by means of an expreſſion 
to be derived from the foregoing expreſſion 2 Y X the ſeries = + 2 


K e oel a s err 


8 7 711 N . . . 
＋ ＋ F ＋＋ T r Tr + 7 + &c ad infinitum, which is 
equal to the root y of the equation y* + gy = r, or gy r =r, the letters q 
and 7 being ſuppoſed to ſtand for the ſame quantities in both equations. 


— — | — 


The value of the leſſer root of the ſaid equation expreſſed in an infinite ſeries, 


11. Now, when y is leſs than / 2 x 4. or rr is leſs than L, or —is leſs 


than (= * , or 8 or) . let zz be taken = 4. 2 and let z be 


2 X 27 


2 
ſubſtituted every where, inſtead of 5, in the foregoing expreſſion 2 /, x the 
D #3 F es Mert oe 


ſeries — + A nes oh 27 + =— FT &c ad infinitum, whereby 

the ſaid expreſſion will be changed into the expreſſion 24/* z x the ſeries 
3 PF 65 H &7 K e Melt oel : 

= ＋ + — + > + — + 5 — 7 + &c ad infinitum ; and, laſtly, 

let the fign — be prefixed to the ſecond, fourth, ſixth, eighth, tenth, and 

every following even term of this laſt ſeries, inſtead of the fign +, The new 


expreſſion thereby obtained, to wit, the expreſſion 2 Y z X the ſeries _ _ 
487 es 7 e Mer rs . 
2 + = — —5 + = r &c vill be equal to the leſſer root of 
the equation gx * . This propoſition we will now endeayour to demon- 
ſtrate. 
—B . BBB 


A proof that the infinite ſeries ſet forth in the foregoing article is a converging ſeries. 


12. In the firſt place it will be proper to ſhew that this ſeries will be a con- 
verging ſeries. Now this may be ſhewn in the manner following. 


Since = or ee, is leſs than . it follows that =, or 2ee, will be leſs than 
T, or 5 Therefore (ſubtracting ee, or = from both ſides) 2 = ee will 


54 | | 
be leſs than 25 — 7 chat is ee will be leſs than zz. Conſequently e will be leſs 


than 
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than x, and the fraction — will be leſs than 1. Therefore the fractions — . 


1215 
e5 27 e9 211 


2, — = &c will form a decreaſing progreſſion, and conſequently 
BE D e v 65 n e K & M gt 


. fortiori, the ſeveral terms of the ſeries = = — + — — + 5 — Dar 


+ of: - &c (of which the numeral co-efficients B, D, F, H, K, M, O, &c, 


= 
alſo form a decreaſing progreſſion) will alſo form a decreaſing progreſſion, or a 
converging ſeries. | . E. D. 


5 e Fes H e? x 
Therefore the expreſſion 2 4/* z X the ſeries — — Tt -F+ > 


2 
x 13 0 . . . 
= => — &c will converge to a certain finite magnitude, and conſe- 


quently may be equal to the leſſer root of the cubick equation gx — * r. It 
remains that we ſhew that it is ſo, 


Preparations for demonſtrating that the foregoing infinite ſeries 
is equal to the leſſer root of the equation * — x* =r. 


, * 
13. In order to demonſtrate that the expreſſion 2 / z Xx the ſeries = — — 


* 2 — 2 + = = A + I — &c is equal to the leſſer root of the equa- 
tion gx — * = 7, it will be neceſſary to reſume the conſideration of the ex- 


preſſion 2 y/* x the ſeries r + 25 + + f +2. . +25 + &c 

ad infivitum, from which it is derived. 2 
. $ 7 

Now, {ſince the expreſſion 2 y/* 5 X the ſeries — + A + = + + 5 | 


| += + 27 + &c ad infinitum is equal to the root of the cubick equation 
„Dr, orgy +3* = r, it follows that, if we were, firſt, to multiply the 


ſaid expreſſion 2 4/* $ X the ſeries = +25 += += + = + . ＋ 
+ & ad infinitum into the co- efficient g, and then to raife the ſaid expreſſion 
24/* & the ſeries — + 25 + + 2 + 5 ＋ + 2 + &c ad in- 
Fnitum to its cube, or third power, and laſtly, to add the ſaid cube to the ſaid 
product, the ſum thence arifing would be equal to r, to whatever number of 


, x... Des F 65 B47 KO en 623 
terms the ſaid ſeries — + — + — +—- +3 + — + + &c may be 


continued. For, if this ſum were not equal to r, it would not be true that the 
. 3 7 ee 3 
expreſſion a v/? 5 X the ſeries . 55 +5 +53 +5 +5 + 37+ 
& ad infinitum, was equal to the root of the 8 r =, 
Theſe operations may be performed in the following manner. 
| 14. Since 
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14. Since 47 + © is = u, or (becauſe © is = ee), 2 4 ee is = 57, we 
* ee, and q* = 27 K ſ = = 27 X 585 R — £, and 


T : 2 ' 
conſequently q =3 * , KN == 23x53 xX1—<=3I J x 
: | 


— 2 
eel 3 . B ee oe. D es E 6 1 %o 812 
12 2 313 X the ſeries 1 = = = r 1 = —= — 


&c ad infinitum, Therefore the product gy will be = 353 X the ſeries I — 


* es eb * 6 
EE einne N55 X the 
e 8 ef 8 * "> 
ſeries 1 r A = 5 — &c ad infinitum X the ex- 


preſſion 2 5 : x the ſeries 2 + f ＋ F TFF L 2 + & 
Bee c * o 85 E ef 14 Gen 

amn + I IR "0" —"_ 

H &7 oel 


&c ad infinitum the ſeries = + f + F + Ef + 5 + = + . 
&c ad infinitum = 65 into the following compound ſeries, to wit, 5 


Be * l BC i BD &7 BE es Bern BG 12 & 
— 1 2 — ＋ — e — 5 — 7 — C 
D e 3e oo — 5 DE &** DF £23 
+ 1 3 ee e ang &c 

F vor BF e7 ere bret EF £23 
+ . &c 


r ( 


Oo 
ee 


or, if, for the ſake of brevity, we denote this compound ſeries by the Greek ca- 
pital letter T, we ſhall have the product gy = 65 x the compound ſeries F. 


15. In the foregoing compound ſeries T, which is the product of the multi- 
plication of the ſeries 1 — — — — *＋ — 7 AST _ — &c (af 


which all the terms after the firſt term 1 are mated with the Sen — fub- 
e3 es e 

trated _ the ſaid firſt term) into the ſeries = + == + == + = + = + 

8 75. 4 & c (of which all the terms _ the firſt term are marked 


4 „ 
with 


- 
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with the ſign +, or added to the ſaid firſt term), it is evident that the firſt term 
of every horizontal row of terms will be marked with the ſign +, and that every 
following term of the ſame row will be marked with the ſign —, to whatever 
number of terms the ſaid horizontal rows of terms may be continued, and like- 
wiſe that the firſt term of every new horizontal row of terms is placed imme- 
diately under the ſecond term of the next preceeding horizontal row, becauſe 


they both involve the ſame power of the fraction =; whence it follows that all 


the terms in every vertical column of terms, except the loweſt term, will be 
marked with the fign —, and that the ſaid loweſt term will be marked with 
the ſign +. This will appear moſt evidently upon performing the multiplica- 
tion of the former of the ſaid ſerieſes into the latter. | | 


16. If we multiply the foregoing compound ſeries called F into 6 5, the 
product will be the following compound ſeries, to wit, 
6 n?e3 6 ne 6 Db 6 6 rer 6 BG £73 K 
Fe wit N. N 5b. MORE... Ae 1 en Cc 
6 be 6D Gepe! 6 57 6 DbEBEen 6 Drei & 
r 76 20S {5 02s og 77 — 77 — Ee 
6 res 6 n e 6 or e 6 Dre G ETeis & 
f OT I 0 IRR 
" 6ne? 6 n Gene” Gpnes - & | 
* — hf Oe? 510 n — (CC : 
6x? -6mpKe —- Geke3 


1 FT = &c | 
Net 6 BM £73 

+ 78 7 &c 
3 

+ _ — &Cc. 


Let this compound ſeries, for the ſake of brevity, be denoted by the Greek 
capital letter A. Then, ſince the product gy is equal to 6 5 x the compound 
Jenes T, it will alſo be equal to the compound ſeries A. 


17. In the next place we muſt find the cube of the expreſſion 2 , Xx the 
; 3 7 ne! re ent 3 3 2 
ſeries © +25 +5 T F 5+ SF: , &c ad inſnitum, which is 


equal tO Y. | — 
Now the cube of this expreſſion is = 8 s x the cube of the ſeries — ＋ 7 + 


e N e 


＋ ＋ 7 + EE ＋ + 2+ &cz which cube may be found by multi- 
Plying the ſaid ſeries twice into itſelf in the manner following. 


\ 
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The multiplication of the feries r + 2$ + 35. + 32 + 
= + Ef + 25 e twice into itſelf, in order to 
obtain its cube. 
= + 2 2p 2p 2 + I + + 5 + &c 
2 c 
2 r 
TL 
2 > + 5 + &c 
e 
1c 
3 == + &c 
= +5 1 
+> +25 +22 + Kc 
+ LE pn + be 
+2 + = + =- + = + = + 2 + &c 
= — . 2 . * 
E e ge 4 gr: + &c 
+ = + 3= + &c 
+ 23S + 23 + 23 + 233 + 23> + ke 
+ = + = + 23= + &c 
+ = + &c 
+ == + 222 + Hp + +& 
+ —_ Las + &c 
Vor. II. 3 E + 
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' Bn e 2 BDH #7 2 BFH #23 
+ $9 + 111 a + 113 + &c 
13 
T + &c 
Faker 1 
r ane ade: 1 0.40 = + &c 
= 2 
+ + &c 
p33 3 BD 75 3 Dire 3 BH e 3 B K 11 I = En. 
Z + e 
2,7 6 e9 6 Don —_— 13 
+ 5 + 5 + Pn * e + &c 


557 3 57765 6 — 13 


1 + &c 
Le ge 8 


664 3 


ELD. + oc. 


This laſt compound ſeries is the cube of the ſeries — = + = ＋ * 7 = bo 


K e Mei o 623 


— M r &c ad infinitum. 
AN! 85 into the cube of the ſeries — — + 1 + — + 88 + 


75 77 49 
= + 2 + &c will be = 8s x the "ts . ſeries; or, if, for 


the ſake * brevity, we denote the ſaid compound ſeries by the uk Capital 


Des F es He / 


W 8 5 X the cube of the ſeries = + — + — + 7 hs — — + > + 
— 6 &c will be = 85 x the I 5 A; that is, the cube of the 


E 2 X the feries = — + 25 + — £-þ - + 2. + 252 + 


&c, or the cube of y, will be = - 8 s x the vii ſeries A. 


18, If the foregoing compound ſeries A be multiplied into 8 5, the product 
will be the following compound ſeries, to wit, 


ne 
2 + Lb Fa — « — + &e 

+ Dy + > + EZ + &c 

+ 3 + 2D + &c 

+ — — + &, 


which 
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which we will denote by the Greek capital letter II. Then will y* be equal the 
compound ſeries II. 


19. Since the compound ſeries A, obtained in art. 16, is equal to the pro- 
duct qy, and the compound ſeries I, obtained in art. 18, is equal to y?, it 
follows that the ſum of the two compound ſerieſes A and IT will be equal to 
25 + 3*, and conſequently to its equal, the abſolute term er; that is, the ſe- 
rieſes A + IT will be = r. Therefore the ſeries IT will be = r — 7 ſeries 


A. But r is equal to the firſt term, 6 Be, of the ſeries A. For B is 7 and 


cl = = and conſequently 6 Be is (= 6 x = * - = 9 = 1. Therefore 
the ſeries II is = 6 Be — the ſeries A; that is, the compound ſeries IT is equal 
to the exceſs of the firſt term, 6 Be, of the compound ſeries A above the whole 
of the ſaid ſeries. But 6 Be — the ſeries A, or the exceſs of the firſt term, 
6Be, of the ſeries A above the whole of the ſaid ſeries, will be a compound 
ſeries conſiſting of all the terms of the compound ſeries A, except the firſt 
term 6 Be, with their ſigns + and — every where changed. Therefore the 
compound ſeries II will be equal to a compound ſeries conſiſting of all the 
terms of the compound ſeries A, except the firſt term 6 Be, with their ſigns + 
and — every where changed; that is, the compound ſeries | 


8 8343 24 B*D es 24 B*r @7 24 B*H e 24 B*K e 24 B*M el 
— eee &c 


4? + mn 10 s 
+ 2399 4. Hayes, Maou! , Wn ge 
+ == 1 — + E2ED + &c 
r 
+ 2D + &c 
will be equal to the compound ſeries 
2 D + 255 + 4 + + 225 + &c 
— >= + + = += + 5 +222 + &c 
— —.— 2 + $022 + 22 + are? + &c 
— + = += e 
— = 1 4 Lee + Ge 
2 em e 
3 &c; 


which, for the ſake of brevity, we will denote by the Greek capita] letter L. 
And then we ſhall have the compound ſeries II = the compound ſeries Z. 
3 E 2 of 
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Of the figns + aud -— that are to be prefixed to the ſeveral 
terms of the foregoing compound ſeries T. 


20. In this compound ſeries L all the terms of the firſt horizontal row of 


terms are to be added together, and conſequently all the terms after the firſt 
6 n*e3 


term, =, are to be marked with the fign +, to whatever number of terms 
the ſaid horizontal row of terms may be continued; and the firſt terms of the 
ſecond, third, fourth, fifth, and other following horizontal rows of terms (to 
whatever number of horizontal rows the ſaid compound feries may be conti- 
nued) will be marked with the fign —, and all the following terms of the ſaid 
horizontal rows after the firſt terms will be marked with the ſign + ; and con- 
fequently all the terms of every vertical column of terms in this compound ſe- 
ties, except the loweſt term, will be marked with the ſign +, and the ſaid loweſt 
term of each vertical column will be marked with the ſign —. 

This follows neceffarily from art. 15 and 16; becauſe the ſigns + and — 
that are prefixed to the terms of the compound ſeries A, fet down in art. 16, 
are the ſame with the ſigns of the correſponding terms of the preceeding com- 
pound ſeries I, ſet down in art. 14, from which the compound feries A is de- 
rived by only multiplying its terms into 65; and the compound ſeries T is de- 
rived from the compound ſeries A by omitting its firſt term 6 Be, and chang- 
ing the ſigns of all its following terms. Conſequently the ſigns to be prefixed 
to the terms of the capa? ſeries Z muſt be contrary to thoſe which are to 
be prefixed to. the correſponchog terms of the compound ſeries T, and there- 
fore muſt be contrary to thoſe which are deſcribed in art. 15, or muſt be ſuch as 
they are deſcribed to be in the preſent article. 


Of the equality between the co-efficients of the terms of the compound ſeries II 
and the co-efficients of the correſponding terms of the compound ſeries Z. 


= 


21. Since ee is = = and 46 is = 25 + = we may, by leſſening the value 
of — or of r, without altering that of 9, leſſen the value of the fraction 


rr 


4 5 ce | «A . 
=; or —, and conſequently that of —, as far as we pleaſe. Yet in all 


5 8 
theſe values of the fraction = it will always be true that the compound ſeries IT, 


which involves in its terms the fractions =, I DT LY = A2. &c, which will 
be equal to the compound ſeries Z, which involves in its terms the ſame fractions. 


It therefore follows from this conſtant equality between theſe two ſerieſes = — 
| poſlible 
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3 | : e e 5 a 
poſiible magnitudes (how ſmall ſoever) of the fractions , 4, . A, r Sos 


&c, that the term, or terms, that involve any given powers of e and s in one of 
the two ſerieſes muſt be equal to the terms that involve the ſame powers of them 
in the other ſeries. And conſequently the ſeveral , co-efficients of the terms 
which involve any given powers of e and s in one of the two ſerieſes muſt be 
equal to the ſeveral co-efficients of the terms that involve the ſame powers of e 
and „ in the other feries. Thus, for example, the co-efficient of the fraction 


a in the ſeries IT, to wit, 8 B*, muſt be equal to the two co-efficients of the 
fame fraction by in the ſeries E, to wit, 6 B - 6D; and in like manner the 
co-efficient of the fraction = in the ſeries II, to wit, 24 B*D, muſt be equal to 
the three co-efficients of the ſame fraftion = in the ſeries L, to wit, 6 BC + 


6BD—6F; and the two co-efficients of the fraction * in the feries Il, to wit, 
24 B'F + 24 BD, muſt be equal to the four co- efficients of the fame fraction 
= in the ſeries E, to wit, 6 BD + 6 CD + 6 BF — 6 H; and the ſame thing 
muſt take place with reſpe& to the co-efficients of the following fractions 
_ = I &c ad infinitum, or to whatever number of terms the two ſerieſes 
may be continued. 
— —— . — — 
Examples of the ſaid equality of the co-efficients of the terms of the 
Said two compound ſerigſes. | 


— 


—_—_—. 


22. Of this equality between the co-efficients of the ſame fractions, conſiſting: 
of the powers of e and s, in theſe two compound ſerieſes IT and , it may not 
be amiſs to give a few inſtances by actually ing the values of the ſaid 
co-efficients ; which may be done in the manner following. 


. I I 10 22 
The capital letters B, C, D, E, FE, and H, are equal to 7 — 92 


and 855, reſpectively. Therefore B will be = =, and 8 B' will be = =; 


19683 27 
and 6 B* will be (= =* => and 6 D vill be (= N N = 2 x 750 — 
10 | : 1 10 18 100 +. 


is, 8 BY, the co-efficient of the fraction 1 in the compound ſeries II, and 6 BY 
— 6 D, the co-efficient of the ſame fraction . in the compound ſeries Z, will, 


each of them, be equal to the ſame quantity 2 | 
4 In 
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In like manner 24 B*D, or the co-efficient of the fraction 22 in the compound 
; . nere 

ſeries II, is 4 77 z * * 7 X Br 558 243 and 6 BC + 6 BD — 

6 F, or the co- efficient of the ſame fraction ＋ in the compound ſeries , will be 

found to be equal to the ſame quantity. For 6 BC + 6 BD —6Fis = 6 x 

Sine 888 enn 
a ee ee * 750 9 "08 "a6 243 23 243 


— 243 243) 243 q. E. b. 


And 24 B*F + 24 BD, or the co- efficient of the fraction I in the com- 


1 1 — LA . 3 4X3 70 Ke 
pound ſeries II, is (= 24 & - * + 24 X i * F=5 = : * 3 * 


rs: 
ee * or = 5 © 567) = boo and 6 BD + 6 CD + 6BF 


— 6 F, or the co-efficient of the ſame fraction 5 in the other compound ſeries 


| it is = + ed 
Z, is equal to the ſame quantity. For it is = 6 X EEE 6 X TX © 
2X 2 — —— (= fs i 98 — A 

— „ ernennen 6561 


10 10 44 9 + 270 + 396 748 __. 1476 "is 


8r 243 T 729 5551 © 656i 6561 6561 5551 6561 © 6561) © 


6561" ; Q. E. b. 


And the ſame equality will be found to take place between the co-efficients of 
the following fractions =, 75 — &c, ad infinitum, in the compound ſeries IT 
and the co-efficients of the ſame fractions in the compound ſeries E, reſpec- 


tively, to whatever number of terms the ſaid ſerieſes may be continued. 


The reduction of the compound ſeries II to a ſimple ſeries _ + 


q R e7 se neee RW” 
W Sc ad infinitum. 


— 


23. In the compound ſeries II, obtained in art. 18, all the terms after the 
firſt term, ==, are marked with the ſign + and added to the faid firſt term. 


Therefore, if we reduce the ſaid compound ſeries to a ſimple ſeries, with ſingle 
letters for the co-efficients of its terms, by denoting the co-efficient, 8 B?, of 


the fraction Sr in the firſt term =, by the ſingle letter P, and the co-efficient, 
24 B*D, 
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24 B*D 65 
+ 


24 BD, of the fraction ha in the ſecond term, „ by the ſingle letter Q, 


and the compound co efficient, 24 B*F + 24 BD*, of the fraction 5 in the 


third term, by the ſingle letter R, and the compound co-efficients of the fol- 
lowing fractions >, = = &c, in the fourth, fifth, and ſixth, and other fol- 
lowing terms of the ſame ſeries, by the ſingle letters S, T, V, &c, the ſimple 
ſeries that will be equal to the ſaid compound ſeries IT will be — + IL — LI 


4 I oo I + LE + &c, in which all the terms after the firſt term, 7 , 


are marked with the ſign +, or are added to the ſaid firſt term. 


v £13 


The ſome fimple ſeries r + . ++ © T 


53 


+ &c ad infinitum will alſo be equal to the compound ſeries L. 


— 


24. But by art. 19, the compound ſeries * is equal to the compound ſeries 
e V 


Z. Therefore the ſimple ſeries 2 + Sa + — + * + LION + d + & 
will be equal to the compound ſeries Z, which is ſet down in the latter part of 
art. 19. 


And the ſeveral co-efficients P, Q, R, S, T, V, Se, of the 

terms of the ſaid ſimple ſeries will be reſpectively equal to the 

ſeveral compound co-efficients of the correſponding terms of the 
ſaid compound ſeries L. 


25. And, further, it is ſhewn in axt. 21, that the co-efficients of the ſeveral 


N a of of & of. - 459 - k 
fractions 2. 7 I 5 =» =» dee Ih the compound ſeries II are reſpec- 


tively equal to the co-efficients of the ſame fractions in the other compound ſe- 
ries TL. Therefore the co-efficients P, Q, R, 8, T, V, &c, of the ſeveral 


a 1 . e qe R &7 
fractions I» I” Þ n n 0b &c, in the ſimple ſeries ＋ + - Fx + 


1 5 + * + &c (which are reſpectively equal to the co efficients of the 


ſame fractions in the compound ſeries II) will be alſo reſpectively equal to the 
co- efficients of the ſame fractions in the compound ſeries Z. And hence it fol- 
lows that, if we were to reduce the ſaid compound ſeries E to a ſimple ſeries by 
the addition and ſubtraction of the ſeveral members of each of its vertical co- 

lumns 
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lumns according to the ſigns + and — which are prefixed to them, we ſhould 
find the ſum of the co- efficients of the terms that are marked with the fign + 
in each of the vertical columns of the ſaid compound ſeries (and which are all 
the terms of the column, except the laſt, or loweſt) to be greater than the co- 
efficient of the laſt, or loweſt, term in the column, which is marked with the 
ſign —, and the reſulting differences, or exceſſes, of the ſums of the co-effi- 
cients of the terms marked with the fign + in each column above the co-effi- 
cients of the loweſt terms in them, which are marked with the ſign —, to be 


equal to the co-efficiens P, Q., R, 8, T, V, &c, of the fractions 2, , <, 


% en #3 , be a R &7 8 e 1 ya 
* N, Ir &c, in the ſimple ſeries = + = + + + © + mm + x 


&c reſpectively; that is, we ſhould find the compound co-efficient of the frac- 
tion a in the compound ſeries Z, to wit, 6B* — 6D, to be = P; and the 


compound co-efficient of the fraction - in the ſame ſeries L, to wit, 6 BC + 


6BD—6F, to be = Q; and the compound co-efficient of the fraction 7 in 
the ſame ſeries, to wit, 6 BD + 6CD + 6 BF — 6H, to be = R; and the 
compound co-efficient of the fraction I to wit, 6 BE + 6 D' + 6CF + 
6 BH — 6 K, to be g S; and the compound co-efficient of the fraction =, 
to wit, 6 BF + 6 DE. + 6DF + 6CH + 6BK — 6M, to be = T; 
and the compound co-efficient of the fraction = to wit, 6 BG + 6 DF + 
6EF + 6 DH + 6CK + 6 BM = 6Q, to be = V; and, in like manner, 
the compound co-efficients of the following fractions = 22. I . = 


&c, ad infinitum in the ſame compound ſeries E to be reſpectively equal to the 
co-efficients of the ſame fractions in the following terms of the ſimple ſeries 


re qe R e7 $ e? 3 22 222 
- 2,6 i12 rar xr als oe 12 
Concliſions contained in the three foregoing articles. 
: — — — — 
26. It appears from the three foregoing articles, that the ſimple ſeries 


7 T 
22 +& + +7 +55 +> &c vill be equal to each of the two 
compound ſerieſes, II and Z, and likewiſe that each of its terms will be equal 
to the correſpondent term, or term that involves the ſame powers of e and 5s, 
in each of the ſaid two compound ſerieſes, and conſequently that the co- effi- 
cient of each of its terms will be equal to the co- efficient of the correſpondent 
term, or term involving the ſame powers of e and , in each of the ſaid two 


compound ſerieſes. 
Examination 
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Examination of the expreſſion 2 / * 2 N the ſeries = — _ 
+ 7 — I + 5 — So + Jo — Sc ad infitum. 


27. Theſe things being thoroughly underſtood, we muſt now turn our at- 


tention to the expreſſion 2 2 * the ſeries = — + ＋ — I + — 


r + &c ad infinitum, which we have aſferted to be equal to the leſſer 


root of the cubick equation r & =. This we muſt now proceed to de- 
monſtrate. And firſt we will endeavour to prove that this expreſſion is equal to 
one of the two roots of the ſaid equation; and afterwards we will ſhew that it 
cannot be equal to the greater of thoſe two roots, and conſequently that it muſt 
be equal to the leſſer of them. * 


— 


28. Now it will be evident that this expreſſion 24/* 2 X the feri == — 2 
-T i line is equal to one of the 


roots of the eubick equation * & , if we can ſhew that, being ſubſti- 
tuted inſtead of æ in the compound quantity * — x?, it will make that quan- 
tity be equal to the abſolute term r, or that the product of the multiplica- 
tion of the aid expreſion into the eo- efficient 4 will be greater than the cube 
of theglaid expreſſion, and that its exceſs above the ſaid cube will be equal to 
the abſolute term x. This therefore is what I ſhall now endeavour to demon · 


ſtrate. 


The produl? of the multiplication mos into the ſaid expreſſion ſet 
| forth in an infinite ſeries. 


29. The value of zz in the expreſſion 2 the ſeries 2 — 25 + 22 
— — — 2 ＋ & is 4 — , by art. 11, in which this ſeries 


is derived from the expreſfion 2 . x the ſeries 2. + 25 + 35 +5 + 
TATA + &c, which is equal to the root of the equation gy + 5? 
== Nenn * and conſequently 2. — 6e is = 2 — 7. Therefore 


zz will be = - — ee, and conſequently 27 will be = zz + ee, and g* will be 
Vol. II. 3 F = 27 
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rs, = X1+2 Z, and'q vill be = 3 x MT 


8 2 
2 53 = 3X23 x I + 2 = (by the binomial theorem i in the caſe 
P44 DF x the ſeries 1 . 8 LAS -Z 70 * = = 
8 e 11 a7 , vv e , 20 e 

—D SEEEXEL Rx Oxi; —E = + 


- 2 4 
188 4 * x the ſeries 1 + 22> > £5 += 22 r 


* = + . ane the and of the multiplication of q into 


217 
vpe e ne. „„ nen 
che expreſſion # x3 e h | ie Me dB: 
2 — ens "vi ze 
1 — _ n+. 105; bes pes 
ADDS pins 7+ ex 255 {EEE 4 22 
ue xa Men 0 2 "mm 
= FI] LY Sim r, de = ; 6s x the ſeries 1 + . — <f 
o e T8. 2869 11,6049 :,, m4 .- Be | D#3 1e 
25 —_ — 27¹ + = 14 —_— = + dee x the ſeries 2. — IF > N 
r | | 
rern dec 62 * de 12 ſeries 
29.49 Hrw 299 1 21:1: 9% ” 


Be.'\, B%? | Boe * BE &9 '\ oy | 80. 7 


= r. — + & 


33 — 29 27 
De B Des ce * DE &** DF — 
2 2 bn Ar a WT * you 1 22 * &c 
| Bre cre? per — 
cx _ > + . + &c 
—4 BH e chen 5 & . 
7 22 r A c 
K e BK ez CK £3 
70000 
Mei! BM eis 
3 \, —_ —- == + &c 
o es 
2 6 + 2/3 + &c. 


Let us, for the ſake of . ee this compound ſeries by the ſmall 
Greek letter Yo. And 177 ſhall then have the product of the multiplication of q_ 


o 


B D es 5e 1 67 8 * 
into the expreſſion 227 X the ſeries — - = — += ” a 5 + 1 


o 673 


N «d fin equal to 62 x the compound ſeries . 


\ $ 
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A compariſon between the foregoing compound ſeries y and the 
compound ſeries T obtained above in art. 14. ＋ 
— —  — — — 


30. This compound ſeries / will conſiſt of terms that will involve the ſeveral 
5 7 1 13 . ö 
fractions = & $4; $6 Ar, &c; or the ſeveral odd powers of the frac- 


2 25? 27 ? 297 2110 A 


tion = in the ſame manner as the terms of the compound ſeries T, obtained 
above in art, 14, involve the correſponding fractions =, 1 „ 
, Kc, or the ſeveral odd powers of the fraction L: and the oo efficients of 


1 8 Ns od SST * | 
the ſeveral powers of 7 in the preſent ſeries y will be the ſame with the co-efli- 
cients of the ſame powers of — in the former ſeries P, though they will not be 


eyery_where marked with the ſame ſigns + and —. This equality, or, rather, 
identity, of the co-efficients of the correſponding terms in both theſe compound 
ſerieſes ariſes from the equality, or identity, of the-co-efficients of the terms of 
the two ſimple ſerieſes, by the multiplication of which into each other the ſaid 
compound ſeries is produced, with the co-efficients of the correſponding terms 
of the two ſimple ſerieſes, by the multiplication of which into each other the for- 
mer compound ſeries T is produced, For, ſince the co-efficients of the terms 


+ * es Pl to 12 
of the two ſerieſes. 1 f. r — F . 1 6 4 f. 
be ves H e xe me __ 06% 


e . r Tr & (by the multiplication of which 


efficients of the correſponding terms of the two ſerieſes 1 — —= — <= Zh 2- 
E ef F e G e | Be D £3 re He? K e 044 


+ &c (by the multiplication of which into each other the compound ſeries F 
was produced) it is evident that the- co-efficients of the ſeveral correſponding 
members of the two compound ſerieſes F and yy produced by theſe multiplica- 
tions muſt be the ſame combinations of the co- efficients B, C, D, E, F, G, &c 
and B, D, F, H, K, M, O, &c of the terms of the two original ſerieſes, or in 
other words, muſt be the ſame quantities in both ſerieſes. | 


Of the figns + and — that are to be prefixed to the terms of the 
| compound ſeries . wy 


— 


31. But the ſigns + and — that are to be prefixed to the ſeveral terms of the 
compound ſeries y will not be every where the ſame as thoſe that are to be pre- 
— to the correſponding terms of the other compound ſeries T, but only in the 


3 F 2 terms 
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terms of the third, fifth, ſeventh, and other following odd vertical columns of 
terms, which involve the fractions =, S, 2 &c and =, =, 23 &c. In 
the ſecond, fourth, fixth, and other following even vertical columns of terms 


in the ſaid eompound ſeries y, which involve the fractions 5, 5, Ser, &c the 


figns + and — to be prefixed to the ſeveral terms in the ſaid vertical columns 
will be reſpectively contrary to thoſe which are to be prefixed to the correſpond- 
ing terms of the ſecond, fourth, ſixth, and other following even vertical columns 
of che compound ſeries P, which involve the correſponding fractions , 3. 
= &c. This will appear to be the caſe as far as the terms, of: the ſeventh ver- 
tical columns of the ſaid two compound ſerieſes, or the terms which involve the 
fractions = and 27. upon the inſpection of the ſaid two compound ſerieſes, as 
herein before ſet down in art. 14 and 29. For in the former of theſe ſerieſes the 


terms contained in the third, fifth, and ſeventh, vertical columns are — === 
| BD cs F es BE #? D?& re BH #&9- Ke? BG £73 DF £3 
EFe3 pRrPI CK £3 BM £3 oe pd 


terms, the gn — 1s prefixed to every term, except the laſt, and'the ſign + is 
prefixed to the laſt term; and in. che latter of theſe ſerieſes the terms contained 


in the third, fifth, and ſeventh vertical columns are — 2 — + =, 22 


banks. W et? pr e3 EF 653 DH 23: 
— — — ͥ — — — — —— An — — — — — — — = — 
2 7 243 213 213 3 


13; 3. a3" þ . | | * | | 
— th. = + =>; in each of which columns, or ſets, of. terms the ſign — 


1s, in like manner, prefixed to all the terms, except the laſt, and the fign + is 
prefixed to the laſt term. And in the former of theſe ſeriefes, the terms con- 


tained in the ſecond, fourth, and ſixth, vertical columns are — - a" + , — 


53 
3D op er BF &7 H 4&7 Bell DE 8 DF ef enen BK eil. 
— — — ¶ — — 2 d — — mM — MR — HM — — — 
47 s7 37. 37 41 411 31. SEX 411 


+ Lr. in each of which columns, or ſets of terms, the ſign is prefixed to 


all the terms, _ the laſt, and the ſign · I is prefixed to the laſt term: and 
in the latter of theſe ſerieſes the terms contained in the ſecond, fourth, and ſixth, 


0 B23 D 63 be obe pre ner rens 
vertical columns are + — , + —- r, and + . 


+ — ASH = + — in each of which columns, or ſets 
of terms the ſign is prefixed to all the terms, except the laſt term, and the 
ſign — is prefixed to the laſt term. 8 | 

And that the ſame thing will take place in the terms of all the following ver- 
tical columns of thefe two compound ſerieſes, to whatever number of terms they 
may be continued, may be ſhewn in the manner following. 


7 32. It 
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232. It is ſhewn above in art. 1 5, that, in the compound ſeries F, all the terms 
in every vertical column of the ſeries, except the laſt, or loweſt, term, are marked 
with the ſign —, and the loweſt term is marked with the fign . And we have 
ſeen that the ſame thing takes place in the terms of the third vertical column 
and of the fifth vertical column, and of the ſeventh vertical column, of the com- 


pound ſeries , which involve in them the fractions = S, and =; to wit, 


that all the terms in each of theſe vertical eolumns, except the loweſt, have the 
ſign — prefixed to them, and that the loweſt term is marked with the fign. + ; 
but that the contrary rule takes place in the terms of the ſecond vertical column, 

and of the fourth vertical column, and of the ſixth vertical column, of the ſaid 
compound ſeries y, which involve in them the fractions OY 2. and Ar to wit, 
that all the terms in each of theſe vertical columms, except the loweſt, are 
marked with the fign +, and the loweſt term is marked witlꝭ the fign —. We 
are now to prove that the ſame rules will hold as to the ſigns of the terms con- 
tamed in the gth, 11th, 13th, 15th, and other following odd vertical columns of 
terms, and the figns of the terms contained in the 8th, roth, 12th, 14th, and 
other following even vertical columns of terms of the ſaid compound ſeries , 
to whatever number of terms, or columns of terms, the ſaid compound ſeries y 


may be continued; 


33. Now in the faid compound ſeries y (which is ſet down in art. 29), it is 
evident, that in the 1ſt, and 3d, and 5th, and 5th, and other following odd ho- 
rizontal rows of terms, the two firſt terms will be marked with the ſign +, and 
all the following terms will be marked with the ſign — and the ſign + alter- 
nately ; and in the 2d, and 4th, and-6th, and other following even korizontal 
rows of terms, the two. firſt terms willi be marked with the fign —, and all'the 
following terms will be marked with the fign + and the ſign — alternately. 
This is a neceſſary conſequence of the order in which the ſigns + and — follow 
each other, in the two ſimple ſerieſes, by the multiplication of which the com- 
pound ſeries y is produced. For the ſimple ſeries which is the multiplicand of 


de Be 5 sen 


, 5 TEA TON " 
his multiplication, is the ſeries 1 + = —=+ > —=>+ xz —= + 
&c; in which the ſecond term _ is marked with the ſign +, and all the follow - 


ing terms are marked with the ſigns — and + alternately : and conſequently, 
whenever this ſeries is multiplied by a quantity to which the ſign + is prefixed; 
the product will be a ſeries of terms, in which the figns + and'— will follow 
each other in the ſame order as in the multiplicand, that is, the ſign + will be 
prefixed to the two firſt terms of. the ſaid e and the ſign — and the ſign 
+ will: be prefixed to the third, fourth, fifth, ſixth, and other following terms 
of the ſaid product alternately; and, whenever this ſimple ſeries is multiplied by 
a quantity to which the ſign — is prefixed, the product will be a ſeries of terms 
in which the ſigns will be, reſpectively, contrary to the ſigns of the correſponding. 
terms of the. multiplicand, and therefore the fign — will be prefixed: to the _ 
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firſt terms of the ſaid product, and the ſigns + and — will be prefixed to the 
third, fourth, fifth, ſixth, and other following terms of the ſaid product alter- 


nately. But the ſimple ſeries into which the ſaid fimple ſeries 1 + = 27 


ZZ 2 
_— — Lo + _— — — + &c 1s multiplied, in order to produce the com- 


pound ſeries , is the ſeries = — r + > ” | Eo r A 
&c, in which the terms are marked with the ſign + and the fign — alternately. 
Therefore in the 1ſt, and 3d, and 5th, and jth, and other following odd hori- 
Zontal rows of terms in the compound ſeries y (which is produced by the ſaid 
multiplication) the ſign + will be prefixed to the two firſt terms of the ſaid ho- 
rizontal rows, and the fign — and the ſign + will be prefixed to the third, and 
fourth, and fifih, and ſixth, and other following terms of the ſaid rows, alter: 
nately ; and in the 2d, and 4th, and 6th, and 8th, and other following even ho- 
_ rizontal rows of terms in the ſaid compound ſeries , the fign — will be pre- 
fixed to the two firſt terms of the ſaid horizontal rows, and the ſign + and the 
ſign — will be prefixed to the third, and fourth, and fifth, and ſixth, and other 
following terms of the ſaid horizontal rows, alternately. | 


34. Now from this order of ſucceſſion of the ſigns + and — to each other in 
the horizontal rows of terms of the compound ſeries y, we may deduce the order 
of their ſucceſſion in the terms contained in the ſeveral vertical columns of the 
ſaid compound ſeries. This may be done in the manner following. 

Since the two firſt terms of the ſeveral odd horizontal rows of terms in this 
compound ſeries / are marked with the ſign +, and the two firſt terms of the 
ſeveral even horizontal rows are marked with the fign —, and the firſt terms of 
the ſecond, and third, and fourth, and other following horizontal rows of terms 
are the laſt, or loweſt, terms of the ſecond, and third, and fourth, and other fol- 
lowing vertical columns in the ſaid ſeries, it follows that the laſt, or loweſt terms 
of the ſecond, and third, and fourth, and other vertical columns will be marked 
with the fign.— and the ſign + alternately ; and it follows likewiſe that the ſign 
prefixed to the ſecond term of every horizontal row of terms (being the ſame as 
the ſign prefixed-to the firſt term of the ſame horizontal row) will be contrary to 
the ſign of the term placed immediately under it, or of the firſt term of the next 
horizontal row, and conſequently that the ſign prefixed to the laſt term but one 
of every vertical column (which is always the ſecond term of one of the horizon- 
tal rows of terms) will be contrary to the laſt, or loweſt, term of the ſame verti- 
cal column, which is the firſt term of the next lower horizontal row of terms. 
Therefore, ſince the firſt terms of the ſecond, and fourth, and ſixth, and other 
following even horizontal rows of terms, or the laſt or loweſt terms of the ſe- 
cond, fourth, ſixth, and other following even vertical columns, are marked with 
the ſign —, the laſt terms but one of the ſame columns, to wit, the ſecond, 
fourth, ſixth, and other following even columns, will be marked with the ſign 
+; and, fince the firſt terms of the third, and fifth, and ſeventh, and other fol- 
lowing odd borizontal rows of terms, or the laſt, or loweſt terms of the _ 

| th, 
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fifth, ſeventh, and other following odd vertical columns, are marked with the 
ſign +, the laſt terms but one of the ſame columns, to wit, the third, and 
fifth, and ſeventh, and other following odd columns, will be marked with the 
ſign —. 


35. In the foregoing article 34, we have ſhewn that the loweſt terms of the 
ſecond, fourth, ſixth, and other following even columns of terms in the com- 
pound ſeries xy will be marked with the ſign —, and the next higher terms, or 
the loweſt terms but one, of the ſame columns will be marked with the fign + ; 
and that the loweſt terms of the third, fifth, ſeventh, and other following odd 
columns of terms in the ſame ſeries will be marked with the ſign ＋, and the 
next higher terms, or the loweſt terms but one, of the ſame columns will be 
marked with the fign —. We muſt now examine the figns that are to be pre- 
fixed to the other terms of the ſeveral calumns that are higher than the two 
loweſt terms. | 

Now the ſigns to be prefixed to all the terms of every column above the two 
loweft terms are the ſame with each other and with the fign of the loweſt term 
but one of the ſame column; as may be ſhewn in the manner following. 

The ſecond term of every horizontal row of terms in the compound 2 y is 
placed directly under the third term of the next horizontal row above it, and 
under the fourth term of the ſecond horizontal row above it, and under the fifth 
term of the third horizontal row above it, and ſo on ad infinitum, the number of 
terms in every new horizontal row above the ſaid ſecond term that preceed the 
term that is placed immediately above ſuch ſecond term, increaſing continually 
by an unit. But, becauſe the ſigns + ant — are prefixed to the fecond, and 
third, and fourth, and fifth, and other following terms: of *the- firſt, the third, 
the fifth, the ſeventh, and other following odd horizontal rows of terms, alter- 
nately, and the ſigns — and + are prefixed to the ſecond, and third, and 
fourth, and fifth, and other following terms of the fecond, the fourth, the ſixth, 
the eighth, and other following even horizontal. rows of terms, alternately, it is 
evident that the fign prefixed to the ſecond term of every horizontal row of. 
terms mult be the — with the ſign prefixed to the third term of the next ho- 
rizontal row above it, and with the ſign preflxed to the fourth term of the ſe- 
cond horizontal row above it, and wich the ſign prefixed to the fifth term of the 
third horizontal row above it, and with the ſigns prefixed to the ſixth, ſeventh, 
eighth, &c, terms of the fourth, fiſth, ſixth, &c, horizontal rows above it, ad 
infinitum. And therefore the ſign + or —, that is to be prefixed to the ſecond 
term of every horizontal row of terms in the ſaid compound ſeries y will be the 
fame with the ſigns of all the terms placed immediately above the ſaid ſecond 
term, or of all the terms of the ſame vertical column that preceed it: or, the 
ſigns to be prefixed to all the terms of every vertical column of terms in the ſaid 
compound ſeries / above the two loweſt terms of the ſaid column will be the 
* with each other, and with the fign of the loweſt term but one of the (aid 
column, 
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A recapitulation of what bas been ſbewn in the fix foregoing 
articles concerning the analogy between the compound ſeries 
T and the compound ſeries . 


36. It follows from the ſix foregoing articles, 30, 31, 32, 33, 34, and 35, 
that, if we compare the compound ſeries , obtained in art. 29, with the com- 
pound ſeries T, obtained above in art. i4, the analegy and the differences be- 
tween them will be as follows, to wit: In the iſt place, in the compound ſeries 


y the terms will involve the fractions = . 2. 275 . Lo =, &c, or the 
odd powers of che fraction —, inſtead of the fractions , _ _ > LY LY 
5 &c, or the odd powers of the fraction = which are involved in the terms of 


the compound ſeries C. 
In the next place, the co-efficients of the ſeveral terms in the ſeries y that in- 


volve in them the ſeveral odd powers of the fraction ⁊ in the compound ſeries y 
will be the very ſame with the co-efficients of the ſeveral correſponding terms, 
or terms involving the ſame odd powers of the fraction = in the ſeries I reſpec- 
tively. 


And, laſtly, the ſigns — and + to be prefixed to the ſeveral terms of the 


3d, 5th, jth, and other following odd vertical columns of terms in the ſeries y 


(which involve che fractions , , , &c) will be the ſame as are to be pre- 


fixed to the correſponding terms of the 3d, 5th, 7th, and other following odd 
vertical columns of terms in the ſeries T, which involve the fractions , , 2g, 


&c; but the ſigns + and —, which are to be prefixed to the ſeveral terms of 
the ad, Ach, 6th, 8th, and other following even vertical columns of terms in the 


ſeries y (which involve the fractions 5, 5, S7, Kc) will be reſpectively con- 


trary to thoſe which are to be prefixed to the correfponding terms of the 2d, 
4th, 6th, 8th, and other following even vertical columns of terms in the ſeries 


T, which involve the fractions I» =, LN &c. 
37. If we multiply the foregoing ſeries called , (which was ob- 


tained in art. 29) by the quantity 6 z, the product will be the following com- 
pound ſeries; to wit, | | 
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| 6 B*%3 Gnces 6 h Gnu? , Gnre 6e 
6 0 e3 6 De 6 cb &? 6 5 6 Dx e** 6 Dp £3 


6 re 6 mr e 6 r 6 Dre 6 Eels 
6 He7 6 e chert 6 Dx 69 
' 6 Ke 6 BK &* 6 cx« £3 


Me BM £3 


— EL EL + be 
&. 


Let this compound ſeries, for the ſake of brevity, be denoted by the ſmall 

Greek letter 3. Then, ſince the product of the multiplication of q into the ex- 
. 211 

preſſion 2 2 3 X the ſeries . — 27 += _ += — + — c 


ad inſinitum is equal to 6 2 x the compound ſeries , it will alſo be equal to the 
compound ſeries 8. 


Of the analogy between the foregoing compound ſeries 3 and the 
compound ſeries A obtained above iu art. 16. 


38. Now ſince the compound ſeries A, obtained above in art. 16, is equal to 
65 Xx the compound ſeries T, and the compound ſeries à is equal to 6 2 x the 
compound ſeries , it follows that there will be the ſame analogy and the fame 
differences between the two compound ſerieſes A and à as. between the two 
compound ſerieſes and . And conſequently the analogy and the differences 
which are ſhewn in art. 36 to take place between the two compound ſerieſes F 


and , will take place alſo between the two compound ſerieſes A and 3, and 


therefore, 
In the firſt place, the ſecond and other following terms of the compound ſeries 
3 will involve the fractions = . 2 . A- =, &c, inſtead of the cor- 


reſponding fractions 225 LY =, I 5 A, &c, which are involved in the 
ſecond and other following terms of the compound ſeries A. 

And 2dly, the co-efficients of the ſeveral fractions 2. =, >, I's LY . 
&c, in the terms of the ſecond and other following vertical columns of the com- 
pound ſeries & will be the ſame with the co-efficients of the correſponding frac- 
tions . 2 . 27. _ A, &c, reſpectively, in the terms of the ſecond and 
other following vertical columns of the compound ſeries A. 
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And, 3dly, the figns — and +), that are to be prefixed to the ſeveral terms 
of the 3d, 5th, 7th, and other following odd vertical columns of. terms in the 


compound ſeries 3 (which involve in them che fractions 27, S, <5, Kc) will be 


the ſame as are to be prefixed to the correſponding terms of the 3d, 5th, 7th, 


and other following odd vertical columns of terms in the compound ſeries A which 
involve in them the correſponding fractions < LY =>, &c; and the ſigns + 
and — which are to be prefixed to the ſeveral terms of the 2d, 4th, 6th, 8th, 
and other following even vertical columns of terms in the compound ſeries 8 
(which involve in them the fractions 2. I» 2s. . &c) will be, reſpectively, 
contrary to thoſe which are to be prefixed to the correſponding terms of the 2d, 


4th, 6th, 8th, and other following even vertical columns of terms in the com- 


pound ſeries A, which involve in them the fractions 2 . _ . &c. 


—̃ ——— 
The product of the multiplication of the co-efficient q into the 


expreſſion 2 Y * (2 x the ſeries r — 2+ 33 


9 . x x z7 
68 1 — 
. is equal to the ſimple 
feries 6Be + A — E + EC — + — — 
＋ I &c. 


n K 


* 


9. The compound ſeries mentioned above in art. 19, and denoted by the 
Greek capital letter Z, is equal to 6 Be — the compound ſeries A. And it is 


ſnewn in art. 2 5 and 26 that the compound ſeries Z, or 6 Be = A, is equal to 
. e $ » a7 is 
the ſimple feries 2 + . + & + + + > + &c. Therefore 
(adding & to both fides) we ſhall have 6 Be = A +32 + © + £450 
r en 


+ c, and A = the fimple ſeries 6B. — 3 — £ — IL 


- &, in which all the terms after the firſt term 6 Be 


4 


are marked with the ſign —, or ſubtracted from the ſaid firſt term. But it has 


been ſhewn in the foregoing art. 38, that the co-efficients of the fractions 
© „. . . 

. I . ˙ z. . &c, in the compound ſeries à are equal to, or the 
ſame with, the co- efficients of the correſponding fractions =, > = Ul => 


= &c in the compound ſeries A, reſpectively; and that the ſigns — and + that 


are to be prefixed to the ſeveral terms of the 3d, 5th, 7th, and other following odd 

vertical columns of the compound ſeries 5, (which involve in them the fractions 
25 
24> 
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=, I» Sr, &c) are the ſame with thoſe which are to be prefixed to the corre- 
ſponding terms of the 3d, 5th, 7th, and other following odd vertical columns of 
the compound ſeries A, which involve in them the correſponding fractions >, Is 


EI and that the ſigns which are to be prefixed to the ſeveral terms of the 2d, 


"Iz 7 

ps 6th, 8th, and other following even vertical columns of the compound ſeries T. 
(which involve in them the fractions LY I =» , &c) are, reſpectively, 
contrary to thoſe which are to be prefixed to the correſponding terms of the ad, 
4th, 6th, 8th, and other following even vertical columns of the compound ſe- 
ries A, which involve in them the fractions =, Ts So => &c. And in both 
the ſaid compound ſerieſes A and 8 the firſt term is 6 Be. It follows therefore, 

Pe 


that, ſince the compound ſeries A is equal to the ſimple ſeries 6 Be = — — 


„ LP... = > Ec ad infinitum, the compound ſeries 38 muſt 


gud 
x e7 8 1e v £3 


be equal to the ſimple ſeries 6 Be + 55 — 7272 T = + 
&c ad infinitum. But, by art. 37, the product of the multiplication of the 
T 


co-efficient q into the expreſſion 2 z 3 X the ſeries = — 2 _ 3 


2. z3 x7 
Er Lc is equal to the compound ſeries 3. Therefore the 
; N ; x 
product of the multiplication of the co-efficient into the expreſſion 22 3 X 
the ſeries : — 25 + f + 5 —E> + 2 — &c will alſo be equal 


to the ſimple ſeries 6 Be + 5 — XL + DA = + 8 — r 4 &c ad 


inſinitum. 


Of the relation of the product of the multiplication of the 
co-efficient q into the expreſſion 2 /*(z x the ſeries 
Be D e F 65 H e7 K e Mert o el 


to the cube of the ſaid expreſſion. . 


40. We are now to ſhew that the product of the multiplication of the co- effi- 
1 


. ** _ a BD res H e. K e 
cient q into the expreſſion 2 2 3 X the ſeries — = — + — — — + — - 


M ef ab oc” ire i greater than the cube of the ſaid expreſſion, and that the 


_— 
difference is equal to r, or to 6 Be, which is (= 6 x __ - = = x ) Dr. 
70 — 


p "Now. 
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Now this will be evident, if we can ſhew that the fimple ſeries 6 Be + 2 
— — 177 2 Wa + &c ad infinitum (which we have ſhewn to 


_ 
be equal to the ſaid product) is greater than the faid cube, and that the diffe- 
rence is equal to v, or 6 Be; or that the ſaid ſeries, when its firſt term 6 Be 


is taken from it, will be equal to the ſaid cube; or that the ſimple ſeries — — 

Wo 25 = 7 +55 = Ec dd infiritum, will be equal to the cube of 
x = : 72 0 7 70 x 

the ſaid expreſſion 2 2 3 Xx the ſeri =E=S+ ES T 


22 — &c ad infinitum. This we will therefore now endeavour to prove in the 
2 f 
manner following. 
; - 1 . 
— . 0 D e F es He 
41. The cube of the expreſſion 2 2 3 X the ſeries = = — + — — _ 
40 IT 13 "Re n 4 
4 — — — + = — &c is = 48 * — of the ſaid ſeries. We muſt 
. . . e D F 
&c to its cube, or third power, by multiplying it twice into itſelf. This may be 
done as follows. | 


The multiplication of the ſeries — — . * _ _ — 


+ - + Er twice into i1jelf, in order 


op hk” ar ber ghar as 

I++ & 
bs 
A 
R 


1er 
| er 
— —=— + &c | 
CEE EC 1252 
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2 EL. Ot I = + &c 


2 Dre 2 Dune 1. 


+ = 9 + —— 2e — + &c 
2 2 , 
= NL + tc 
Be Des 5e ue 7 K e Meir o e 
r 
3e 2 Bes 2 B*p 67 2 B*H e 2 B*K e** 2 B*M el 
rue T r ẽ·ͥ EY EE 
BD*e7 2 BD Yee 2 BDH e 2 BDK eis 
22 nr — 


3 
_ 27 „ + &c 


B*pD e 2 BD*e? 2 BDF e 2 Dune 2 BDK et3 — 13 
D329 2 D 7e 2 D et | 


n Des + &c 


e 2 BDF &? 2 B*** 2 BFHef3 + xc 


1 275 
D*p en 2 Dr 


e 
N e 23Db Ben 2 mFaHe"7 
2 2 722 


ec 
— __ 2 BDK — + &c 
2 wes + &c 
Des 38e 2 B*x &* — 5 
. — — $2,007. A ha —— &c 
= *** + 


7 I 
REES. 13 OE re: + &c 


— — ä — 2 — 


+ 


7 =9 
Z Ne 27 + 202% 6000? + &c 


+ 32220 — 32 2 + &c 


Age 


This laſt compound ſeries is the cube of the ſeries = — +2 "= + 


25 
K _ Met * o 2 
rr &c ad ininitum. 


Therefore 
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eee 8 2 x the cube of the ſaid ſeries = — + = Lo — = + = 4 
— — &c will be 8 2 X the foregoing e ſeries; or, if, for 


the fake of 1 brevity, we denote the ſaid CRT ſeries by the ſmall Greek 


letter A, we ſhall have 8 z x the cube of the ſeries — . + — — = + 


2 25 
IS — => + r — &c equal to 8 2 X the compound ſeries A; and conſe- 
. . a | 


quently the cube of the expreſſion 2 2 3 x the ſeries — _— — — + —- — — 
+ <= — <= + _ — &c ad infinitum will be = 82 Xx the compound 
ſeries A. 

A compariſon between the compound ſeries X, obtained in 


the foregoing article 41, and the compound ſeries A, ob- 
tained above in art. 17. 


42. We muſt now compare the compound ſeries A,' which is equal to the 
3 3 rx 
cube of the ſimple ſeries = — + + => — 4 kee, 


2⁷ gh! 


with the compound ſeries A, obtained above in art. 17, which is equal to the 


cube of the ſimple ſeries — + — 71 ES 12 + = + — 5 — = + — — &c, in 
order to diſcover the analogies and the W that ſubſiſt between them. 
Nov, upon comparing . together theſe two compound ſerieſes A and A, we 


ſhall find that, 
In the firſt place, wherever there is any power of the fraftion < — in the com- 


pound ſeries A, there will be the ſame power of the fraction — —in 8 correſpond- 


ing term of the compound ſeries A. | 

And, in the ſecond place, the coefficients of the terms of the compound ſe- 
ries A are equal to, or the ſame with, the co-efficients of the correſponding 
terms of the compound ſeries A. 

And theſe two analogies between theſe two compound ſerieſes muſt take 
place not only in the few firſt vertical columns of terms of the ſaid ſerieſes which 
are ſet down above in art. 17 and art. 41, but throughout all the terms of the 


ſaid ſerieſes, to whatever number of * the ſaid ſerieſes may be continued: 


Be K es Kk e Menn O e233 
becauſe the original ſeries = — 25 + 3 — = +3= x +x — &c 


(by the multiplication of which twice into itſelf the compound ſeries A is pro- 
duced) involves in its terms the ſame powers of the fraction =, and the ſame 


co-efficients B, D, F, H, K, M, O, * — with thoſe powers reſpec- 
tively, 
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H 27 Ks M ez 


tively, as the other original ſeries = + 25 + * TT 
N + &c (by the multiplication of which twice into itſelf the compound ſeries 


A was produced) involves of the fraction = 


And, in the 3d place, all the terms of the compound ſeries A, after the firſt 


term = are marked with the ſign +, or added to the ſaid firſt term: but in 


the compound ſeries A only the terms of the 3d, and 5th, and other following 
7 1 
odd vertical columns of terms (which involve the fractions Sy =» =, Sr, 


| &c) are marked with the fign +, or added to the firſt term =; and the ſecond 
term 2 25 E: and the terms in the 4th, 6th, 8th, and other following even verti- 
cal columns of terms in the ſaid ſeries (which involve the fractions LY 255 = d 


A=, &c) are marked with the ſign —, or ſubtracted from the ſaid firſt term. 


43. That in the compound ſeries A the terms in the ſecond, third, and other 
following vertical columns of terms are marked with the figns — and + alter- 
nately, is evident upon inſpection as far as the multiplication is carried above in 
art. 41, that is, as far as the ſix firſt vertical columns of terms. And that the 
ſame alternate ſucceſſion of thoſe ſigns will take place in all the following co- 
lumns of terms in the ſaid ſeries, to whatever number of terms the ſaid ſeries 


may be continued, will be evident from the following conſiderations. 
Since in the multiplication of the ſeries _ — = = — * = + = EY = | 


— Ar — &c into itſelf in art. 41, in order to obtain its ſquare, the ſigns — 
and + follow each other alternately both in the multiplicand and the multipli- 
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cator (which are both the ſame ſeries = — r + 5 — = + &c), it is evi- 


* 


dent that in the ſeveral products of the multiplicand by the firſt term — of the 


multiplicator, and by its third term =, and its fifth term =, and its ſeventh 


term Wo and all its following odd terms (to which odd terms the fign + is 


xed) the order of the figns + and — in the terms of the ſaid products muſt 

the ſame as in the multiplicand itfelf; that is, the terms of the ſaid ſeveral 
products which conſtitute the iſt, 3d, 5th, th, and other following odd hori- 
zontal lines of the ſaid general product (before the fimilar terms are collected 
together by addition at the bottom) will be marked with the figns + and — 
alternately. And it is likewiſe evident, that in the ſeveral products of the ſaid 


multiplicand by the ſecond term 2 f the multiplicator (which is marked with 
| the 


* 
* 
* 
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the ſign —), and by the fourth tem =5 and the fixth term =; and the fol- 
ing even terms of the multiplicator (which are all marked with the fign —), 
the order of the figns + and - in the terms of the ſaid products muſt be con- 
trary to the order of them in the terms of the multiplicand itſelf; that is, the 
terms of the ſaid ſeveral products which conſtitute the 2d, 4th, 6th, 8th, and 
other following even horizontal rows of terms in the ſaid general product (be- 
fore the ſimilar terms are collected together by addition at the bottom) will be 
marked with the figns — and + alternately. Therefore the firſt term of every 
new horizontal row of terms will be marked with a contrary fign to that of the 
firſt rerm of the horizontal row next above it, and conſequently with the ſame 
ſign as the ſecond term of the ſaid horizontal row next above it, or as the 
term under which it is placed; the firſt term of every new horizontal row being? 
placed immediately under the ſecond term of the horizontal row next above it. 
And thus it appears that the laſt term of every vertical row and the laſt term 
but one will be marked with the ſame ſign. And hence it follows (from the 
alternate ſucceſſion of the figns + and — to each other in the terms of all the 
horizontal rows of terms in the ſaid general product, before the terms are col- 
le&ed together at the bottom) that all the terms in every vertical column of 
terms will be marked with the ſame ſign as the loweſt term, and conſequently 
that the terms in the ſecond, third, fourth, fifth, ſixth, and other following ver- 
tical columns of terms will be marked with the fign — and the fign + alter- 
nately. Q, E. D. 


44. And, ſince all the terms in each of the vertical columns of the general 
product in art. 41 (before the ſimilar terms are collected together at the bottom 
by addition) are marked with the ſame ſign + or —, and the terms in the 2d, 
3d, 4th, 5th, 6th, and other following vertical columns of terms in the ſaid ge- 
neral product are marked with the ſign — and the ſign + alternately, it follows 
that in the compound ſeries ſet down under the ſaid general product (and which 
is equal to it and derived from it by adding together the ſimilar terms in each 
vertical column fo as to convert them into ſingle terms) the ſeveral terms of the 
ſecond, and third, and fourth, and fifth, and ſixth, and other following vertical 
columns of terms will alſo be marked with the ſign — and the fign + alter- 


nately. E. D. 


45. And, ſince in the compound ſeries laſt mentioned, which is equal to the 

$ 7 11 213 
ſquare of the ſeries = — 2 + _ — = — EEC + — — &c, the ſe- 
cond and other following vertical columns of terms are marked with the fign — 


and the ſign + alternately, and the compound ſeries A (which is the cube of the 


ſeries . — f + 5 == — = Eo + 25 — &c) is produced by mul- 


tiplying the ſaid compound ſeries into the original ſeries — as 28.4. 25.39 


- ar” IRS 
K e Mert oO e273 . 0 : 

r rr e, in which the ſecond and other following terms 

2 are 
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are alſo marked with the ſign — and the ſign + alternately, it will follow, by 
repeating the reaſonings uſed in the two laſt articles 43 and 44, that in the pro- 
duct of this laſt multiplication, that is, in the compound ſeries A, the terms of 
the ſecond, and third, and fourth, and fifth, and fixth, and other following ver- 
tical columns will alſo be marked with the fign — and the fign + alternately, 

ably to what we have ſeen by inſpection of the ſaid compound ſeries A (as 
ſet down in art. 41) to take place in the firſt fix vertical columns of it, or as 


as the terms that involve the fraction 5 „and, agreeably likewiſe, to what was 


aſſerted, in art. 42, concerning all the following vertical columns of the ſaid 
compound ſeries. Qs R. 5. 


5 Of the ſeries , which is equal to 82 X the 
compound ſeries d, and conſequently to the cube of the 


Be De F £5 H e7 


expreſſion 2 V ſz X the ſeries =— => + = — 
Ke Met , 09] Wee 
+ FF — qr + c ad ininitum. 


46. If the foregoing compound ſeries A, obtained in art. 41, be multiplied 
into 8 z, the product will be the following compound ſeries, to wit, 


8 e 24 B*De5 248% 24 Hef 241K ˙ 24. B*M * 
A anr” 45 > oo rl 3 + &c 

„ 24 BD*%#7 48 Drees | 4BnDne” 48 DRK 

8 0329 24 8571 48 Urnen 
23 239 ¹¹ + dec 

2 1 2 3 
24 D*F e* 24 D*H ef + &c 


$19 212 


— 


+ 2 2 + &c, 


which, for the ſake of brevity, we will denote by the ſmall Greek letter x. 
, I 
Then will the cube of the expreſſion 2 2 3 X the ſeries — — _ 4- 5 — 
2 + — — r ＋ = — &c (which is equal to 8 z x the compound ſeries 


a) be = the compound ſeries x. 


47. Since the compound ſeries x is = 82 x the compound ſeries A; and the 
terms of the ſecond, and third, and fourth, and other following vertical columns 
of the compound ſeries A are marked with the fign — and the ſign + alter- 
nately ; it is evident that the terms of the ſecond, and third, and fourth, and 
other following vertical columns of the compound ſeries 7 will alſo be marked 
with the ſign — and the ſign + alternately : becauſe the multiplication into 8 z 
can make no change in the figns of the quantities that are muluplied, 
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A compariſon between the compound ſeries m juſt now ob- 
tained in art. 46, and the compound ſeries Tl, obtained 
above in art. 18. | 


48. It has been ſhewn above in art. 42, that the co-efficients of the ſeveral 
terms of the compound ſeries A (ſet down in art. 41) are reſpectively equal to, 
or the ſame with, the co-efficients of the correſponding terms of the compound 
ſeries A, ſet down in art. 17. And therefore the co-efficients of the ſeveral 
terms of the compound ſeries , or 8 z x the compound ſeries A, which are 
equal to 8 times the co-efficients of the correſponding terms of the compound 
ſeries A, muſt be equal to the co-efficients of the correſponding terms in the 
compound ſeries II, or 8s x the compound ſeries A (ſet down above in art. 
18), which are equal to 8 times the co-efficients of the correſponding terms of 
the compound ſeries A. WED 


, : L N N 1 8 0 
A proof that the compound ſeries m is equal to the fimple 


Py Qes R e7 $ 69 Te ves 
feries _=—_—— A ＋ &c 


49. It appears from the laſt article 48 that the co-efficients of the ſeveral 
terms of the compound ſeries v, which is ſet down in art. 46, are reſpectively 
equal to, or the ſame with, the co-efficients of the correſponding terms of the 
compound ſeries IT, which is ſet down in art. 18; and it appears from art. 47 
that all the terms in the ſecond and other following vertical columns of the 
compound ſeries 7 will be marked with the ſign — and the ſign + alternately, 
to wit, all the terms in the 2d, 4th, 6th, 8th, and other following even vertical 
columns of it with the ſign —, and all the terms of the 3d, 5th, 7th, gth, and 
other following odd vertical columns of it with the fign + ; whereas in the com- 
pound ſeries II all the terms in the 2d, gd, 4th, 5th, and all the following ver- 
tical columns, both odd and even, are marked with the fign +. It follows 
therefore that, if the compound ſeries IT be converted into a ſimple ſeries by 
adding together into one ſum all the terms of each ſeparate vertical column, 
and the compound ſeries æ be likewiſe converted into a {imple ſeries by adding 
together into one ſum all the terms of each ſeparate column, the co-efficients of 
the terms of the ſecond ſimple ſeries, which is equal to the compound ſeries , 
will be reſpectively equal to the co-efficients of the correſponding; terms of the 
former ſimple ſeries, which is equal to the compound ſeries II: but in the fim- 
ple ſeries that is equal to the compound ſeries , the ſecond, and fourth, and 
ſixth, and other following even terms will be marked with the ſign —, and the 
third, and fifth, and ſeventh, and other following odd terms will be marked 
with the ſign + ; whereas in the ſimple ſeries that is equal to the compound 
ſeries II all the terms after the firſt term will be marked with the ſign- 17 
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fore, if we ſup oc e (as was done above in art. 23) the co-efficients of the terms . 
of the ſimple ſeries that is equal to the compound ſeries 8 to be P, Q, R, — 


Re 


T, V, 1 * conſequently the ſaid ſimple ſeries to be 72 © XL WL +-— + = 
+ = 2" 72 = = + &c ad infnitum, the ſimple ſeries that is AF to the com- 


Re Da 


pound ſeries x will be 22 — +3 —T +5 Ip = + Ke ad ibu. 
tum, 


A proof derived from the foregoing articles, that the ex · 
D 63 F 65 ner 


i . 


— 
4 Ly T 


e De rr - A Fo Me Oo £23 
_—_ oþ — * — 


the expreſſion 2 2 5 x the ſeries — - — — - 
* 2 2 


— * Therefore the oaks fries 2 — — + = < * 2 = ==> + 


2 B e 
the cube of the expreſſion 2 à 3 X the ſeries — = t — — 7 77 


r + 2 — &c ad infinitum. 


- 


51. It was ſhewn above in art. 39 8 the n of the multiplication of 


pe pve Ke? - 


the co-efficient q into the expreſſion 22 T x the ſeries — pak +5 1 5 
r &c oF ! is . to the ſeries 6Be += 


5 re 
— en 


+ Cao on 


| 1 
the laſt a art. 50, that the cube of the ſaid expreſſion, 223 X the ſeries = oy 5 


x65 ne!) K Me" o ei e3 
= — 2 + e ee e fe ral > + 


a0 SH oth. — + &c ad infinitum, which conſiſts of the very ſame 


"0" 2¹⁸ 
terms as the ſeries (Be + — = 4 B48 [pe * _ — . + &c ad in- 


finitum, except the firſt term 6 Be, and therefore: is 1cfs 2 the ſaid laſt- men- 
3 H 2 tioned 
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rioned ſeries by the difference 6 Be. It follows therefore, that the cube of the 
- , I 


( | — 8 De F 65 He K e Mer! 0 £3 
expreſſion 2 2 3 x the ſeries — = — + - — + —— r 2 


&c ad infnitum, is leſs than the product of the multiplication of the co- efficient 
q into the ſaid expreſſion, and that their difference is 6 Be, or r. And conſe- 
; ; , 11 1 , - G 


quently the ſaid expreſſion 2 z 3 x the ſeries = — = += ih _ + = _ 


en + 2 — &c ad infinitum muſt be equal to one of the roots of the cubick 


2 3 : 
equation gx — r. Q. k. b. 


52. Having now ſhewn that the expreſſion 2 2 3 X the ſeries — — — = 
EEE +55 — &c ad infinitam is equal to one of the roots 
of the cubick equation gx — x* = r, it remains that we ſhew that it cannot be 
equal to the greater of the two roots of that equation, being always leſs than 
the leaſt poſſible magnitude of the ſaid greater root; whence it will follow that 
it muſt be equal to the leſſer root of the ſaid equation. This may be ſhewn in 
the manner following. | | 


— . — Aĩ—̃ 


Of the leaſt poſſible magnitude, or the lower limit of tbe 
magnitude, of the greater root of the cubick equation 
gx * r upon the ſuppoſition that r is leſs than 
v2 X 55. 

34/3 


53- The greateſt poſſible magnitude of the abſolute term r of the cubick 
equation * — * = ris x1, or that value of the compound quantity gx — x 
which reſults from a ſuppoſition that x is = . If vis greater than this quan- 


tity 279, the equation gx — x* = r is impoſſible; and if r is exactly equal to 


Lf, the equation gx — #* = 7 will have but one root, which will be = LL; 


and, if r is leſs than 227, the equation gx — x* r will have two roots, of 


Which the leſſer will be leſs than <L, and the greater will be greater than LL, 
but leſs than g. But in the foregoing articles it is ſuppoſed that the abſolute 
term is leſs, not only than 48 (which is its greateſt poſſible magnitude), but 


likewiſe than 2 „ Which is leſs than LY in the proportion of (2 to 2, 


x 1&2 
or of) 1toy/2. T the greater root of the equation gx & = r muſt, on 
83 the 
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the preſent ſuppoſition, be greater, not only than LL, but than the greater root 
of it when f is = 4/2 x . Now, when ris = 2 x £2, the greater root 
ſth equion ge = #=7, vile f For, if we ſuppoſe x to be = 
2 X 21, we ſhall have * = 2 H » 1x 191 and & ( x V2 x IL = 
y2 X' Wh = 34x eee 
24/2 « 1/t) = = 1 X V2 *. or 2 x 14. Therefore, on the pre- 
ſent a+ to wit, that r is leſs than 2 * Wy the greater root of the equa- 


tion gx - r muſt be greater than 2 X , or than 5 * 4/q, or than 
* [= x Va, or than /0.666,666, &c X Vg, or than ©8316; K V/; or, in 


other words, 4/ on v4, or 0.8165 X yq, will be the leaſt poſſible magni- 
tude, or the lower limit of the magnitude, of the greater root of the equation 
qx — x* = 7 upon the preſent ſuppoſition. | 
82 _ — = —————̃ PP — 
A proof that the ſaid lower limit of the magnitude of the 


greater root of the cubick equation qu - =r is 
greater than the greateſt poſſible magnitude of the ex- 


De F 65 He? 


preſſion 2 / (2 X the ſeries — —_——+=——-T 
EEE p22 ge. 


Now this quantity vx vq, or o. 9% X Vi, is greater than the greateſt 


poſſible magnitude of the expreſſion 2 2 3 Xx the ſeries = — — 2 + 27 2 = 


+ EF = > + VF = &e ad infinitum; © ney Ve the manner fol- 


2231 
' lowing. 


1 


54. 3 * the ſeries 2 — 25 + _ + = — — 


— &c is equal to the ſeries — IF Is + 27 ts 5 + = 5 
2 Me 2 0 £23 & 
7 ＋ 7 9 | : 

Now, ſince zz is = 2 — ©, or 5 — es, it is evident that, if ec, or —, be 


4 
ſuppoſed 
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ſuppoſed to increaſe, zz, or the exceſs of 2 above ee or T, will at the ſame time 
decreaſe. Therefore, if ee, or . is ſuppoſed to increaſe from o to its greateſt 
poſſible magnitude on the preſent ſuppoſition, to wit, to 57 or A, the nume - 


2X27? 
K 3 N | | 
rators of the terms of the ſeries A 2 IT * = — _ * 5 — + 
- 2 0 ef? g 


E 2 - &c (which involve i in them the powers of e) will continually . 


and their denominators (which are powers of the decreaſing, quantity z) will at 
the ſame time continually decreaſe: and conſequently the terms of the ſaid ſe- 
ries will, on account both of the increaſe of their numerators and the decreaſe of 
their denominators, continually increaſe at the ſame time. Therefore the ſaid 


ſeries IT —= + 2 2 — ge . * * e * e N &c will have 
attained its Eke magnitude HY * or — —, 8 attained its greateſt magni- 


ld WO 


" BY" 
rude, or is = Th at which time 22, or 4 — er, or 2 = lg will be = $ * 


Cid * 
3 1 or L, and conſequently will be ak to ee. Therefore the 


expreſſion 2 z 7 e TE T 5 


&c (which is equal to the ſeries — IF 25 + _ hs == a 2 _ 
2 © £23 
* 2 


— &c) will alſo have attained i its greateſt magnitude when ee or = is 
equal to = and 2z is conſequently equal to ce. But, when 22 is equal to ee, 


9 : De? res ne x met o £23 
and ee is equal to Ty the ſeries _ — x. T7 — 7 


— &c becomes = B=D+F— 1 M -+ O &c, md (n= 
Vf. and conſequently z 3 S G , and 223 =2 viſe = 


a e — v/64 «67 "is 6 [32 
T4 Sa JS ET; ri. VE 


* vq = ſite Band; * Vq = I 028, 7 * Va; 4 conſequently the 


De 3 Mert o 673 
expreſſion 2 = 3 x the ſeries = — => + 2 5 + 


&c- becomes in this caſe = 1,0287 X vg 5 the ſeries B — D + F H + 
2 M + 0 — Kc; or he greateſt poſſible magnitude of the expreſſion 2.2 3 


x the ſeries 2 — 25> + SEE 25 = &c is = -r.0287 
* ve" x the ſeries B—D + F—Ho+K— M+ O—&c ad inſmitum. 
| 55. Now 
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' 55. Now becauſe the terms B, D, E, H, K, M, O, &c, are a decreaſing pro 

greſſion, every term being leſs chan that which immediately receeds it, the firſt 
term B alone of the ſaid ſeries B-=D+F—H+K—M + O &c muſt be 
greater than the whole ſeries. Therefore 1.0287 X /q x B will be greater than 
1. 287 X y/q X che whole ſeries B—-D+F— H 4 K—M + O'— _—_ 


and conſequently __ the | mon: poſſible magnitude of the expreſſion 2 2 3 
e O 673 


X the ſeries * — 25 + 5 + — — — + r — &c ad infmitum, 


RR 7 A 
— 


But B is 1. Therefore 1.0287 X vq X 7 or 


X V, or 0.3429 X 
l 


va, will be 2 than the S poſſible ED of the expreſſion 2 2 3 


D e F 65 He7 K e Met o £53 
een te oy eo apeng 22 But 


o. 3429 & v/q is much leſs than 0.8165 x yg, which is the leaſt poſſible mag- 
nitude of the greater root of the equation qx - * = 7 upon the preſent ſuppo- 


e chat — — 1s leſs than £, or that r is leſs than y/2 * 9 Therefore, à for- 


tiori, the 8 05 poſſible magnitude of the expreſſion 2 2 7 x the ſeries — — — 


RA 2 7 8 . is leſs than 0.8165 * * r 


the leaſt poſſible magnitude of * greater root of the equation gx — e . 


Therefore the aid expreſſion 2 2 7 | x the ſeries 2 — = + — 1 30 + 


22 2 + == + 7 — &c ad infinitum — be equal to the greater root of the 


ſaid equation. But it has been ſhewn above in art. 51 that the ſaid expreſſion is 
equal to one of the roots of the ſaid equation * — err in this caſe of the ſaid 


equation, or when r is leſs than V2 x i, or T is leſs than 2 Therefore it 
muſt be * to the leſſer root of the ſaid equation. 7 Q. E. p. 
. ¶ _milttttttm_=————_ 


End of the demonſtration that the expreſſion 2 /* 2 X the 


NE | D e 1 65 He? K 6? Mert © 673 
Sa . r TT 


— Cc ad infinitum is equal to the leſſer root of the 
cubick equation qu - =r, 


56. I have now complenend the demonſtration of the ropoſition laid down 
above in art. 11, to wit, that, if om 2 term r of the cubick- equation 


gr —+x* = be leſs, not only than _ (which is its greateſt poſſible magni- 
09) dn e x . or if — be leſs, Not - only. han. £, bur than 25, 


2x27” 
or 
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Rr | a > M0 * Tr : 
or C and e be taken = 2, and zz be = = ©, or g — ee; the leſſer root 


T 

of the equation gx — x* = 7 will be equal to the expreſſion 2 2 3 X the ſeries 
Be De F £5 HK &7 K e Mel! o £53 1 . | 8 
N &c ad inſnitum. It is in- 
deed a very long and complicated demonſtration. But I know not how to 
make it ſhorter witliout taking from the perſpicuity of the reaſonings uſed in it, 
which are both various and abſtruſe. And “' that they ſhould be fo” will appear 
the leſs ſurpriſing, if we conſider that they ſupply the place of thoſe very obſcure 
and intricate operations by which many writers of Algebra endeavour to find the 
roots of impoſſible quantities, ſuch as 8x + y/ — 2700 and 81 — y/ — 2700. 
See upon this ſubject Monſieur Clairaut's Elimens d. Algebre, Part V, art. ix, 
pages 286, 287, 288, 289, and a paper of Monfieur Nicole in the Memoirs of 
the Academy of Sciences at Paris for the year 1738, s 99 and 100, from 
which Monſieur Clairaut has extracted what he has delivered upon this ſubje& 
in the pages of his Algebra juſt now cited. And ſee alſo Dr. Wallis's Algebra, 
chapter 48, pages 179, 180, of the folio edition at London in 1685, and Pro- 
feſſor Saunderſon's Algebra, pages 744, 745, 746, 747, and Mac Laurin's Al- 
gebra, Part I. the ſupplement to the 14th chapter, pages 127, 128, 129, 130, 
and the Philoſophical Tranſactions, No 451. 


XS 7. We will now proceed to give an example of the reſolution of a cubick 
equation of the foregoing form gx - = r, when r is leſs than V2 X 


2X 27 


Be o e PF 65 1 e? K e Mert O £53 . , 
=== FT—7T +7 7a. tz &c, which we have ſhewn in 


the foregoing articles to be equal to its leſſer root. 


or ry is leſs than 3 or 42 by means of the expreſſion 2 / X the ſeries 


An Example of the reſolution of a cubick equation of the 
foregoing form, qx -* = r, by means of the expreſ- 


Des F es He 


fion 2 VJ 2. & the ſeries = — — + ———= + 


Ke Mel o £73 


ory the equation that is to be reſolved by means of this expreſſion be 15x 
Here 9 is = 15, and ris = 4; and conſequently & is . =) == . and — is 


| (=) = 2,and 5 is (= | ="75P) = 125, and £— or ©, is (= =) = 


2X 27? 


62.5, and Z is (= £ = 7) = 4, which is leſs than 62.5, or 8. Therefore 
5 | this 
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this equation may be reſolved by means of the foregoing expreſſion 2 y* N 


Be D #3 p #5 ner K e Met oel 
W F „ r &c. 


Now, ſince L is = 125, and —is = = 4, we ſhall have 22 =£ 7 —— — 2 
125 — 4) = 121, and conſequently z (= y 121) = 11, and / 2 (= Wy 11) 
= 2.223, 980, ogo, 569, 361, &c, and 2 2 ( 2 X 2.22 3, 980,090, 569,361, 
&c) = 4.447,900,181,138,722, &c. 


And we ſhall have ee (= — = = 4, and conſequently e = 2, and - — 


0. 181,818, oh 818, and S = . 


1215 
Therefore will be (= = X = = 0.181,818,181,818 X =_ = 


5 
0.727,272,727,272, __ 
— ) = 0.006,010,518,407 ; 


6. Bu 3 a | 
And — will be (= 2 X 1 = 0.006,010,518,407 X Ft 


1 : 


25 gh 
0.024,04 2,073,072 - — 0. W 694,823 


121 
And © will be (= + x 5 = 0.000, 198, 694,823 X 17 


z7 


— — = 0; blue, ; 


121 


3 By 

And — will be (= 2 2 = o. ooo, oo6, 568,423 X 25 = 
D = o. ooo, ooo, 217,137 

And Lo will be (= 2 * = = co. ooo, ooo, 217,137 X — = 


_ DD $8) = = o. ooo, ooo, oo), 178; 
And <> will be (= & 2 
2 | 2 2 


o. ooo, oo, 07, 178 & 12 


O. 
— ns o. ooo, ooo, ooo, 237. 


Therefore _ will be (= B x 0.181,818,181,818 = _ Xx 0.181,818,181, 


818 = IG = 0.060,606,060,606 ; 


And © will be (= D * o. oo, o1o, 518, 407 = 8 * o. Oo6, o10, 5 18, 40) 


— 2 5 - 22) = = 0.000,371,01 9,65 43 


And _ will be (= F X 0.000,198, 694,823 = 725 * o. ooo, 195,694, 


923 = Deere Jy = 0.000,005,990,277; 
Vor. II. 31 And 
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; | He! . Bi 47 374 
And — will be (= H Xx o. ooo, oo6, 568,423 = == X o. ooo, oo, 568, 


| 19683 
1 2 0,002,456, 590, 202 
* 19683 


And _ will be (= K x 0.000,000,217,137 = 


) = 0.000,000,124,807 ; 
21505 
1,594,323 


X o. ooo, ooo, 


| 0.004,669, $31,185, __ 
217,137 = — * 0.000,000,002,928 ; 


And g will be (= M x 0.000,000,007,178 = 
|  0.001,058,087,446 | 
tht 14,348,907 
And _— will be (= O * 0.000,000,000,237 = 
. ooo, 752, 456, o40 
* 8078 D ed F es He K e Mer o e273 

. Ee . 
SHEET WESC ——— + ———+ ——- += —&c will 
be = 0.060,606,060,606 — 0.000,371,019,654 + 0.000,005,996,277, — 
0.000,000,124,807 + 0.000,000,002,928 — 0.000,000,000,073 + 0.000, 


000,000,001 — &c = 0.060,612,059,812 — 0.000,371,144,534 = 0.060, 
240,915,278 ; and conſequently the expreſſion 2 AVK X the ſeries = — 


147,497 


0.000,000 
17348,967 +; Wake 


007,178 = ) = 0.000,000,000,073 z 
3,174,920 | 

o. ooo, ooo 
387,420, 489 & - | : 


) = 0.000,000,000,001, 


2 2, — &c will be = 4.447960, 181,138, &c 


23 27 29 — 
* o. 060, 240, 915,278 = . 267,949, 192,431, &c. Therefore this number 
0. 267,949, 192,431, &c is the leſſer root of the propoſed equation 15* — K 
0 | . 1. 


The foregoing number o. 267, 949, 192,431, agrees with the true value of the 
leſſer root of the equation 15* — x* = 4 in all its twelve figures, the ſaid root 


being equal to 0.267,949,192,431,122, &c, or 2 — 1.732,050,807, 568,877, 
&c, or 2—y/3. For, if we ſuppoſe x to be = 2 — 3, we ſhall have 15x (= 
15 X-) = 30 - 15 V3, and & (=8—3X4Xy3+3X2 X 
3—3y3 2 8 — 12 ½ +18 — 3/3) = 26 — 15 ½8, and 15K — & (= 
30 — 157% — a0 — 15 ½ = 30 — 15 ½ — 26 + 15 ½ S 30 — 26) 
2 4. 


Another Example of the reſolution of a cubick equation by 
88 means of the ſame expreſſion. 


58. As a ſecond example of the foregoing method of reſolving cubick equa- 


tions, let it be propoſed to reſolve the equation gox * = 98. 
Here 9, the co-efficient of x, is = go, and the abſolute term r is = 98. 


Therefore 4 will be (= ©) = 30, and £ will be =4 = 301") = 27,000, 
5 | and 
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and £, or £—, will be (= 222) = 13,500; and g will be (= ) = 4g, 


and <= will be (= 49?) = 2401, which is leſs than 13,500, or 25 Therefore 
the equation gox - * = 98 may be reſolved by means of the foregoing ex- 


e3 e5 7 e9 M et! 0 053 
preſſion 2 Hu z x the ſeries — — — + = + * — A : IT 


— &c. . 
Nou, ſince Li is = 27,000, and — is = = 2401, we ſhall have zz (= - — 


== = 27,000 — 2401) = 24599, 4 2 (= vV/ 24599) = 156.840,683, and 
vV* x (= SI 56. 840,683) = 5.392, $65,326,078, and 2 /*z(=2 X 5. 
392,865, 326,078) = 10.785,730,652,156. 

And we ſhall have (= =) = 2401, and conſequently e 49, and D = 


22 
led So. 312, 418, 940, 435, and = —— 


24599 
8 po 
Therefore will be (= g X K = 0-312,418,949,435 X 255 
252:117+875:984-435 1 
IT EA e 1713 ns 
es . 
And — will be (= 5 x La = 0.30, 493,836, 171 X 285 IS 


731 I 5,600, 646,571 ) 
24599 


And 25 will be ( 2 * 2 o. 002,972, 299,71 x1 —= 


z* 
7. 136,491, 1919913) = — 0.000,290,1 13,078 3 


= o. oo, 972, 299,713 


24599 
And La will be (= 5 * S = 0.000,290,113,078 X 25 — 
0.606, 561, 500, 278 — 0 
24799 ) = 0.000,028,316,659 ; | 
And _ will be (= = * 2 = o. ooo, o28, 316,659 * 125 = 
— 9 = =:0 000196964 | 
And =; will be (= gr x 5 = 0.000,002,763,864 * = = 


0. 006, let) — PR | | 
1 "3 24 o. 009,647, 112:968, 
And r ( A X 2 o. ooo, ooo, 269,768 Xx —— = ) 


24599 | 24599 
IJ 000,000,026,3 30. 
Therefore will be (= B x o. 312, 418, 940, 435 = — X o. 312,418,940, 
435 = 2212618949436) — 20. 104, 139,646, 811 | | 8 2 


o. e 3 
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And 22 will be (= D vc 0:030,493-836,171 = £ x 0.030,493,836,171 
yy 0:152-469, 180.855) = 0.001,882,335.566 ; 


F 
And 2 will be (= F x 0.002,972,299,713 = 7 * o. oo, 972,299,713 


— 0.0654399,5931086) = 0.000,089,699,031 ; 


729 | 
And => will be (= H x 0.000,290,113,078 = 74145 X o. ooo, 290, 113, 


— . 


078 = R) = o. ooo, oo 5,512,487; 


19683 r wh | 
re | —_— ONS 
And = will be (= K X 0.000,028,3 16,659 * 75504,323 * I 


k 
* 


| .608, I, 1 | e {hal > 
659 = = 9 295) = o. ooo, ooo, 38 1,948 


Pa © * 
And = will be (= M x 0.000,002,763,864 = 171 X 0,000,002, 
0.407, 412,900, 648 N — 1 
And _ will be (= O x 0.000,000,269,768 = SIE * o. ooo, ooo, 
| 0.8 56, 40 1, 8 18, 50 — | | 3 a 
269,768 = wo >= Mi ns o. ooo, ooo, ooa, 210; —__ 
7 . 
And => will be (= Q Xx 0.000,000,026,330 = — Xx 0.000, 
| >” WIE La boo, 05,200, 3 1 | . 
r 
x . Be e He K Me i 0 .Qe 
Then: the . 


&c will be = 0.104,139,646,811 — 0.001,882,335,566 + 0.000,089,699, 
031 — 0.000,005,512,487 + o. ooo, ooo, 381,948 — 0.000,000,028,393 + 
0.000,000,002,210 — 0.000,000,000,177, + &c = 0.104,229,7 30,000 — 
0.001,887,876,023 = 0.102,341,853,377 3 and conſequently the expreſſion 


1 oe Fe H &7 K Mel o 673 qe 
2 2 Xx the ſeries —_ pot F 7 =PJ+ 7; = 


&c will be = 10.785,730,652,156 X 0.102,341,853,377 = 1.103,831,664, 
966, &c. Therefore this laſt number 1.103,831,664,966, &c, is the leſſer root 


of the propoſed equation gox * = 98, _ | d k. I, 


59. That this number 1.103, 831, 664, 966 is nearly equal to the leſſer root of 
the equation gox — * = 98, will appear by ſubſtituting the firſt ſeven figures 
of it, to wit, 1.103, 831, inſtead of x in the compound quantity gox — x*. For 
we ſhall then have 9o (= go X 1.103,831) = 99.344,790, and x* (= 
1.103,831\*) = 1.344,95, 18,87, 185, 191, and conſequently gox — * (= 

| 99.344,90, ooo, ooo, ooo, ooo 
— 1.344, 955,018, 877,185,191 | 
= 97-999,834,981,122,814,809 ; which is very nearly equal to the abſolute 
FA term 
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term 98. Therefore 1. 103, 831 muſt be very nearly equal to one of the roots 
of the equation gox — x* = 98. | 

If we were to make the number 1.103,831 the firſt ſtep of a further approxi- 
mation to the true value of æ in this equation, according to Mr. Raphſon's me- 
thod of approximation, we ſhould find the firſt eleven figures of the ſaid true 


value to be 1. 103, 832,911, 1. 


60. Theſe two examples are, as T apprehend, ſufficient to illuſtrate and con- 
firm the foregoing method of reſolving. cubick equations of the foregoing form, 
gx—x* r, when the abſolute term » is leſs than V2 iy, or 25 is leſs 


8 , of the expn VY'zX 1 22 
than — by means of the expreſſion 2 / 2 Xx the ſeries — — — + 


1: EE + Ef —E> + 25 — &c ad infnitum: and therefore I ſhall 


— | - = — = : 
—— 1 ae expreſſion of the value of the leſſer root of the cubick 
| equation qx * = r, derived from the foregoing ex- 


' preſſion of it. 


0 — 


— 


61. But there is another expreſſion for the value of the leſſer root of the cu- 
bick equation gx — x* r in the caſe here ſuppoſed, which, as it may be eaſily 
derived from the foregoing expreſſion for it, to wit, 2 /* x the ſeries = — = 


| 7 > TIP 3 5 
+ Ez 4 * — Len + „ — + &c, ought not, I think, to be 
omitted, This expreſſion does not conſiſt entirely of an infinite ſeries (as the 
foregoing expreſſion does), but partly of a finite algebraick expreſſion, and 
partly of an infinite ſeries; and-fewer terms of the infinite ſeries are SR 


to be computed and added together, in order to obtain the value of the expreſ- 
Be D #3 


ſion to any propoſed degree of exactneſs, than of the infinite ſeries — 2 


—＋ — r L &c contained in the foregoing ex- 


preſſion. It is as follows, ro wit, | V e [2 —e—4+*z Xx the infi- 
; . De , ne n 25 40 ; 
nite ſeries — + + = + => + > + &c; the terms of which ſeries are 
| ; 7 —— 
taken from the ſeries that is equal to 1 + 213 „or the cube · root of the binomi- 


al quantity 1 + f, to wit the ſeries 1 + Z—< + 5 — © + Z—EL 


1% 1% ix: 109) enen, „een M4. 095 2 6 
e 
set? 
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3 L - &c, by beginning with the fourth term , and taking 
every fourth term from it. This expreſſion may be derived from the foregoing 
D e F es He K e M eil o 673 


expreſſion 2 /*z X the ſeries = — — LS raged” 6 Or ng 


— - + &c in the manner following. | 
ITE EEE ————— —— 
be derivation of the expreſſion of the value of the leſſer root 
of the equation qx — * — r given in the preceeding ar- 
ticle 61, from the former expreſſion of it. 


62. By the binomial theorem in the caſe of roots we bave /*|1 + — = the 


s - Be c ea De E e F es G e He? I ef kes 1 270 
W TT trHETCTTTMTT7TTHe—pr 
Mert Ne o el ve qe Re ser T es vet * 
nn 2¹¹ 1 pry 2 e LET. 4 5 2 = &c 


ad infinitum ; and by the reſidual theorem in the caſe of roots we have mo 3 2 


x & eee de E 6% P es 8 4s rf re 
p » TT LIT EET OT. 
L ele Mert Ne o el of a e Reis | ge? T es ve 


&c. ad infinitum. Therefore, if we ſubtract 1 — — from 93 + =, and 
this latter ſeries (which is equal to /?|1 — =) from the former ſeries (which is 
equal to / 1 ＋ =) the remainders will be equal to each other; that is, 


23e 2 De 2 Fes 2 He 


WE 1+<— [1 vill be = the ſeries 225 + 222 + 22 + 25% + 


2k  2Me* , 2007  2Qe5 2807 2 v5 3 
— rere There- 
fore — * vl; + == * 5e 2 will be = the ſeries = + ＋ + 


11 213 ers 717 47 

4 EtS+ +5 +5 +5 &c adinfrinm, Let 
4 67 11 es 9 a 

the ſeries 222 + 255 + e +22 +55 + &e ad infinitum be ſub- 


% F 811 215 


tracted from both ſides. And we ſhall then have — * 1 ＋ 2 2 — 77 

l — — the ſeries = + 250 + —— + —— + — + &c ad infinitum 
pe es 7 K es ** 15 15 a7 

= the ſeries — ——— +> 7 = = = + _—_ 


"2 + c ad inan. Therefore (multiplying both des into 2 . S) we 
2 10 — + , . 2 ſhall 
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232 


ſhall have Y z XK /*[1 712 ee v* z & the ſeries — 
ESTER” zag pave 3 + &c ad infinitum = 2 / X the Fry 


811 2 5 


Be De F 65 He K £9 N oe ae 3 5 
( / ( . —w ae 


infinitum, or // 2 N 1 eee 2 X the ſeries 
ne + ne 36D gr — OO A - + &c ad infinitum = 2 v/* 2 * the ſeries = 


23 z7 


Des res H #7 Kk Mel oerl „ s 7 ve 
nd D ad in- 


fnitum. But, becauſe z * | * —is= 2 Te, we ſhall have Y z N Ves + - 
=? ſ: + 65-008 becauſe z X [1 2 is = 2 — e, we ſhall have /*z Xx 


We 1— 2 * 8 eee 
ſeries _ 8 + — hy = hp _ + &c ad SITY will be = the expreſſion 


2/2 2-x the ſeries E — . + T 
. kcc ad infinitam, and conſequently will alſo be equal to the lefler 
root of 3 cubick equation qx - =r in the caſe here , or when 
the abſolute term r is leſs than V2 X 7555 or 2 = is leſs than £ 55 or 2225 

$ G E. D. 


An application of the laſt expreſſion of the value of the lefſer 
root of the equation qx — x* = to the reſolution of the 

above. mentioned numeral equations 15x — * = 4 and 
90* -* = 98. 


By; — vole — pr (= e—4v* 2 X the ſeries — 
+ — — Th IS = - + —_—_ - + &c may be applied to the reſolution of the 


two 1 UB equations 1 155 — * = = 4 and gox — * = 98 in the manner 
following. 
In the equation 15 4 — x? 4, we have ſeen above that e is = 2, and 2 is 


1 7 and 2 1 = 0.000,371,019,654, and = is = 0.000,000,124,807, 


and Ar nee is = 0.000,000,000,073, and / Z is = _—_ 11 = 2.223,980,090, 


nit &c. Therefore the ſeries 2 + + A Tc is (= o. ooo, 371, 


019,654 + 0.000,000,124,807 ＋ 0. .660;005,006;074 + &c) = 0.000,371, 
144 
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144,534, &c, and 4% z X the ſaid ſeries >>.. + . += = x + &c is (= 4 
X 2.223, 980, ogo, 569,361, &c. * —— 144,534 = 8.895, 1980, 350427 7s 
444, X 0.000,371,144,534) = 0.003,301,672, 217,358, &c. dz Teis 
(=11 +2) = 13, and z — e is (= 11 — 2) = 9g; and conſequently 
/*[z+eis(=v* 13) = 2. 351,334,687, 721, and . E — is ( 9g) = 
2.080, 083,823, 52. Therefore f + e = z —e will be (= 2.3, 
334,687,721 — 2.080, o83, 823,52) = P+272,2.50,864,66g, and /*(2z+e 


e r & will be (= 


| ALY 
0. 271, 250, 864,669 — dee ng615 65457 = 0.267, 949, 192,452. And 
conſequently this laſt number 0. 267,949, 192, 452 will be equal to the leſſer 
of the two roots of the equation 15* — * = 4. . 1. 


This number o. 267, 949,192,452 is exact in the firſt ten figures o. 2672949» 
192,4, the more exact value of the leſſer root of the ſaid equation being 0.267, 
949,192,431,122, &c, or 2 — 1. 732,050,807, 568, 877, &c, or 2 — 3, as 
was ſhewin above in art. 57. . 

In the other equation 9 — * = 98 we have ſeen above that # is = 49, 


and z is ( N _ = 156. 840, 68 3, &c, and = is (= Tg o. 312, 
418,940, 43 1 and —- < js =' 0.001 882,33 by 200 2 A is o. 000, oo 5, 5 12, 


487, and =— is = o. 000,000,028,393, and = is = = 0.000,000,000,177, and 
2 is — 156. 840,683) = $:292b65 446.2782 Therefore the ſeries 


1 of 2 + = will be (= 0.001 882,335,565 + o. ooo, oo5, 512, 


per” uw; 
487, + 0.000,000,028,393 + r = o. of, 887, 876, 623, 
and 4 / z X the ſaid ſeries 2© - +> = + | A will be (= 4 X 5.392, 
865,326,078 X 0.001 887,876,623 = 21 , whe * o. o01, 887, 876, 


623) o. o40, 724, 257, 520. 
And z + e will be (= 156.840, 683 + 49) 205. 840, 683; and 2 — e 


will be (= 156.840, 683 — 49) = 107. $40,683 ; and conſequently y/* (z + e 
will be (= V 205.840, 683) = 5.904, 417,671, 968, and 4/* — will be 
(= 10.840, 683) = 4.759, 860, 337,980. Therefore / (r tb — 
Vis evil be (= 5.99441 7,671,968 —.4. J 50,860, 337, 980) 1.144,55) 
A and * [= + e — nn ths x the ſeries — 4 > 4. * 


M e 1 


= + Wo : will be (= 1. 1449557333-988 < = 0. e ="1. 193, 
$33,076,468. Therefore this laſt number 1. 103, 83 3,076,468 will be equal to 
the leſſer of the two roots of the equation gox.— * S8. K. I. 


This value of the leſſer root of this equation is exact in the ſix firſt figures 
esl and exceeds the true value of the, faid root (which is 1. Ne, 
9117, 
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git,1,) by only the ſmall quantity 0.000,000,165,3, which is ſomewhat leſs 
than the difference whereby the former value found for this leſſer root in art. 


58 by means of the expreſſion 2 /? X the ſeries' 2 — 2 + _ — = + 


a gut x 71 . ' | 
8 — 1 | Ar — = &c, to wit, 1. 103, 831,664, 9, falls ſhort of the faid 


true value, that difference being 0.000,001,246,2. 


A third expreſſion for the value of the leſſer root of the 
equation g - =, derived from the expreſſion 
obtained for it above in art. 55. 


— — = — 
64. We may alſo derive another expreſſion for the value of the leſſer root of 


the equation gx — x* = 7 in the caſe here ſuppoſed, from the foregoing ex- 
De P 65 He?» Ke? enn oel 


Ene + = =" + ap = 
= + &c, in the manner following. 


The quantity (z e -N z - is = Vz X my 2 — E X 


n 1 3 — 1 
f= NV X the ſeries 1 + 2 7 =" rr 


2 
H e7 1 ef K &9 L £9 Me"! Ne 0 653 pe d 
F / ² NT 
e2 De E e. F 65 G e He? 1 ef K 
2 rag 22 8 23 2 27 2 2 2 
L Me N n oel 25 as Be » 2Be 
r 


TNT c= 24/* 2 X the 


211 213 


ſeries * + 25. + ZE. + ED + 24 5 c. Therefore, 
if we add 2 /K X the ſeries = = — + — . 


. + &c to both ſides, we ſhall have r T -N A — e 29 2 * 


E De F e H 67 K e Meir o £53 el 
the ſeries S = r r Ff D irren 


* the ſeries — — —— + — = —.— + & =4y*2 X the ſeries = + 


_ + 2 + + &c. Therefore, if we ſubtract yr (+ 2 KE 7 


from both ſides, we ſhall have 2 2 N the ſeries = — 2 +5 = 2 + 


K C Melt o el ae hay F es K e 0 £23 
—— = + FT —= +& =4y* 2X the ſeries ＋ > + 5 + A 


2 727 2¹5 215 
+ & + *(2—e— V* (z+e. But 22 x the ſeries 2 — 25 + 
— 6 + ed + © &c has been ſhewn above to be 


_.- 2 * 115 2¹5 


Vor. II. 3 K equal 
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equal to the leſſer root of the equation gx — * = r in the caſe here ſuppoſed, 
or when = is leſs than 2 Therefore the expreſſion 4 X the ſeries = 


+ + + + &Cc ad infinitum + V*[2z—e — gz Te, or the 


Be F £5 o ers 


exceſs of the quantity 4 z * the ſeries — ＋ + = A &c ad 


infinitum above the quantity / [z Ae - z — e, will alſo be equal to the 
leſſer root of the equation gx — x* = 7 in the ſame caſe of it. Qs E. D. 


An application of the laſt, or third, expreſſion of the leſſer 
roat of the equation qx — x* = r to the reſolution of 

the above-mentioned numeral equations 15x — x* = 
4 and go — x3 = g8. F 


65. This laſt expreſſion, 4 z X the ſeries — FR Es — + + &c 
ad infinitum, may be applied to the refolution of the two foregoing equations 
15% — x3 = 4 and gox - #* = 98 in the manner following. 

In the equation 15x — * = 7 we have ſeen above that e is = 2, and z Is 
= 11, and = is = 0.060,606,060,606, and A is = o. ooo, oo 5, 996, 277, and 
— is o. ooo, ooo, oo, 928, and = is = 0.000,000,000,001, and y/* is 


V 11 = 2.223,980,090,569,361, &c. Therefore the ſeries _ + 5 + 


e += + &c will be (= 0.060,606,060,606 + 0.000,005,996,277 + 


0.000,000,002,928 + 0.000,000,000,001 + &c) = 0.060,612,059,812, &e, 


and 44/* 2 x the ſaid ſeries © + + = +2F + &c will be (= 4 X 


2.223, 980, ogo, 569,361, &c x 0.060,612,059,812, &c = 8.895, 920, 362,277, 
444 N 0. o60, 612, 059,8 12, &c) = o. 539, 200, 057, 8 1, &c. 
And z+e is ( 11 ＋ 2) = 13, and z — e is (=11— 2) = 9g; and 


conſequently / + is (= 4/* 13) = 2.351, 334,687,721, and E — e 
is (= Vg) = 2.080, 083, 823, 52. Therefore / ſE + e = Ee is (= 
2.351, 334,687,721 — 2.080, o83, 823, 52) = o. 271, 250, 864, 669; and the 
expreſſion 4 4/* 2 N the ſeries — + + — + + & — 4* (a —e + 
z + e, or the exceſs of the quantity 4 z X the ſeries — + e 


+ og + &c above the quantity V [z + e— 4/*[z—e, will be (= 0:539, 


200,057,081, &c — 0. 271, 2 50,864,069, &c) = 0.267,949,192,412. There- 
fore this laſt number, 0.267,949,192,412, will be equal to the leſſer root of 
the equation 15x — K* = 4. | . E. 1. 


This 
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This number 0.267,949,192,412 is exact in the firſt ten figures 0.267,949 
192,4, the more exact value of the leſſer root of the ſaid equation being 0.267, 
949,192,431,122, &c, or 2 — 1.732,050,807,568,877, &c, or 2 — „, as 
was ſhewn above in art. 57. | 

In the other equation gox — & = 98 we have ſeen above that e is = 49, 


and z is (= 4/24599) = 156.840,683, &c, and _ is = 0.104,139,046,811, 


and _ is = 0.000,089,699,031, and — is = o. ooo, ooo, 38 1,948, and A 
is = o. ooo, ooo, ooa, 210, and / K is (= V 156.840, 683) = 5.392,86, 
326,078. Therefore the ſeries — + _ + = — A + &c will be 0 
104, 139, 646, 8 11 + o. ooo, o89, 699, 31 + o. ooo, ooo, 38 1,948 + o. ooo, ooo, 
002,210 + &c) = o. 104, 229,729, ooo, and 4 2 * the ſaid ſeries = + _ 


2 

* = + 77 + &c will be (= 4 Xx 5.392,865,326,078 X 0.104,229,729, 
000 = 21.571,461,304,312 & 0.104,229,729,000) = 2.248,387,565,882, &c. 

And x +e is (= 156.840, 683 + 49) = 205.840,683, and z—e is (= 
156.840,683 — 49) = 107.840,683; and conſequently V (z + e is (= 
205. 840, 683) = 5.904, 417,671, 968, and / z - is (= V 107.840,683) 
= 4.7 59,860, 337,980, and /*(z+e — NVE — eis (= 5.904, 417, 671,968 
— 4.7 59,860, 337,980) = ; 1-144, 557,333-986. Therefore the expreſſion 
4A X the ſeries = + > + + = + & — /*ſz—e ++/*ſz +6, 


or the exceſs of the quantity 4 4/3 z Xx the ſeries = + 1 ＋ + Ar + &c 


above the quantity /* ſz + e — E — e, will be (= 2.248, 387, 56 5, 882, 
— 1.144,557,333,988) = 1.103,830,231,894. Therefore this laſt number 
1.103,830,231,894 will be equal to the leſſer of the two roots of the equation 


gox — * = 98. E. 1. 


This number, 1.103,830,231,894, is exact in the firſt ſix figures 1.103,83, 
the more exact value of the leſſer root of the ſaid equation being 1,103,832, 


9111. 


A ſhort view of the three expreſſions that have been bere 
obtained for the value of the leſſer root of the cubick © 


equation qx — X S r. 


66. It appears, therefore, that the leſſer root of the cubick equation gx - K 
= r, in the caſe of it that has been here ſuppoſed, or when the abſolute term 7 


is leſs than /2 X Lf, or = is leſs than 32 or >, will be equal to either 


of the three following expreſſions ; to wit, 
3 K 2 Firſt, 
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Des F es Ne K e Me oel 


Firſt, to 2 /K x the ſeries = r + > — = + = + Ix 


OE + &c ad infnitum, which is an expreſſion wholly tranſcendental ; 
And, 24ly, to the expreſſion / ſà + e — /*(z—e—4v+* & the ſeries 


YE Pa + "> 4 . + &c ad inſinitum; which is an expreſſion partly al- 


— — 
23 27 


gebraick and partly tranſcendental, and of which the greater part (to wit, 
/S*ſz+e—vV*(z—6e,) is algebriick ; 

And, 3dly, to the expreſſion 4 z X the ſeries — + = — Ec + A + 
&c ad infinitum + /*([z = — NVE Te; which is alſo an expreſſion partly 
tranſcendental, and partly algebraick, but of which the greater part is tranſcen- 


dental. 
And we may obſerve that the algebraick part of the two latter expreſſions, to 


wit, the quantity . E + e — Þ[z — &, is ſimilar to the algebraick expreſſion, 
fc -= v* | — e, given by Cardan's firſt rule, for the root of the cubick 
equation gy + y* = r. 


67. The firſt of the three foregoing expreſſions of the value of the lefler root 
of the equation gx — x? =7, to wit, the expreſſion 2 0 z xc the ſeries — — 


. | 7 1 3 15 * 7 F 2 

_— + 25 — — = N — + &c ad infinitum, is given by 
Monſieur Clairaut in his Elements of Algebra, Sect. X, page 288: and I have 
been informed that all the three expreſſions were publiſhed in the year 1738, in 
the Memoirs of the French Academy of Sciences, by Monſieur Nicole. But 
they are obtained by both thoſe learned gentlemen by the intervention of nega- 
tive quantities (or quantities leſs than nothing, or quantities reſulting from the 
ſuppoſed ſubtraction of a greater quantity from a leſſer), and of the ſquare- 
roots of negative quantities, or what are called in books of algebra impaſſible 
quantities ; both which ſorts of quantities I have throughout this diſcourſe raken 


care to avoid mentioning, | 
—ñ—— 
Of the triſection of a circular arc by means of either of 
the three foregoing expreſſions for the value of the 
leſſer root of the cubick equation qx = & = r. 


+ = — 


68. The foregoing expreſſions of the value of the leſſer root of the cubick 
equation gx - = 7 may be applied to the triſection of a circular arc, or to 
the finding of the chord of the third part of an arc of which the chord is given, 
in a circle of which the diameter is given, provided the given chord be leſs than 
the chord of the fourth part of the circumference of the circle, or of an arch of 


go degrees, 
3 For, 
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For, if @ be the radius of a circle, and conſequently 2 @ its diameter, and & 
be the chord of any arc in it that is not greater than the ſemicircumference, 
and x be the chord of the third part of the arc of which & is the chord, the rela- 
tion between the chords æ and x will be expreſſed by this equation, 3 a — * 
= aak; as is demonſtrated in many books of mathematicks, and amongſt the 
reſt, in my Differtation on the Uſe of the Negative Sign in Algebra, publiſhed 
in the year 1758, pages 183, 184, art. 220, 221. Now let q be put = 3as, 
and r = aak; and the equation 34ax — * = aak will be converted into the 
equation gx — x? x, in which Lf repreſents a, or the radius of the circle, 
and 75 or 7 X = or = repreſents = or k, the given chord of the greater 


3 | | 
arch, which is to be triſected. Therefore, by computing either of the three 
foregoing expreſſions of the value of the leſſer root of the equation gx — x?.= 7, 


we ſhall (if 7 is leſs than /2 X 325 or aak is leſs than Y XK 43, or E is leſs 
than /2 X a, or k is leſs than the chord of a quadrantal arc, or an arc of go 
degrees) obtain the value of the chord of the third part of the arch of which — 


or k, is the chord, in the ſaid circle, of which A, or a, is the radius. 
A E. 1. 


Of the analogy, or harmony, between circular arcs and 
logarithms, or between the meaſures of angles and the _ 
meaſures of ratios, | 


69, This application of the ſeries obtained in the foregoing articles to the tri- 
ſection of a circular arc is an inſtance of the analogy or harmony, as Mr. Cotes 
calls it, that ſubſiſts between logarithms and circular arcs, or between the mea- 


ſures of ratios and the meaſures. of angles. For from the expreſſion /e — 


4* [s — e given by Cardan for the root of the cubick equation y* +gy = 7, or 
gy + y* = r (the value of which expreſſion is to be obtained by extrafting the 
cube-roots of the given quantities q + e and 5 — e, that is, by triſecting the ratios 
of s + eto 1, 401 of s — e to 1), we have derived the three expreſſions ſet down 
in art. 66, by either of which we may triſect the circular are + which the given 


quantity =, or K, is the chord, in a circle of which the given quantity LE, or 
a, is the radius (provided the ſaid arc is leſs than a quadrant) or may find the 
chord of the third part of the ſaid arc by finding the leſſer root of the equation 
gx -A = r. And conſequently problems that require the triſection of a cir- 
cular arc, or of an angle, may, by means of the method here explained, be 
ſolved by the triſection of a ratio, or by the help of a table of logarithms. = 

| A SCHO- 
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A SCHOLIUM., 


0. That very learned and ingenious mathematician and philoſopher of the lat- 
ter part of the laſt century, Mr. Leibnitz, of Hanover, ſeems to have been the firſt 
perſon who took notice of this connection between circular arcs and logarithms, 
or the meaſures of angles and the meaſures of ratios, which was afterwards more 
fully inſiſted upon and illuſtrated by Mr, Cotes in his Harmonia Menſurarum. 
For in the Commercium Epiſtolicum de Analyfi promotd (firſt printed by order of 
the Royal Society of London, in the year 1712, and afterwards publiſhed by 
Tonſon and Watts in the year 1722) there is a very learned letter of Mr. 
Leibnitz to Mr, Henry Oldenburgh (at that time ſecretary to the Royal So- 
ciety), dated on the 27th day of Auguſt in the year 1676, and directed to be 
communicated to Mr. Newton, at that time profeſſor of mathematicks in the 
univerſity of Cambridge (afterwards better known by the name of Sir Iſaac 
Newton); in which there is the following curious paſſage : * Imaginariarum 
quantitatum in. Realium Radicum expreſſiones ingredientium ſublationem, fruſtra putem 
Jperari ; imd queri. Neque enim ills ullo modo vel calculis vel conſtructionibus ob- 
ſunt : et vere realtſque ſunt quantitates, fi inter ſe conjunguntur, ob deſtructiones vir- 
tuales.' Quod multis elegantibus exemplis et argumentis deprebendi. 

Exempli gratid, / [1 + -g +1 —/—3& = 6. Tameth enim 
neque ex binomio 1 + / 3, neque ex binomio 1 — y/ — 3, radix extrabetur ; 
neo proinde fic deſtruetur [ quantitas] imaginaria / — 3; ſupponenda tamen eſt de- 
Aructa efſe virtualitèr; quod actu N i fieri poſſet extractio. Alid tamen 
vid bec ſumma reperitur et /6. Unde in cubicis binomits, ubi realitas ejuſmodi 
formularum ( tunc cum extractio ex ſingulis binomits fieri nequit ), ad oculum oftendi non 
poteſt, mente tamen intelligitur. Quarè fruftra Carteſins aliique expreſſiones Carda- 
nicas pro particularibus babuere. Si quis poſſet invenire quadraturam circuli et ejus 
partium ex datd hyperbole et gjus partium quadraturd, is poſſet eas tollere ; modd in 
ip/am quadraturam imaginarie ilie rurſis ingrediantur. See the Commercium Epi/- 
tolicum, &c, pages 137, 138. - —_— fas 

In this ae Mr. Leibnitz ſays that / 1 3 ft 27 3 is 
= . Now, if we for a moment ſuppoſe it poſſible for ſuch quantities as 
Vi Yz and /ſt—y — 3 to exiſt, and (having made this ſuppoſition) 
we treat them as other algebraick quantities, it may be ſhewn in the following 
manner that their ſum is = 4/6. OL 14. 


Since 2 + A* is = aa + 245 + 3), it follows (by ſubſtituting / ſt + / — 3 
for a, and / ſi — z for 2) that the ſquare of the quantity / [1 + J—7 
+ /[t—=+/ —3 wil be = 1+/—3 T2 X NH T /—3 Xx 
SI=S=3+1—S—3=2+2xs/1+/—3xsS = 32 
2+2*x A N =3 x [1=4/—z3=2 +2 * ſi— —3 =2 +2 
XxX /[i1+3=2+2XxXv4=2+2X2=2+4=6, d. k. D. 
oh And in the ſame collection of letters called Commercium Epiſtolicum, &c, there | 
is another letter of Mr, Leibnitz to Mr. Oldenburgh, dated on the 2 iſt 57 of 
OR D282 £ une 
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June in the following year 1677, in which there is the following paſſage re- 
_ to the ſame ſubject, which is ſtill more curious and remarkable than the 
ormer, | 

Antequam finiam, adjiciam uſum pulcherrimum ſerierum, qui imprimis Collinio 
noſtro non erit ingratus. Scis magnam eſſe difficultatem circa extrabendas radices ex 
 binomiis cubicis, quando eas ingreditur quantitas imaginaria, orta ex radice quadra- 
ticd negative quantitatis; ut V == M, et V a - Y- N; 
ubi utraque quantitas Met N eſt fingulatim impoſſibilis, ſumma autem, ut alibi oſtendi, 
e quantitas poſſibilis et realis, equalis cuidem quæſitæ x. Ut verd ea eximatur, et 


ut extrabatur radix, nempe, ut inveniatur = + e x / —bb = [a+ =, 


el . — N Y = ο = e —b(ndftv'a+ Y = I + vv 


ſa = = = 2) non poteſt adbiberi methodus Schotenii, Geometria Cartefiane 
ſubjecta, quia opus eft ad eam ut valor ipfius a + / — bb exhibeatur falttm approxi- 
mando; quod notis methodis impoſſibile eft. Quis enim valorem ipfius — bb prope ve- 
rum dabit ? Neceſſe eft enim invenire b X / I; quis autem exprimat / 1 ap- 
propinquando ? Scripſi olim Collinio me remedium inveniſſe, quod elidm ad omnes gradus 
ſuperiores valeat. Id ecce hic uno verbo ! | £61 
Ex binomiis a + — bb extraho radicem per ſeriem infinitam, five per theorema 
Newtonianum, five etiàm more meo priore, inſtituendo calculum ſecundim naturam cu- 
Juſque gradiis, cum, ſcilicet, nondum theorema generale abſtraxiſſem : Quæ radix pona- 
tur eſſe l + mX/ — bb +n +Þ Xx / — Cc. Extrabatur jam et radix ex bi- 
nomio altero, /* (a — bb; fiet illa I—m x „ — bb T- x  — bb Ge; 
ut facile demonſtrari poteſt ex calculo. Ergo, addendo hæc duo extrafta, deſtruentur 
imaginariæ quantitates, et fiet x = 21 + 2n + Sc, que ſunt ex ſeriei portiones in 
quibus nulla reperitur imaginaria. Invento ergd valore ipfius x, quantum ſatis. eſt, 
propinguo, quemadmodum Schotenius poſtulat, reliqua methodo Scboteniand, perinde ac 
in illis binomiorum extrabendorum generibus, tranſigentur. See the Commercium 
Epiſtolicum, &c, pages 202, and 203. 0 
In the former of theſe paſſages Mr. Leibnitz ſeems to have entertained an 
opinion of the poſſibility of ſo extracting the roots of two impoſſible binomial 
quantities, that the impoſſible part of one of the roots ſhould be equal to the 
impoſſible part of the other root, and ſhould be marked with a contrary fign + 
or —, and conſequently that the ſum of the ſaid two impoſſible roots ſhould be 
a poſſible quantity; but he does not ſeem to have then found out a method of 
doing this: but in the ſecond paſſage he informs Mr. Oldenburgh that he had 
found out a method of doing it, and he deſcribes the method to him: which 
conſiſts in extracting, in an infinite ſeries, by means of the binomial theorem, 
or otherwiſe, the cube root of the binomial quantity a + 4/ — 4b, and in ex- 
tracting, in an infinite ſeries, by means of the reſidual theorem, or otherwiſe, 
the cube-root of the reſidual quantity 4 — / — 8b, and in adding together 
the two ſerieſes obtained by theſe extractions, in which ſerieſes the impoſ- 
fible parts will mutually deſtroy each other, fo as to leave a ſeries conſiſt- 
ing of only real terms, to wit, the ſeries 21 + 2» + &c, for the value of the 
ſam of the ſaid two roots, or of the quantity /* {a + / — bb + * ſa — Nb. 
TH/ And 


440 A METHOD or EXTENDING CARDAN'S FIRST RULE 


And Monſieur Nicole and Monfieur Clairaut have done nothing more than expa- 
tate upon this method here given by Mr. Leibnitz, of obtaining theſe cube- 
roots by means of the binomial and reſidual theorems. But both Mr. Leibnitz 
and thoſe other authors, in explaining this method of proceeding, all equally 
ſuppoſe, for a while, the exiſtence of impoſſible quantities, ſuch as / — 4, 
though they contrive to get nd of them in the concluſion : and this, I think, 
renders their methods of treating this ſubject obſcure and unſatisfactory. But 
now in the preſent diſcourſe, I have ſhewn how Cardan's rule for. reſolving the 
cubick equations 5 + 93 r, or gy + y* =.r (which is true in all the caſes 
of that equation, or in all the relative magnitudes of the co- efficient g and the 
abſolute term 7) may be extended (by means of Sir Iſaac Newton's binomial 
and reſidual theorems, in the caſe of roots) to the reſolution of the cubick 
7 1 a 
Sustiong ET * r, when f is leſs than V2 17, or T is leſs than = 
or 55 by finding its leffer root, from which the root of the oppoſite equation 


x? g may be derived by means of a quadratick equation, as is ſhewn in my 
Differtation on the Uſe of the Negative Sign in Algebra, art. 218, pages 182, 
183; and in the paper publiſhed in the Philoſophical Tranſactions for the year 
4778, 1 bave ſnewn how Cardan's other rule for reſolving the cubick equation 
5 - = #, or x* g = r (which is true only when 7 is greater than > „or 
= is greater than — may be extended (by means of the ſame binomial and reſi- 
dual theorems in the caſe of roots) to the reſolution of the equation y* — gy = r, 
or x? — gx = 7, when ris leſs than LT, but greater than /2 x 7, or when 
< js leſs than - but greater than 2 x E, or than - ; and conſequently, by 


4 x | 
both theſe diſcourſes together, I have enabled the reader to extend one or other 
of Cardan's two rules to the reſolution of the equation K* — gx = r, when r is 
of any magnitude leſs than 7, whether greater or leſs than V2 X Ly or 
when 7 is of any magnitude leſs than 25 whether greater or leſs than ; and 


this without any mention of either impoſſible or negative quantities : which, I hope, 
will be conſidered as a valuable improvement on Mr. Leibnitz's and Mon- 
fieur Nicole's method of effecting the ſame purpoſe, by all ſuch cultivators of 
Algebra as are fond of ſeeing it treated in a ſcientifick manner, or with perſpi- 
cuity in the ideas and accuracy in the reaſonings throughout all the various pro- 
ceſſes of it, inſtead of being uſed as a ſort of manual exerciſe, or mechanic art, 
by which conclufions are obtained we know not how, like corn that is put into 
a mill, and ground to meal, without the owner's comprehenſion of the manner 
in which the operation is performed. 
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IN THE FIRST CASE OF IT, 


or when r is equal to, or greater than, 114, or c i | 


equal to, br greater than, 55 to the other caſe of the ſame 


equation, in which r is leſs than 17, or = is leſs than 55 
and which the ſaid rule is not naturally fitted to reſolve ; 
provided that the abſolute term r ( though l/s than LT ) 


be greater than xi a x 7275, or that S (though leſs thax 


3 I 3 
=) be greater than — X — or than 2 
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M „ee 
OF EXTENDING 


ART, 1, T; is wat Wen to all ll perſons converſant with Algebra; that Car- 
dan's rule for reſolving the cubick equation y* — gy = r is only 


fied to reſolve it when 2 T is equal to, or greater than 95 or when the abſolute 


term 7 is equal to, or — than, Ts and that it is & no uſe in the reſolu- 
tion of the other caſe of this equation, in which = 7 is of any magnitude leſs than 


= or r is of any magnitude leſs than 1,” For in this caſe the reſidual quan- 


tity * Z —£, or the exceſs of 2 7 above 25 becomes (according to the uſual lan · 
guage of algebräiſts) a negative quantity. and conſequently its ſquare-root 
(which enters into Cardan's s expreſſions of the root of the equation y*' —gy r) 


becomes impoſlible, and thoſe expreſſions (which are POL + VE — 2 + 


3 2 7 Ik 
* fon vie 27 * 


2 
rr Ti r rr * 
. 2 of EEE 
and wile + E —_—— — * 790 become impoſſible, or, ac- 


cording to what appears to me a more Lorrecl way of ſpeaking (as I never 
could form any idea of a negative quantity, nor could ever underſtand by the 
ſign — or minus, any wy more than the ſubtraction of a leſſer quantity from 


a . the quantity — — — 75 itſelf becomes impoſſible, or the ſuppoſition 


that — is greater than 2 (which is one of che foundations of Cardan's rule 


above-mentioned) is as Wager true, and conſequently the crc Rn which 1 is 


built upon it, can no longer take place. ö 
| TH 2: 2. Never- 
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2. Nevertheleſs it is poſſible by the help of Sir Iſaac Newton's binomial and 
reſidual theorems in the caſe of roots (which have been demonſtrated in the 
foregoing diſcourſes, of this volume) to extend this rule of Cardan to the latter 


caſe of the equation y* — gy = 7, in which 7 is leſs than 2 or r is leſs than 


, and which it is not, of itſelf, fitted to reſolve; or, to ſpeak with more ac- 
34/3 218422 10 

curacy, it is poſſible, by means of the ſaid two theorems of Sir Iſaac Newton, 
to derive from one of the expreſſions of the value of y given by the ſaid rule of 
Cardan for the reſolution of the equation 3 — gy = 7 in the firſt caſe of the 
ſaid equation, or when S is equal to, or greater than 2 another expreſſion 
ſomewhat different from the former, but bearing a great reſemblance to it, that 
| ſhall exhibit the true value of y in the ſecond caſe of that equation, or when 
= is leſs than £, provided it be not alſo lels than = x £, or than ©. And 
this may be done by a train of juſt and clear reaſonings, and without any men- 
tion of impoſſible, or even of negative quantities. To ſhow how this may be 
cficied is the denn of the following pages. 


3. That the whole of this matter may be ſeen at one view, it will be conveni · 
ent to ſet forth the foundation and inveſtigation of Cardan's rule for reſolvin 
the equation y* — gy = 7 in the firſt cafe of it, or when the abſolute term r is 
equal 'to, or greater than, 7, or 7 is equal to, or greater chan, 2 which 
may be done in the manner following. | = | | 
Obſervations preparatory to the inveſtigation of Cardan's + 
rule for reſolving the _ cubick | equation y* — qy = nr, 


when r 6s equal to, or greater than, v4 or — is 


34/3 4 
equal to, or greater than, 25 | 


83 1 
4. Previouſly to the inveſtigation of this celebrated rule, it will be proper to 
make the following obſervations. „ . 

OnszxxvATTOx 1. In the cubick equation y* — gy = r (which is a propoſi- 
tion affirming that y*, or the cube of the unknown quantity y, is greater than 
99, or the product of the multiplication of » by the known co-efficient , and 
904 exceſs, or difference, is equal to the known quantity 7) it is evident that, 


ſince y* is greater than g), =, or yy, muſt be greater than = or 9, and conſe- 
quently that y muſt be greater than /g. | 

Ons. 2. While y increaſes from 7 ad infinitum, y* will increafe continually 
from 9% ad infinitum, and gy will alſo increaſe continually from the ſame quan- 
tity 279 ad infinitum. 


Ons, 3. 
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_., Ong, 3. And, while y increaſes from g ad infinitum, the exceſs of y* 
above gy will increaſe continually from nothing ad infinitum, without ever de- 
creaſing . — L 

For. if we 2 (or the letter y with a point placed over it) to denote the in- 
crement which y receives in any given portion of time, either ſmall or great, 
during its increaſe, 95 will be the increment which gy will receive in the ſame 
time, and 3y*y f + y* will be the increment which)? will receive in the 
ſame time; becauſe, when y is increaſed to y + I, will be increaſed to g & 
5 +), or togy + gy, and y* will be increaſed from y* to y + N, or y + 
30% T + y*: Now, fince * is always greater. than g during the whole 
increaſe of y from being equal to V ad infinitum, it follows that y* Xx y, or 
5, will be greater than q x Y, or gy, — that whole increaſe. But 357 is 
Freater than 5, and 33 + yy" + js ſtill greater than 3y*y. Therefore, 

fortiori, 35 + 35 + y muſt be greater than 9 during the whole increaſe 
of y; that is, the increment of y* will be greater than the contemporary incre- 
ment of gy during the whole increaſe of v. Therefore the reſidual quantity = 
— qy, or the exceſs of y* above 28 continually increaſe from o, without 
ever decreaſing, while y increaſes V to any greater magnitude. 

Further, fince 3y* 9+ 35 + y* is the increment of y, and 7 is thencre- 
ment of gy, and y*y is greater than gy, it follows that the exceſs of the increment 
of y* above the increment of gy will be greater than the exceſs of the increment 
of y* above 59, or than the exceſs of 3y*y + n + y* above y*y, or than 
the quantity 25 + 3% + 5. But the excels of the increment of 5 above 
the increment of gy is the increment of the reſidual quantity y* — gy. There- 
fore the increment of the reſidual quantity y* — gy is greater than the quantity 
2% +.339* t . But it is evident that the quantity 27 + 3% + y? 
will increaſe continually ad infinitum, while y increaſes ad infinitum ; ſo that no 
quantity can be aſſigned, how great ſoever, which the ſaid quantity 2y*9 + 
350% + , or either of its two firſt members 2y*y and 33.» may not, by in- 
creaſing the quantity y continually, be made to exceed. Therefore the incre- 
ment of the reſidual quantity y* —'gy (which increment is greater than the 
quantity 25 + 3) + 5*) will increaſe continually ad infinitum, or ſo as to 
become greater than any finite quantity, how great ſoever. And conſequently 
the reſidual quantity itſelf (which receives the {aid continually-increafing incre- 
ments) will increaſe continually from o ad infinitum,. or ſo as to become greater 
than any finite quantity, how great ſoever, d. E. D. 


Oss. 4. Since the compound quantity y* — gy increaſes continually at the fame 
time as y increaſes; and, when y is equal to 2975 the ſaid compound quantity is 


- 


to (82/9 LI or LI AI or II : nt 
equal to(— 77 or 575 70. — it follows that, if y is greater 


than 2, the compound quantity y* — gy will be greater than 5955 and, if y 
is leſs than 27, the ſaid compound quantity will be leſs than 217 and 2 con- 
verſo, if the compound quantity 5 — gy, or, its equal, the abſolute term , is 

| | 6 : greater, 
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greater than 215, the value of y will be greater than 27, and, if y? 15 or | 
7, is leſs than 55. the value of y will be le than wi, or if S is greater than 
8. „ will be greater than at; and, if — — is leſs chan f „ wi be leſs than 
To - 


v3 "I Ip | | 
Ons. 5. When 7 is greater than 2285 or — is greater than 9 and als! 


34/3 , 
quently (by the laſt obſervation) y 1s greater — wy » will 8 greater than 
5 and conſequently 2 E will be greater than To But 2 — is the ſquare of =, 
Then when 7 1s W than e, or, — — 1s greater 958 25 the ſquare of 


2, or of half the unknown dat I, * be greater than 5 Bur (by Euclid's 


Elements, Book II, Prop. 5) it is always poſſible to divide a line, as y, into two 
unequal parts of ſuch magnitudes that the rectangle under the ſaid parts ſhall be 
equalygo any quantity that i * leſs than the ſquare of it's half. Therefore, when 


r is greater than 20, or 2 is greater than L, it 1s poſſible to divide the line, 
or root, y into two unequal parts of ſuch magnitudes that their rectangle, or pro- 
duct, ſhall be equal to 7 | 


This laſt obſervation is the foundation of Cardan- s rule for the reſolution of 
che cubick Err 5 99 = r, in the firſt caſe of it, or when r is greater 


than 25 or 7 is greater than 4 ; the inveſtigation of which rule I ſhall now 
SFU to explain by the ſolution of the following erg. 


— 


PROBLEM I, 


6. To Airs the — equation y*, — gy = 7, when the abſolute term 7 is 
greater than 27, or — — is greater than 5. 
— 
$OLUTION. 


Since r is ſuppoſed to be greater than 2157 , and conſequently (by Obſerva- 


tion 5) = is greater than 7 it is poſſible for y to be divided into two unequal 
parts of * magnitudes Fe their rectangle, or product, ſhall be equal to * 

Now, let it be conceived to be ſo divided; and let the greater of i its two parts be 
called v, and the leffer be called z. Then will vz be = 4. and conſequently 


3 vz will be = 7, and 3vz * v + z will be = 2 * 


Now f 
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Nov, ſince v + z is = y, we ſhall have y* = v +2 = r + 
302" + 23 = v? + 2? ＋ 3v*2 + 3v2* =v* a + 3 X vV + 2; 
and we ſhall have 9 = q x v + 2. Therefore y? — gy will be = v? + 2 
+ 392 Xv+2 —qXv+2; that is (becauſe 3 vz x d + 2 is equal to 


qX v+2), „ = qy will be = v + z. Therefore the abſolute term v 
(which is equal to y* — gy) will be = v3. . 


But, ſince 3 vz is = g, we ſhall have 2 = 2 and conſequently x = = —— 
Therefore v + 2* will be = v + - and 3 r (which has — 
ſhewn to be equal yz + * will = = Tk + — Therefore (multiplying 
both ſides of the equation by viv will be = * + 2, and ſubtracting v* 


from both fides) rv? — v* will be = 2. 


But vi — v is the product of the multiplication of r — v* into v?, which 
are together equal to r. Therefore (by El. II, 5,) rv* v' muſt be leſs than 


the ſquare of half of v, that is, than . and conſequently may be ſubtracted 
from c. Let it be ſo ſubtracted; and, let its equal, 55 be alſo ſubtracted from 
the nne quantity — And the remainders will be * to each other; that is, 
= — c. — ve, or - — 79? + v5, will be equal to — = —£. Therefore the 


4 
ſquare-root of the trinomial quantity 7 — 79 + v* will be equal to the ſquare- 


root of 7 — 5 But the ſquare· root of the trinomial quantity 2 —r03 +v* is 
the difference of the ſimple quantities i and v „ that is, either = — v3 or v 
— =, according as — or v3 1s the greater quantity. But it has been already 


ſewn that v* and z* together are equal to r; and v is ſuppoſed to be greater 
than z, and conſequently v? is greater than z*. Therefore 9* muſt be greater 


than the half of v* + z?, and W Ons CEA OE There- 
fore the difference of — and v* muſt be 9? — 25 and not — — — un; and conſe- 
quently v — — — muſt be the ſquare-root of Fs trinomial quaatiyZ — 1 + 


5. We ſhall Fr have v* — 2 2 E. — f; 75 and conſequently (ad- 
ding © to both ſides) v? will be = © + A 5 5 and therefore (extracting 


the cube-roots of both ſides) v will be = E= E 
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But z has been ſhewn above to be = 2» Therefore v +2 will be (= v + 

r 188 1 
VET v[E—L+ TE fr e conſequently y, 
12 F 
or the root of the cubick equation y* — qy = (which is equal to v + 2) will 

2 reien | 
— | 4, 37 ” 2 | 
35 7 —>: 5 Q . I. 


6. This expreſſion of the value of y in the equation y? 8 9 — r may be ren- 
dered more ſimple by ſubſtituting in it the ſingle letter e inſtead of =. and the 


ſingle letter 5 inſtead of 1 — 5 ES For then it will be y* (c + s + N 


Therefore, if e be put for half the abſolute term r of the cubick equation y* — 
gy r, and be put for 2 — £, ors be put for the ſquare-root of = * 55 the 


*. , 1 1 1 —— 
. will be equal to y/*[e T s + 77 or to e + q 3 + 


3 X + At 5 5 | . E. I, 


A ſynthetick demonſtration of the truth of the foregoing 


—————— —————— — —— 


2 | | 
7. Since this expreſſion F F Ig + JF; is equal to the root y of the 
equation y* —9qy = r, it is evident that, if it were ſubſtituted inſtead of y in the 
compound quantity 5 - 99, which forms the left-hand fide of that equation, 
it would make the ſaid compound quantity be equal to the abſolute term r. 
And ſo we. ſhall find it will, if we make the faid ſubſtitution ; which may be 
done in the manner following. | h 9 


If we ſuppoſe y tobe = e + A3 + . we ſhall have y? = e+$5 + 
x TT x = „ 
3 X e +513 TY; Ha, Koo * gxe+di © anxets 


I 
_ 77 ad | 
2 1 +9 Xe+1 + 77 N J * 7 X 7 and gy ( f & 


" I 
L3 7 — 22 
2 1 1) Xe N. et and conſequently 9 — 
5 ſy 


ron THE RESOLUTION OF CUBICK EQUATIONS, & c. 449 


gy =ebo +9 X5+ TFT uh — er- e 


3 4 1 2 1 
2 1 Se e 12 7 * 77 
* 270 ee. » HW 4 7 15 


270 +275 x 
Bur, becauſe i is = . — £, or ee — 8 ve ſhall have 2 + 5 — radon, and 


2 Ss, and conſequently 97 = Joy — a7 3". 


27 
Therefore the fraction 
2076 4 HED TY II be 2» 275 4 Ep aye (yt = + 546 
27e + 275 278 + 275. e + 278 ? 
and conſequently the compound quantity 9” —7q 5 (which has been ewn to 


be equal to the ſaid fraction) will alſo be equal to the fraction 2 85 v7 =, and 


* 

— 22 + 265 ze c 4 2 <= 
N 7 = 2 2 X r. ' Therefore 7 Ff 
"161? 


uſt be ual th root f the Tm gy =, 
+ N m * to che * equation y 9 17 
3 | | & E. D. 


cer rin thereof the e . 
| 21 IT. 
171 


8. By reſuming the fotution of the foregoing . we may find another 
. for the root y of the equation y* — q.y r, to wit, the expreſſion 


VE EE. 


or 705 + oo Ai 5 his expreſion may MN found in the following 


manner. 


be inveſi gation of . the [ail Second expreſſion for the value 
be root y er cubick * — 9 Dr. 


— — 


9. In art. 5 we ſuppoſed the line y to be divided into two unequal parts, v 
and 2, of which v was ſuppoſed to be the greater; and we firſt found the value 
of the greater part v, and then determined that of the leſſer part z by its relation 
to v, which is expreſſed by the equation: 3 v2 . Bur we may with the ſame 

Vox. a 3M caſe 


450 4 METHOD OP EXTENDING" CARDAN's FIRST RULE : 


eaſe firſt determine the value of the leſſeꝶ part z, and then derive from the ſaid 
value of z the value of the greater part v by means of the ſame equation 3vz = 
which expreſſes their relation to each other ; whereby we ſhould obtain the 
Bond —— of the value of v . 2, or 2 + v, orꝙ, which was ſer forth i in 


the foregoing article, to wit, V 3 F- — of 7 wb Fl + 


ha 


1 7 * + —=. Wen 
manner 8 

Since 3 V2 1 is = 9, and conſequently v is = L and v is = - and it has 
bank ſhewn i in art. 5 that v is = =" + 2?, it follows that 7 will be = - + 20. 
Therefore rx. will be = 5 + 2; and rz — 2 will be 5 Therefore, if 
we ſubtract both ſides of this equation from — DP (which is . to be greater 
4 95 and conſequently muſt alſo be 8 than, its equal, 725 — 2 che 
: painter will be equal to exch other ; that is, — — 27% or oo — r2* 
+ 2%, will be equal —ů— Therefore the ſquare- root - of the trinomial 
quantity — — — #2 + 2* "oil be 9 to the {quare- «root of — > Wikis 5 But the 


| et of the trinomial quantiry = — + 21 is the 5 of the ſim- 


ple quantities — and 25, that is, either — — 23 or 2? — - according as —or 


z* 1s the greater quantity. But, becauſe ris equal to v* + . and v* is greater 
than 20, it follows that 20 muſt be leſs than one half of v* + 2, or than one half 


1 7, or than — —5 and conſequently the difference between — " — and 2? will be — 
— 2?, and not 2 — = Therefore - — 2? will be the {quaxe-root of the tri- 
nomial quantity =_ — 72* + 2*, and conſequently will be equal to the ſquare- 
root of = — g, or — z* will be = y/ ry — 8. Therefore (adding 25 to 
both fides) © will be = 2 + / C — F, and (ſubtrafting . [Z — from 


both ſides) 2? will be = — „ — 555 and conſequently (èxtracting the 


cube-roots of both des) z will be om . Therefore * v 
1 1 — 2 r L= 
7 1 5 N. E 


** 
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— 2 


2 


= or the root y of the range 


tion y* —qy =r 258 be equal to the expreſſion Th — "== £ * 


1 
3 — 
128 Te . or to the expreſſion * 77 2 1 or 
1 4 | 27 ” \ | h ' 5x " 
I a 
7 n 51 B 22 E. I. 


A ſynthetick demonſtration of the truth of the foregoing expreſſion. 


I. c 1 eros; <> AM LECT USI__SD CO —4%t«e.. K 


10. Here again we may demonſtrate ſyncherically, that this expreſſion 7 I 3, 
— . DE 9 = . 


by ſub bſtituting it for y in n the a und quantity 5 — gy, which forms the leſt- 
hand fide of the faid equation. 'For, if we make this ſubſtitution, we ſhall find 
that the value of ) — 4 thence ariſing will be equal to the abſolute © tern 7 
This may be ſhewn in the manner * at 


If 5 is ſuppoled-eo-be-oqual-no-w—= 3 — ſhall have r 
1 


: CY The 3 Oy 
(= e—5 + 3 * fo! 3 * zxe=4þ 7.3 * Ai * hn fs 


D eee 


* EA + HED = * 7 5 . rr = and conſequently o- 


* _ 2 
— "— 8 
„E 77 | x £=at © e 6.7 . 3 
= OY WE 27 Xe — = x. 1: 2 % N r 
3 * 4 A 27 X 6 217 ; 27 Xen — — 272 227 0 
* 2 =:$46 + n+ 2 þ - 
276 — 2795 


But it has — ſhewn in art. 7 that q? is = WORD Fg Therefore the 
fraction 22 D549 +279 +8 ig n 222 = 546 + 276 + 278 278 548 = 5468 
27e — 27s mi 276 — 277 = ASS Te 277 


and conſequently the «adage quantity y% — gy (which has been ſhewn to 
be equal t to the ſaid fraction) will alſo be equal to the fraction 42.5548 hs 


2786 — 275 
3 M 2 54 Xx * — e 
| 27 XR 727 
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. — * 22 * 2 * 22 * S=7; thatia, 


the value of the compound N — gy arifing from the ſubſtitution of the 


expreſiion A 3+ 7 = in its terms inſtead of y, is equal to the abſo. 
_ — r of the cubick equation * =r. Therefore the ſaid expreſſion 


IT 3 


4 third expreſſion for the root of the f foregoing equation 
MOT „r. 


— 


E LI .. — ———— ꝙei 


--xt; We may alſo, by reſuming the ſolution of the foregoing problem con- 
rained i in art. 5. find a third expreition for the root of this equation y — gy = 7 


8 1 
e * 


r l or ẽ FAT + 743. This expreſſion may be found 


in the following manner. 


7 


69 it the arehen fg f 


R 


A bf 


The inveſtigetion of the ſaid third rate: value 
hin x — _t gps 7: = 


* - 
EAI "SY 


— * — L th 
« 1 


— 


ä 12. Since * +2": is =, it — will be = — -.. But is 
bern in art. 5 to be = ==+& _ Therefore r — v* will be = r — 


2 — 9 — ＋ — . T, cane 2? (which is equal! tor — 


EE 5. Then ite = iE ded > = 


and æ will be = ma =p and. conſequently-v + 23 or , will be 


? - . LY as FOR | 
rA + 7— 3: ee. 
s M An- 
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4 ES e of the truth of the foregoing expreſſion. 


— — d — 


13. Here again we may demonſtrate ſynthetically that this expreſſion 
; 1 
CF IN ＋ 7 3 is equal to the true valne of y in the propoſed equation y 


—gy =r, by ſubftituting it for y in the compound quantity y* — gy, which 
forms the firſt, or left-hand, fide of the ſaid equation, For, if we make this 


fubſtitution, we ſha]l find thar the value of y* — gy thence arifing will be equal 
to the abſolute term r of the ſaid equation. This may be ſhewn in the nn 
manner. 


If is def to be = FAT + TDI, we hall bes (=e+5 + 
f X7ET +3 x 7713 „ 
77 l + 3. 7707 x 775 = 26 +3 X 7+ x 
7FAs x 70 + 3x (0 7A x 71s) = 2e +3 * 
+93 7 Fr * N N, and S 
Ar +70) = g x77 ts + 9 X 775, and conſequently v 
„ +3 X TE x f + 3 x 7203 x TR 


77 75. 
But it has been ſhewn in art. 7 that 2 is = CINE <4 * ee—5s. 


Therefore f will be = 3 * * r ot 3 * . N * 


Hin be = * . * f x N ll e 
* 8 7 X = A to 9 N 
FETs x = n 5 f FH 7 x 
ii) will be = oe + 3 x FEW x @=D5 + 3X FI x 
TDI 3 x GAs ee, * = f x g = 2. 


S 4 K 2 — i= x; that is, the value of the #964 mag N . 


* the ſubſtitution of the expreſſion e + TIT + e ZIP in its terms inſtead 
at Y, is 241 to the abſolute term - of the cubick equation y? — gy = r, and 
7 8 
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1 | _ 4 | 
conſequently the ſaid expreſſion e + 53 + 43 muſt be equal to the root 
of the ſaid equation. Q. E. b. 


14. I do not remember to have ſeen theſe ſubſtitutions, or ſynthetick demon- 
ſtrations of the expreſſions given by the foregoing rule of Cardan for the root 
of the cubick equation y* — q.y = , in any book of Algebra. 


15. I will now, by way of illuſtration of the expreſſions that have been above 
inveſtigated, ſubjoin an example of the reſolution of a numeral equation of the 
foregoing form y* — gy = 7 by each of the three expreſſions above-mentioned, 
by which it will appear that they will all three bring out the fame number for 
the root of the propoſed equation. | 


—_—_ ——©—@©—©GEAC———C———_-__ 
An example of the reſolution of a cubick equation of the 
' foregoing form, y* —qy r, by means of each of the 
three foregoing expreſſions. 


| . — 
16. Let it be required to find the value of y in the equation y* — 35 = 18. 
In this equation q is = 3, ander is = 18. Therefore /q is = V;, and 


297 is = 2X3N03 — 2, which is much leſs than 18, or r. Therefore this 


3 , 
— comes under the firſt caſe of the general equation y* — 9 = r, and 


conſequently may be reſolved by Cardan's rule, or by either of the three fore- 
going expreſſions. 3 


The reſolution of the equation y* — 3 = 18 by means f 
the firſt of the three foregoing expreſſions, to wit, the ex- 


/* [ep 5 + ——. 
prefſion v/* ſe +5 ＋ IF 


17. Now, ſince g is = 3, 1 will be ( 5 = 1, and conſequently 8. or 

the cube of TD will alſo be = 1. And, ſince 7 is = 18, we ſhall have , or e, 

= , and =, or ee, = 81, and conſequently — — 2 (= 81—1) = 80; 
4 ASI 

that is, 55 will be = 80. Therefore s will be (= 4/ 80 = 16 x 5 — 

16 N 5) S 4 , ande wil be = 9 + 44s = + 


SNK AN _ 9x8+8x4xy4/5 _ 72+324/5 _ 27 +2174/5+45+54/5 _ 
Pan Be pn 8 > 7 8 5% 8 Ji 


WBraxoyetaxaxetcys 
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DP = t. 


d. 


8 
and conſequently. ,/* 2 + 5 will be = . . Therelars EN r vil 
—.—, d Fa 3 _ — 8 
be 5 800 ons a NI © 38 
2 2 
8 2 n — 9 — L 8 1 
TED: . * r : ＋ 7 
DA 1 2 X 2 . — 4+0/5 


2 ro III 2xG+ vc "IE; © 11 


b , e N 
2 X ETD N Therefore 3 is 
4 value of y in the equation 3 35% = 18 obtained by means of the expreſ- 


ſion 4? s 
on Ye ＋ 5 + — 


. 


18. And, upon trial, we ſhall find 3 to be the true value of y in the ſaid 
equation 5 — 39 = 18. For, if y be ſuppoſed to be = 3, we ſhall have y* 
= 27, and 3y'= 3 Xx 3=9, and conſequently 5 = 339 =27 —=9 = 18, 


or the abſolute term of the propoſed equarion Y* 35 = 18, Therefore is 


the true value of y in the ſaid equation. Q E. v. 


And thus we ſee that the * of the three foregoing expreſſions, to wit, the 


expreſſion 3 e +5 + — has given us the true value of y in the pro- 
„ 
poſed equation 5 — 35 = 18. 


* 


The reſolution of the ſame equation y* — 35 = 18 by 
means of the ſecond of the three foregoing expreſſions, 


to wit, the expreſſion / * (6 — Ee 


— . — 


19. Now, ſince 7 is = 18, and conſequently —, or e, is = , and 5 has been 
ſhewn to be = 4/80, or 4 v5, we ſhall have es 2 9 —4v; = — 
= 21=27 SES L, and conſequently / ſe—s = . Therefore 
— 1 wil b = —— = — = —, ad / 6-8 + 


3y/[es n Lys 3>vV 
2 , 
r a. , ＋ N W © 23059 


64/5 +6 
EL 
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-2 


9=6/5+ 1 A + 4 = CS = 


2 * 1 5 2 KE 2 * 2 * 3 5 2 * 3 5 


— = —— bY = 3. Therefore, according to this ſecond expreſſion 


Ve —s + 
it was found to be by the firſt expreſſion ® 


. heme: — equation y — 3) S 18 is 33 as 


The reſolution of NUR? . 7 — 35 = = 18 by n means 
of the third, or laft, of the three foregoin Te to 
wit, the expreſſion / [e + 4 + e en — 


20. Since v* (FT has been ſhewn in art. 17 to be = LL, and Wes 
has been ſhewn in art. 95 to be = , we ſhall have ſe + 5 + [es 


= 2. + 228 2 . Therefore by this expreſſion, as well as by 
= the former, the value of y in the equation y* — 35 =1 18 comes out to 
3. 


— — — 
A S$SCHOLIUM 


21. I have dwelt the longer on the foregoing” explanation of Cardan- s rule 
for reſolving the cubuch equation y? * in its firſt caſe, or when r is 


greater than 3, or — is greater than 55 becauſe I have obſerved that it has 


been delivered by many writers of Algebra with an uncommon degree of ob- 
ſcurity , and has been made the ſubject of much myſterious and fantaſtick rea- 
ſoning, or rather diſcourſing, concerning negat negative and impoſſible quantities. 
But now, I hope, it will be found intelligible, and even eaſy, to ev. reader 
who is acquainted with the firſt rudiments of Algebra. 

2342. This method of 22 cubick equations of this ** 5 99 Dr, in 


he firſt caſe of it, or when = — is greater than — or er 1s greater chan 7, and 


a fimilar Ne of $45 cubick equations of the firft form, y* + gy = x, in 


| = — — a FY 
— — — — = - __ TE 


®* See Newton's Arithmetica Univerſalis, the ad — in the year 1722, pages 279, 280, 281 z 
and Mac Laurin's Algebra, Part II. c p: —＋ pages 2 223, 22 8 and Part I. chap. xiv. the Sup- 
plement, 4 * 130 an 12 's „pages 282, 283. 297, 
* ol. II. pages 692, 693, 694, 69% « 707. OS 
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all caſes of that form, or whatever may be the relative magnitudes of the co · effi- 
cient and the abſolute term r, are uſually known by the name of Cardan's Rules, 
becauſe they were firſt publiſhed by him in his Treatiſe of Algebra, intitled, Ars 
magna, quam vulg) Coss Au vocant, ſeu REGULAS ALGEBRAICAS, in A. D. 1545, 
and not becauſe they were of his invention. For the rule for reſolving cubick 
equations of the firſt form, y* + qyagsr was firſt diſcovered (as Cardan himſelf 
informs us) by one Scipio Ferreus, e, of Bononia, or Bologna, in Italy, about 
30 years before the publication of Cardan's treatiſe above mentioned ; and the 
other rule for reſolving cubick equations of the ſecond form y — gy =, in the 


firſt caſe of it, or when I is greater than 25 (and which has been the ſubject of 


the foregoing pages) was invented by another Italian named Nicholas Tartaglia, 
or Tartalea, who was Profeſſor of Mathematicks at Venice, and diſtinguiſhed 
himſelf very much by his ingenious diſcoveries. He was a cotemporary and a 
friend of Cardan, and communicated this invention to him under a ſtrict pro- 
miſe that he would keep it ſecret ; and when Cardan afterwards publiſhed it in 
the treatiſe above mentioned, Tartalea complained bitterly of his breach of pro- 
miſe, and would never afterwards be reconciled to him. He died in K. D. 
1557. See Montucla's Hiſtoire des Marbematiques, Vol. I. pages 462, and 479, 
480, 481. 


'End of the inveſtigation and illuſtration of Cardan's Rule 
for reſolving the cubick equation y* —qy =r in the © 


firſt caſe of it, or when r is greater than g = or == 


— 4, Moe £1, W Ct, „ & 


23. I ſhall now proceed to convert the laſt of the three foregoing expreſſions 
of the value of the root y in the cubick equation y* — gy = #, to wit, the ex- 
preſſion / ſe T + NY, into an expreſſion involving in it an infinite 
ſeries of terms; which may be done by means of Sir Iſaac Newton's two theo- 
rems for finding the root of a binomial quantity, as 1 + x, and the root of a 
reſidual quantity, as 1 — x; both which theorems have been demonſtrated in 
ſome of the preceeding diſcourſes contained in this volume of trafts. _ 


—— — 


BELLE S87.f 


24. To convert the expreſſion V le + 5 + +/* e—5 (which has been ſhewn 
to be equal to the root y of the equation * = gy = r 0 the firſt caſe of that 
equation, or when r is greater than 7, or 54 is greater than L) into an ex- 
preſſion containing an infinite converging ſeries, by means of Sir Iſaac Newton's 
binomial and reſidual theorems in the caſe of roots. 

Vor. II. 3 N sor v- 
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$OLUTION, 


| Since e+ is = x |: + —ande—Sis = X li ==, it follows that 


ee vin be S ex V. fi +4, and So C= will be = x 
wu? [; — > and conſequently /? 


Jr —s will be = (x 
vr +< ig Vi- = Vi x eh 7 * Ve. * 


| But, by the binomial theorem in the ON of 12 85 55 3 lr + = equal to the 


infinite ſeries 1 + —A — 5 B A 2 ＋ 0 2 244125 


46 17 A 20 af 23 7 9 55 1 s 2 , 1 1: 
1 7 4 2H1S 7 SE RY 
Sf Sf 41 p 402 2222 


inſinitum, or (if, for * ſake of brevity, — omit * . generating fractions 
D $3 E * F 55 


8 
7, 8 2.5 TY 7s i 10 2 76) ech to the ſeries 1 += Fr 1 
my . M $77 N 4 "ab P $74 $4 * R. 


es — + &c 5 infnitum. And, by the reſidual theorem in the caſe of 


1 
. the ſeries 1 — AS 334 — 404 
l 20 2 — 2 H 212 2 K 


"5 29 x” 5 32 422 $33 6 318 44 2 
bender 
— 2 7 — 2 $ 5; — &c ad infinitum, or to the ſeries 1 — = — = — 


D 83 E * 7 of H $7 14 K 59 L $9 Mt N $72 0573 574 
— 


E ² P · 
| 16 17 1 7 , . 
— Wr — == ir &c ad infinitum, which conſiſts of the very 


fame terms as the ſeries which is equal to / f + 75 but with the fign — pre- 
fixed to every term after the firſt term 1 inſtead of every other term. 


Now, if theſe two ſerieſes (which are equal to y/? 1 + —and v/ * [1 =) be 
20 5* 5 2 8 36 2120 


added * =. * the T 
rere c ad infritm, in which all the 


terms, after the firſt term, 2, are marked with the = —, or ſubtracted from 


the ſaid firſt term. Therefore / [x + © + 4/3 [1 — — will be equal to the 
faid 
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2c. 2854 2655 21% 2159 ans 27 ax; 
e = OR pn nd 2895 
— 275 — &c ad infinitum. Therefore v/*(7 x N. 1 +=+ 7 
will be = 0 r the id fries 2 — SEE 2 224 — f 2D 
— r — Kc ad infinitum = 2 Ve * the ſeries 


eee . ot ER. 19/7 
77 TCO x * 


fnitum. Therefore the expreſſion V ſe + 5 + Ve (which is = Ve 


X 2 „- ) will be equal to 24y/*(e x the ſeries 1 — = 
SPP e eee ee 
k. F 


25. It follows from the foregoing article, that the root y of the cubick equa- 
tion y* — gy = r (which has been ſhewn above to be equal to the expreſſion 


C 5* 


[es + Ve) will be equal to 2y/? [e x the infinite ſeries 1 = <5 
nf os 1s ZEN 


always leſs than =, or ee, and conſequently the fractions - _ fs * I N. 
_ = 2 2. &c (which are the literal parts of the terms of the ſaid ſe- 
ries), will 8 a decreaſing progreſſion, and therefore the terms themſelves, 
which are produced by the multiplication of the ſaid fractions into the numeral 
co-efficients C, E, G, I, L, N, P, R, T, &c (which likewiſe axe a ebene 


progreſſion), will alſo form a decreaſing progreſſion. 


27. If we n the ſeveral numeral en of the Looms of the ſeries 
9 pf nas. He Ls 77 


1+ = +7 = 7 e T 
2 I I n 476 31 X 33 
r SE 
equal to / | + 25 we ſhall find them to be as follows, to wit: 
A= 1, | 
LA 2 
e e ee e 
eee 
ICS LX Z, 
and D (g C XD 77 


3 N 2 and 
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i 1 8 _—- 2 + — * 
5 — — I — 8 Me IIX2, 23 
— i * 273 243 3x 5 * 705 243 — OO 
Z IC BE on L-v6-22. = 220% 
and G (= ds IE: ) 8er 
==) 324. 


HUGA | 
and FI (= 21 G = 21 * 8557 65561 — 72 „ = TT TY = =, 


112 2 20 224. 2 ME IX 17 
and I ( . * H= X 70.552 19,033 X 19,683 © 3X2 * 19,5683 3559,683 


_ 
| 59,049* 
8 if 2 933), >= 259% 
K (= 27 = Do 7559323 | 
26 6 21,505 21,505 I * 4301 
r = = te = _ —— 
2 0 30 3th Jo * 1,594,323 © Is 75947323 35 1,5045323 
| 3X 11594323” 7,782,959 
= — = 29 „ 2-2 
and M (= * 33 . 4,782,969 * 14,348,907? 


| , — 147,407 1,179,256 - 
N — M — 32 N 147 407 — U — , 9 
and N (= 38 36 * 14,348,975 9 1,348,967) 129,140,163 

212280 — 35 13907212 — 35 X 90,712 ) 
* T29,149163 37 * 12,163 3 129140103 


31741929 
| 8 17 CRORE 341742920 29” * 
1 CO 2 * 5 OI 1 387540 777 * 3 — ö 
e eee ken 
_ a 25 5 * * 8 5 * 725 10266) = hs x 


$X 147239528 4 1y723,528 )= 79,664,648 ' 
1,162, 261,467 © 9Xx1,162,261,467 10,460,35 3,203? 
| | | 70,6 | 
and R (EI N % x ates = 8 „ Aeg 35 


10,450, 353,206 12 10,460, 353,20 3774 
4X 17,666,162 __ 11x 17,666, 162 ) = 194,327,782 
10,460, 353,203 Ede oe", 31,381,059, 609 
4 — 47 194, 327,782 — 47 17x 1,430 
and $ (= - er Tl % 31,381,059,60g 3X17 31,381,059,609 - 
47 X 11,431,046 ) = $37»259,162 : 
3 x 31,381,059,609 941431 178,827" 


3 nw 2 2152 2 25 37,259,162, + | 
r (= 54 4 54 2 94,143,178,827 27 * — - _ 
13,431,479,050 ; N 
275477865,828,320 


Note, 


© 1546 eee 1129. 2663.12.64 f 


ron RESOLVING: _ 'EQUVATION- &c. 46 


Note, theſe values of the co- efficients B, C, D, E, F, G, H, I, K, L, M, N, 
O, P, Q, R, 8, and T, are expreſſed in the ſmalleſt poſſible numbers. 


28. It follows from art. 2 5 and 27 that the root y of the equation y* — gy r 
8 10 5* 


is equal to the expreſſion 2 V ſe X the infinite ſeries 1 — 23 


656155 3 505040 4,782,969 =” 129,440, 163 1,162,261,407 e** cies 
194,327,782 4 13,4$1,479,050 5 2 
31,381,059,609 7 2,541, 805,828, 329 68 — &c ad infinitam. 


29. It has been obſerved in art. 26 chat the ſeries 1 = 2 — r — 25 = 
2 a _— — IE — && ad infinitum will always con- 
verge; from whence it follows that the expreſſion 2 y/? ſe ve the (aid ſeries 1 — 
C 5s E 5+ G © 1.5 1 yy p $14 K $56 T g8 — 
ad r nn Co ha 
will always truly exhibit the value of the root y of the cubick equation * = 9gy 


= 7 in the aforeſaid firſt caſe of it, or when — is greater than 2 And, when 35 


is conſiderably leſs than ee, or 2 — 25 is conſiderably leſs than = or = is 


very lictle greater than — , the convergency of the terms of this ſeries will be ſuf- 
ficient to make it uſeful. But-in other caſes, or when is much greater than 
= (as, for example, when — triple, or quadruple, or quintuple, of 25 or of 
ſome ſtill greater magnitude), the terms of this ſeries will decreaſe fo ſlowly as 
to render it very unfit for practice. And, indeed, in the moſt fayourable caſes, - 
this expreſſion of the value of the root y of the equation * —qy = 7 will be 


leſs convenient in practice than the expreſſion” e +'s ＋ e =, from 
which it is derived. But, though its merit in a practical view be but ſmall, yet, 
as it is the foundation of the method, which is here intended to be explained, of 
extending Cardan's rule to the ſecond cafe of the equation y* — gy = r, I ſhall 
now proceed to illuſtrate the truth of it by applying it to the reſolution of a ſingle 
numeral equation of the foregoing form'y* — gy = 7, in the firſt caſe of the laid 


equation, or when Dis greater than 55 in which I have taken care to chooſe 
ſuch numbers for q-and r as ſhall make 7 be but little greater than S, and 
conſequently ſhall give us only a ſmall quantity for the value of the fraction 
=, by the continual multiplication of which the terms of the above ſeries are 
generated. 
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An example of the reſolution of a cubick equation of the 
foregoing form y* — gy gx, in _—_— caſe of it, (or 
when r is greater than 27, or y is greater than £) 


2 means of the expreion 2 * * the 0 


C E * 855 1 5* L 0 N 412 
p 1 
3 inßaitum, or 2 *( 
Ss 10 + 
X the infinite ſeries 1 — 7 Xx gt * 2 — 


154 Ul 935 4 554913 = 
Tor K a 50009 * F . 77% . 
_1,179,2 19,256 Li 8,617,640 $74 


129,140,163 ” oo ow” 
194,327,792 —  _1354311479,050 0 
31,381,059, £ 5 2,541,865, 828, 329 Po 
— JC Z I 7 

——— mm 


30. Let it be required to reſolve the Kn 7. — 300y = 2108 by means 
of this expreſſion. 
Here g is = 300, and r is = 2108. Therefore is = = 100, and is 


(= 4 y 100) = 10, and conſequently ! Ly 1 (= oo & 10) = I000, 


and 4 9/4 is (= 2 X 1000) = 2000, which is — than 2108, or r. Therefore 


this 2. comes under the firſt caſe of the general equation y* = gy = 7, 


and conſequently may be reſolved either by one of the three expreſſions ob- 
tained by Cardan's ſecond rule above explained, or by the foregoing tranſcen- 


C 5s E 54 G 5 1 5* L $79 


dental expreſſion 2 y/* [e x the ſeries 1 — r — — A — = = 
Ec ad infinitum, which was derived from the third, or laſt, of them. 


31. Now, ſince r is = 2108, we ſhall have —, or e, = 1054, and =, or 


ee, (= 1054]*) = 1,110,916, And, fince q is = goo, we ſhall have © = 
100, and 25 or the cube of * r= 100]) = = looo, ooo, and conſequently 47, 


or — _- (= 1,110,916 — 1000,000) = 110,916. Therefore the frac- 


16 
tion — will be (= Trane) = 9:099,841,93242 3 


and = will be (= 0.099,841,932,2}) = 0.009,968,411,4 3 


$$ 


and r will be (= = * — = 0.009,968,411,4 * 0.099,841,932,2) = 
o. ooo, 995, 265,43 3 N 


and 
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iy and or will, be (== X x = = 0.000,995,265,4 X o. o99, 841, 932, 2) = 
5 | N o. ooo, ogo, 369, _ | 
nd = will be (a 7 Xx = 0.000,099,369,2 X 0.099,841,932,2) = 
| 0.000,009,921,2 ; 
and - will be (= =o X = wg o. ooo, oog, 92 T, 2 * o. og 9, 841, 932,2) = 
| 0.000, o00, 990, 5; 
and r will be = = * 2 = o. ooo, ooo, 990,5 X 0.099,841,932,2) = 


o. ooo, ooo, og8, 8; 


and => - = will be (= = X 2 = c. ooo, ooo, og8, 8 X 0.099,841,932,2) = 
$ = 1 o. ooo, ooo, oo, 83 5 | 
and a 8 r will be (= Ar ona * ＋ = o. ooo, ooo, oog, 8 X o. o99, 841,932, 2) = 


o. ooo, ooo, ooo, o; 


And conſequently ©: vill be (='C x. @4 099,841,932,2 = = & 0.099,841, 
932,2 = W ), = 0.011 8 
and r will be (= E x 0.009,968,411,4 = 2 * o. oo, 968, 411,4 
10 x 0,009,968,41 1,4 = 0.099,084,1 199) = = 0.000,410,222,6; 
| 243 223 
and © will be (= G X 0.000,995,265,4 = TT X 0.000,995,265,4 * 


154 X 0.099,995,265,4 = 2:153127987146 (= 0.000,023,360,9 3 


k 6561 6561 | 
12 ein be (= 1 69,2 = Bs 69,2 = 
and ＋ vi (SIX 0.000,099,369,2 = —— X 0,000,099, 369,2 = 
X 0.000, , o. 092, 910. 202, — : 
eee ele = LENS) Saeed. 


and — —— = will be (= L X 0.000,009,921,2 = 258585 — * o. ooo, oo, 921,2 = 


$5,913 X o. ooo, oog, 921,2 0. 854,724.08 5,6 Z 
= o. ooo, ooo, 11 
4.782, 969 | 4.782, 969 ) - 529 > 
wo BY — 1179-25 
and 7 will be (= N X o. ooo, ooo, 990, 5 = — —— X o. ooo, ooo, 990, 5 
1,179, 56 x o. ooo, ooo, 990 — 1.153,053,068, — 8 
2 129, 140, 163 — 120, 140, 163 ) 6 
33 | 
and _ will be (= Px 0.000,000,098,8 = $617,640 X 0.000,009,098,8 
1,162,261,467 
8,617,640 * 0.000,000,098,8 __ 0.851,422,832,0 
* 1,162, 261,457 9 1,162, 261,467 
g e {0s — 194327782 _ 
and —5- will be 5 R * a — — * o. cee 
194,327,782 X 0.000,000,009, 1.904,412,263,6 
883 1 = o. ooo, ooo, ooo, o. 
- 31,381,059,00g _ 353387765989 © r | 
| | Therefore 


== 0.000,000,000,7 3 


* 
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eb -E-5* 1G if, Try Aa. N 472 5 ng 3 6. Lieu bs obas 
THIER FE 4 ow i + r + + = + Tc will be 
= 0.011,093,548,0 + o. ooo, 410, 222,6 + '0.000,023,360,9 + 0.000,001, 


573,4 O. o, ooo, 115, + o. ooo, ooo, oog, o -+ 0.000,000,000;7 ＋ O. ooo, 
ooo, ooo, o = o. ol 1, 528, 8 30, 5 +» &; and conſequently the ſeries 1 — = 


a 48 . 10 N $72 ; | | & 
+ rad ras” abs == — &c will be S 1.000,000, | 
ooo, o — 0.011,528,830,5 &c*=0.988,471,tbg, 5 — &c. 
Further, ſince e is = 1054, we: ſhall bave y/*-ſe.(=-y/* ſ1054) 10.176, 
853,833,7, and conſequently 2 % (=-2 X-10-176,853,833,7) = 20.353, 
G '1 53 


C E 


707,667, 4. Therefore 2 y* {e-x the. ſeries r 
79 ae — & c ad inſinitum will be = 20. 353, 707, 667, 4 X 

0. 988,471,169, = 20.119,53, 221, . Therefore the root of the propoſed 

equation 3 — 300% = 2108 is 20. 119,053,221, 6. Q. E. I, 


32. This value of y is true to nine places of figures. For its true value is 
ſomewhat greater than 20. 1 19,053, 2, as will appear by ſubſtituting 20. 119, 
053, 2 inſtead of y in the compound quantity y* — 300y. For, if we ſuppoſe y 
to be 20. 119, 53, 2, we ſhall have y* = 404.776, 301, 664, 430, 24, and y3 
= 8143.71, 947, 285, 920, 546, 248,768, and 3000 ( 300 X 20. 119, 053,2) 
= 6035. 715,960, o, and conſequently y* — 300% (= 8143.7 15,947, 28 5, 920, 
546,248,768 — 6035.715,960,0) = 2107-99998 7,285,920, 546,248,768, 
which is ſomewhat leſs than the abſolute term, 2108, of the propoſed equation 
5 — 3009 = 2108 and conſequently -20.119,053,2 muſt be ſomewhat leſs 
than the true value of y in the ſaid equation. And, if we were to proſecute the 
value of y ſomewhat further by means of Mr. Raphſon's method of approxima- 
tion, by ſuppoſing y to be 20. 119, 053, 2 + , and ſubſtituting this quantity 
inſtead of y in the equation y* 300% = 2108, and reſolving the new equa- 
tion that would reſult from ſuch ſubſtitution, as if it was a ſimple equation, (to 
wit, by omitting all the terms that involve either the ſquare, or cube, of z) we 
; . _ 0:000,012,7 14,07, 453,751, 232 

ſhould find z:to be equal to the fr 00.00, 
000,013. And conſequently the firſt eleven figures of 20. 119, 053,2 + 2, or 
of the true value of y in the propoſed equation y* 300% = 2108, would be 

20. 119,053, + O. ooo, ooo, o13, or 20. 119,053, 213. 


33. It appears cherefore from the foregoing example, that this expreſſion 

24/* [e * the inne ſeries 1 — EEE — — —— — _ — 
16 1 

— = uh . — &c does truly exhibit the root y of the cubick equation y3 

—4gy = 7 in that cafe of it which falls under Cardan's ſecond rule above ex- 


plained, or in which r 1s greater than <7, or — is greater than 2 
i 6 34/3 * 27 0 f 


FOR RESOLVING THE CUBICK EQUATION &c. 465 


Of the ſecond caſe of the cubick equation  — gy = r, in 
which the abſolute term r is leſs than ay, or 2 is 
| f | 
leſs than 27 8 
— 
3 | | . ? 

34. We muſt now proceed to conſider the other caſe of the cubick equation 
y* — gy er, in which r is leſs than 227, or 2 is leſs than 25 This caſe (as 
we have already ſeen) cannot be . by the aforeſaid rule of Cardan, be- 


cauſe it is impoſſible in this caſe to divide the line, or root, y into two ſuch parts 
v and , that the product, or rectangle, under the ſaid parts, to wit, the product 


vx, ſhall be equal to 7 and conſequently that 3 vz ſhall be = g, and 3vz X 


v + 2 ſhall be =q x v + 2, which is a fundamental ſtep in the ſolution of 
Problem 1 given above in art 5. And on this account this caſe of the equation 
5 —gy r has obtained amongſt Algebraiſts the name of the irreducible caſe; 
and particularly it is often ſo denominated by the French writers of Algebra. 
Monſieur Montucla in his Hiftoire des Mathimatiques, Tom. I. page 482, ſpeaks 
of it in theſe words: On doit 2 Cardan la remarque de la limitation d'un cas des 


4 5>iS% 


-— a „ 11 25 yew”. po a9 
F ˙ ˙bꝓTTĩĩ ̃ —ö—é— «⅛ vwu 
— &c, and which was derived from the finite expreſſion /*(e +s + v/*ſe—s 
by the help of Sir Iſaac Newton's binomial and reſidual theorems. To aſſign ſuch 
a tranſcendental expreſſion, and to demonſtrate that it will be equal to the root y 
of the cubick equation y* — gy = r in the ſecond caſe of it, or when r is lels 


than 4%, or = is leſs than £, with a certain limitation which we ſhall men- 


4 
tion preſently, is the chief object of the remaining part of this diſcourſe. 


35+ In order to preſerve the two caſes of the cubick equation 3˙ —qy =r 


(in the firſt of which the abſolute term 7 is ſuppoſed to be greater than 4x7, 
and in the ſecond of which it is ſuppoſed to be leſs than the ſaid quantity), 


diſtin& from each other, it will be convenient to denote the root of it in theſe 
two caſes, and likewiſe the abſolute term of the equation, by different letters, - 
I ſhall therefore benceforward denote the root of this equation in the firſt caſe 


of it (or when the abſolute term is greater than , by the letter y, and in 
| | 34/3 


|. 

1 

: 
1 

| 

1 
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the ſecond caſe by the letter x, and ſhall denote the abſolute term of the equa- 
tion in the firſt caſe by the letter 1 (as in the foregoing articles) and in the 


ſecond caſe by the letter :; ſo that the two caſes of the equation y* —gy = r 


will now be expreſſed by the two ſeparate equations y* —gy = r and & — gx 
= , in the former of which r is greater than I, and in the latter of which 


tis leſs than 247, the letter g being ſuppoſed - denote the ſame quantity in 
both equations. And I ſhall denote - (as before) by the letter e, and 7 — 75 
(as before) by the letters 5s, but ſhall put the letter g for — and the letters zz 
for 25 7. or 2 — gg. Wich this notation the propoſition which I ſhall now 
endeavour to demonſtrate, will be as follows. 5 


* — 
8 ” 


PROP. 3. 'A THEOREM, 


36. If in the foregoing tranſcendental expreſſion, to wit, 2  * (7 x the infi- 


2 : C 5s E 54 6 © x 5* 1.59 mga 2 g's R 5% mou 


7 
&c ad infinitum (which has been ſhewn to be equal to the root y of the cubick 
equation y* — gy =7), we make the following changes, to wit, firſt, infert the 
letter g every where inſtead of the letter e, and, ſecondly, inſert the letter z 
every where inſtead of the letter 3, and, 3dly, change the ſign — into the fign 
+ in the ſecond, and fourth, and ſixth, and eighth, and every following even 
term of the infinite ſeries contained in the ſaid expreſſion, the new tranſcenden- 


tal expreſſion that will be thereby obtained, to wit, the expreſſion 2 g x 


EILEEN, 1 4 62 1 L2¹⁰ N 2¹ p 2274 R 226 
PEPE EU e ee 


+ _ — &c ad infinitum will be equal to the root x of the cubick equation 42 
— qx = t; provided that the abſolute term t of this equation (though it be leſs 
than 22/1) be greater chan V2 x — or that =, or gg, (though it be leſs 
than E) be greater than = x £, or than C. 

27 a 54 


| 37. This limitation is neceſſary to the end that the ſeries 1 2 — — af 


8 — 5 + == — = += — — + £64 tan (which forms a part of 
the expreſſion of the value of the root x) [ö a converging ſeries. For if 7 is 
leſs than y/2 * iT, or 2 is leſs than L, the compound quantity 5 — = will 
be greater than 7. 2 or than L Wa > or than E, and, 2 fortiori, greater 

EP 6 54 54 54 | 1 


* * 
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* 


man ; that is, xz will be greater than gg ; and conſequently the terms of the 


10 12 2 18 
ſeries + = — r . F f r * r 
&c will diverge, inſtead of converging, and ty ſaid expreſſion 2 g 
PX . c z% E 24 25 E 1 L210 Pod. N 252 p 214 
* the faid ſeries x + ROY + _— + = 74 4 Ir 


3 — — &c, will conſequently become uſeleſs. But, when 7 1s leſs 


16 


2441 1 # : 
than 3% and yet greater than //2 X _ or ＋ 18 leſs than 25 and yet 


greater than , the terms of the aforeſaid ſeries will converge, or decreaſe, and 


the aforeſaid tranſcendental expreſſion will be equal to the root x of the equation 
x3 — qx =- # . 


38. Now, in order to demonſtrate this propoſition, it will be neceſſary to make 


ſome further obſervations on the former tranſcendental expreſſion 2  * (e x 
1 2 2. RN „ 1 
© infinice ſeries — A ⅛ A ˙ V 


La — &c ad infinitum, which has been ſhewn to be equal to the root of the 
equation yi — gy = r. | 


— —— ee ee I ee I I —_— —___K chars 


Obſervations on the expreſſion 2 - ſe X the infinite ſeries 
| : 0M cg: _C# 1 5* Tax N 52 && 
o UT AE 
ad infinitum, which is equal to the root of the equav 
tion y* 00 . 0 


AWD ID. 
39- Since = expreſſion 2 /* {+ x the ſeries 1 — == — — A Ls 
NE ICS &c ad infinitum, is equal to the root of the cubick equation 


ei el 
5 —qy r, it follows that, if we were, firſt, to raiſe the ſaid expreſſion to its 
cube by multiplying it twice into itſelf, and then were to multiply it into the 
co- efficient , the ſaid cube would be greater than the ſaid product, and their 
difference would be equal to r, to whatever number of terms the ſaid ſeries 


C 5s E 5+ SE 2. 2 1 * * 12 a : 


this difference were not equal tor, it would not be true that the faid expreſſion 


. C 5s E 5+ G 36 1.5? 1 59 N 312 : 
3 f — — — — — — — m— — — - 
2 V*le x the ſeries 1 — r —— == ==> == &c ad in 


fitum was equal to the root of the equation . gy r. Theſe multiplica- 
tions may be performed in the manner following. 5 
30 | 43850. The 
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| | 40. The cube of the expreſſion 2 / Cx the ſeries 1 = 2 — Ef 22 


— — — — 
ee * es 
1 58 L $29 N43 


r i — &c ad infinitum is equal to the product of the multipli- 


cation of the cube of 2 y/* (e into the cube of the ſaid ſeries, that is, to the pro- 
duct of the multiplication of 8 e into the cube of the ſaid ſeries. We muſt 
therefore raiſe the ſaid ſeries to its cube by multiplying it twice into itſelf ; which 
may be done as. follows. 


. 
0 


C5s *E 44 G 36 


The multiplication of TDEfeVies 1 == = ow & pom 


75 
< 12 2 2 . o * 
7 - 2 — _ — Ec ad infinitum twice into it- 


ſelf in order to obtain its cube. 


CS - F on 2} <.[ 1.409 N 1 


P 
8 70 e , E8 G 46 — e N 2 
1 C 5s E 4 6 s 146 L * W 412 3 
ee * 4s . Fo Hd 
C 5s C CE 46 c CIs CLs 
| —_ — —„—- SN rr + &c 
| E 54 cEs* K* EG 579 E131 
| tere 
| G 5 c EG sd ne 
| 2 55 S * 
| 153 C1 42 EIS 
20 CLs 
. + &c ? 
N= 
Ar gg &c 
206 2 54 265 213 21,00 ' 2 N $"* & 
1 — 9 — — * — 70 — * — 770 n — C 


c 2 cx 56 2 co 2 C1 479 2 CL 2 


as os be et rr rr. & 


—— ——kũ —— y — — ꝗꝑꝙ ? ä.Aek -- K««cͤ „ wPw - — — — — 
7 N * — 

7 

* . 
- 
= 7 3 my 
9 i 
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* bf vhs — 
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— ny a 

7: + by c + $26 + 1 + — + — + &c 

| of 520 13 
1 + == + =— + &c 
2,4 45 15 , = TOY 
_—< + = + —— + 2 CG +. 20200, 2 C1 59 428 2 r + &c 
035 20% 2 — 110 2 os 15 & 
1-8 _ tron ont” Re ERSe Cc 

„„ 0 2 CEG A 
„ 

6 10 

—>+ 2 + ee 
Bas . 2070 — 2 & 
PCC C 

3,13 
— — & 

40 48 2,12 
* _ + 2c + — + H + &c 
5p —— ons Kc 
ere 
5 — — 
Pe —— 42 _ &c 
; — = + &c 
1 =—_ — == — 2 — 83 
ee "IP 6 710 A ” e C 
4 81 55 2 45 + 2 4 488 + te 
; : BL = 11 + _ — + & 
_ ISL WS ME 4-08 
3 3 3 La 312 8 
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This laſt compound ſeries (which, for the ſake of brevity, we will denote by 
the Greek capital letter T) is the cube of the ſeries — 2 


15 N $72 


= 7 — 77” = &c ad infinitum. Therefore 8 e x the cube of the ſeries 1 — 


] —_ — — — — — 


e 4 


1% 


= 


C 


— 


cf 


= - 
2 * 
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—_ I - — —K&c ad infinitum, will be equal to 8 & 


the ſaid laſt compound ſeries, or to 8 e Xx the compound ſeries T; and conſe- | 
quently , or the cube of the root y of the equation FP =gy=r, will be equal 
to 8e x the compound ſeries T. | 


41. If the foregoing compound ſeries F be actually multiplied i how 8 e, the 
product thence ariſing Wil be the following compound ſeries, to wit, 


24 C 5s 2455 . 24 656 2415 24 L 89 oy 24 Ns 22 8; 
OE Thats,” MH F FT &C 


24 £24 8cE 80068 801 8 u 
++ — = + EÞ=+ £2S + ESD + oc 


. 255 + 45 2,8 + 225 + 2 + &c 

— 4 15 — þ 2d 246) * 4 & 

—— ED 24s 7 the 

% boy - —— — &c 
n — — &c, 


ell 


which, for the cake of brevity, v we will denote by the capital letter A. Then 
will) be = to the compound ſeries A. 


42. We muſt now multiply the expreſſion 2 % ſe x the infinite ſeries 1 — 
C 5s E 5+ G 56 1 55 L 40 N 12 


- F- &c ad inſinitum (which is equal to the 


ee 
root y of the cubick equation y* — gy = 7) into the co-efficient . 
1 | — —33 122 
Now, ſince 5s is 3 we ſhall have ss + — * and 52 7 
55 = ee—ss, and conſequently 9 = 27 X cc — 5s = 27 X ee X 1 — — 


: 2 
andg = 3 X Plex yl — — 23 * „ 3 x|1 — Dr = (by the reſidual 


theorem in the caſe of roots) 3 X e 3 X the infinite ſeries 1 — _ — — — 

r c ad infiitum, Therefore 

g x the expreſſion 2 V/ le x the infinite ſeries 1 Es; Tv; bn, _0NOY Tf 
2 

: > = — &c will be equal to 3 & e 3 X the infinite ſeries 1 — — — 

er- 

expreſſion 2 /*( x the infinite ſeries 1 — — . — = — 
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* — Ke 1 x the infinite ſeries 1 — — * 3 
2 „ e the ſeries 1 — r — ? — 2 = 
58 — A — &c ad infinitum. We muſt therefore multiply theſe two ſerieſes 
together; which may be done as follows. 


The multiplication of the infinite ſeries 1 — — — 7. ) 
8 10 2 . 
c into the infinite ſeries 
64:2. 08; 3&.., 265% war | 
r 0 NE OI 
- BS c * D 16 E 53 p 339 G 523 &c 
rr 777 yo - 
C 5s Kk 4 G 55 15 L $79 N 2 & 
HS. ooo BED IT TN 
ST OED FT OI OA 


C 55 BC 5* £25 cp CE N er 

| WT LY 2 nds cg 
E 5 BE 5 CE DEO E71 

-.] Ta 
BG $* cG $29 DG 472 


G 35 
. a io 


c 
— += + &c 
3 — + &c. 


* 

— | — — — — 

Therefore the product of the multiplication of q into the expreſſion 2 e X 
= 4 410 "Y . ; 

the ſeries 1 — 2 5 che 7 "Pt = 6 = &c ad infinitum (which 

is equal to the root of the equation 5 — gy r) will be equal to 6e X the 
compound ſeries juſt now obtained, to wit, the ſeries 


* — 
12 
* tem AM 


- 
— —-— —_ —-— - — —_— — _— — _ - — 


+ o 
r wy "Ps 4 or 2 
* * 


Bis ð © 5+ o 16 N E 4 22 6 & 
T 
| C 5s 
8 


_— +++ += +& 


36 CG $9 oo 


. 


— Ir + = + + &c 
— 8 = + &c 
K o+ Ke. 


Or if, for the ſake of brevity, we denote this compound ſeries by the Greek ca- 
pital letter A, the ſaid product will be equal to 6e x into the compound ſe- 
ries A. And conſequently the — qy (which is equal to the ſaid product) 
will alſo be equal to 6e Xx the {aid compound ſeries A. 


43. If the foregoing compound ſeries A be actually multiplied into 6c, the 
2 thence ariſing will be the following compound ſeries, to wit, 
6 66e 6 Guy 6 r 60 
r 77 68 oft 
er sen 60% bers 60 bers * 


FFF 
6 x 54 6 E 6c 6 DE $99 6 82,22 

JOIN © Ne ain, ba mY 

| G BG c& 4529 DG $33 | 

Er Ikon es her mots aber ena. 


615% 6x10 6 c1 55% 
r 


ee 6 cx 5? 6 mx. 5** 


_ + -- + *c 


en 


„ 


ich for the ſake of brevity, we will denote by the Greek capital letter II. 
Then will gy be equal to the compound ſeries II. Sree 


44. Since the compound ſeries A, obtained in art. 41, is equal tos, and the 
compound ſeries IT, obtained in the laſt foregoing article, 43, is equal to the 
product gy (which is leſs than y* by the difference r, which is the abſolute term 
of the equation y* — 9 = 7) it follows that the compound ſeries II will be lefs 
than the compound ſeries A, and that their difference will be equal to the diffe- 
rence of y* and gy, or to the abſolute term r of the equation y* — gy = r; that 
is A III will be = r. But the exceſs of the firſt term of the compound ſeries 

A above the firſt term of the compound ſeries IT is alſo equal to 7; the firſt 
term of the compound ſeries A being 8 e, and the firſt term of the compound 
| | , ſeries 
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ſeries IT being 6e, and their difference conſequently being equal to 8 e — 6e, 
or 2e, or 2 * = or 1. Therefore the exceſs of the firſt term of the com- 


pound ſeries A above the firſt term of the compound ſeries Il is equal to the 
exceſs of the whole compound ſeries A above. the whole compound ſeries II. 
Therefore the difference between the whole compound ſeries A and its firſt 
term 8 e will be equal to the difference between the whole compound ſeries II 
and its firſt term 6e; that is (becauſe each of theſe compound ſerieſes A and 


II is leſs than its own firſt term, the ſecond terms in both ſerieſes, to wit, the 


term and the term — — — , being marked with the ſign —, or 


e 

ſubtracted from the firſt terms 8 e and 6e) the exceſs of the firſt term, 8 e, of 
the compound ſeries A above the whole of the ſaid compound ſeries will be 

ual to the exceſs of the firſt term, 6 e, of the compound ſeries IT above the 

ole of the ſaid compound ſeries. But the exceſs of the firſt term, 8 e, of the 
compound ſeries A above the whole of the ſaid ſeries is equal to a compound 
ſeries conſiſting of all the terms of the ſaid compound ſeries A, except its firſt 
term 8 e, with the ſigns of the terms every where changed into their contraries, 
that is, to the following compound ſeries, to wit, 


cis, 2485+ 461% 2415 241 v | 
c ren + xr. + 
24 £254 48 s 48 c 480 48 n 
P—ö ed ee OL.» 
8 £335 24 48 £6 4522 4821 55> * xc 


| 4 BE a HE i AR 2b 
i: þ# Li nn 
+ 24 —_ + 240% + xc 


and the exceſs of the firſt term, 6 e, of the compound ſeries IT above the whole 
of the ſaid ſeries is equal to a compound ſeries conſiſting of all the terms of the 
ſaid compound ſeries II, except its firſt term 6e, with the ſigns of the terms 
every where changed into their contraries, that is, to the following compound 
ſeries, to wit, | 3 | 3 


- 


I 5 ad (2 mn 
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6555 604 6 556 629 6 7, 60 a> 


rr ya. + *c 
6 c 5s 6 Bc 54 6 £25 6 cÞ 5® 6 cx 52 6 cp * Kc 


e 
_ 6 f Gees 6 D * 6 £2,572 & 
rn 
6 6 56 6 6 c 6 & 
. n 
61 6 81.57? 8 | 


6 1 9 L* 
hr 


= = — & c. 


Therefore, if, for the ſake of brevity, we call the former of theſe two laſt-men- 
tioned compound ſerieſes 8 e — A, and the latter 6e — II, we ſhall have the 


compound ſeries 8e = A = the compound ſeries 6e — II. 


— 


Of the equality between each ſeparate term of the compound 
ſeries 8 e — A, and the correſponding term , the com- 
pound ſeries 6e — IT. 


4 * 
* 


45. In the foregoing article it has been ſhewn that the whole compound ſeries 
8e — A is equal to the whole compound ſeries 6 e — IT. But it is alſo true 
that each ſeparate term of the former compound ſeries (reckoning all the quan- 
tities in it that involve the ſame power of 5s as one term) will be equal to the 
correſponding term of the latter compound ſeries. Of this equality we will firſt 
give ſome examples in ſome of the firſt terms of theſe two compound ſerieſes, 
and then will give a general proof that the ſame equality muſt alſo take place in 
all the following terms of the ſaid ſerieſes, to whatever number of terms they 


may be continued. 


Examples of the Jaid equality in the firſt fix terms of the 
lf 


ſerigſes. 


46. In the firſt place, then, the firſt term of the compound ſeries 8 e — A is 
24045 is = 2 K 2 
ane, 24 XX = RSX N 

6Bss 6 c 55 


And the firſt term of the compound ſeries 6 e = I is — + — = 6 x 3 X 


AE 
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E+6XSXE=E +D=57 Therefore 2 + <<= are equal to 


Ee 0 ze 32 

24 C48 
= Q E. D. 
47. Secondly, the next term of che compound ſeries 8e—Ai A is 255 — 


24 £354 
7 ee 


10 * Wie. 9 8.9 


32 campound ſeries ne e e 1 825 which is = 6 X 7 


34 - 
* 36 * 2 XJ enn s x5 + 
2 * 10 — 8 184 1 —_ — 56 f. 60A 
Tn * F na A3 2 * 9 * Th 0 


— D + — = or the ſecond term of the 3 ſeries 6e — I, is equal 


e3 


0 247 — 245 EE 


75 pr 
| .i% * 
48. The third term of the compound ſeries 8% — A is ge + 
= | 
„which is = 24 X Me x48 XZ x x 3 N * | 
A 2 8 154 46 480 Fd 24 3 46 
XI * 7 2187 X 7 2575 77 218) 2 ing £2 6 
45 24 46 1256 _ 8 480 46 r 77646 4 | 
* x. * TE i N | 
the compound ſeries 6 e — IT 1s r + 55, which is = 6 | 
K 5 „ 2 | 
*, KN A = e H = * 5X 27 * 8m 
6X 5X27 x = ky 6x27 6x10X3 2 1 8 70 
2 . 2187 . WW * + * T = * 7 
2 x 5 — 180 LY 308 * 2 = 8 4 342 46 776486 
— 2187 Y 22 E:- r 5 2 2 P 7155 T — 27 T 
Therefore —— = —_— = + — „or the third term of the compound 
5 8 
ſeries 6e — U. is equal to 24 A fer or the third term of the 
compound ſeries 8 e — A. d. E. p. 
49. The fourth term of the compound ſeries 8 e — A is =— 2600 —=-E — 
e 
24 £2 24088 3 935 — — 24 8 
7 2 I 24 X . F x2 x5 = 
10 , 10 20 — ©X935 — 16x154 
24 X 2% * 205 * ＋ 4 4 * l * 2 K 7 T9683 K 7 * 786561 X 
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of 8X 10x t0_ ; 24X10 7480 $89 5 _ 2464, 83 
7 F NK 5 + 7 ＋ 96 7 1 ne 
e „ . IX 243 7 81 243 5 19683 Is - © 19683 7 0 19683 
24 IR a — 7720 133 WF 4456 47 - 
7 ＋ 77683 73683, * e? © 19683 * 7 19683 "A — 796330? and the fourth 
— 6 cp 5f 6 CE 5® 6 m6 58 
term of the compound ſeries 6e — II is — — 1 
615 | 10 af I 1 he I 10 
7 which is = 6 * = 6 * 5 * be x prey + Pat 
BENS 46 133 935 — 6x8rx10 15 
9 5 6 * 3 * 6561 * e + 6 x 59,049 % ” 5: 1X 243 »,X 77 
6X 27X5 $3 bxgX10 xu 35 + 2.X 935 — 4860 
9X27 x81 e7 81 * 243 67 3 x 6561 27 196 I 


810 45 840 * 924 3 + 1870 - — 6730 ne 


7 gn r 10883 K 7. 19683 ©. 19663 — 19583 * 77 
— 2274 2 6 Tbere bote 6 K 8 6 cp 53 Tm 6 0 58 
109683 7 19683 7 er e 6 
„ Mr, c 24 825%  24c*s 
r G k. D. 
1 8 * e . 2410 | 48 cx 59 
50. The fifth term of the compound ſeries 8e — A rg — 
48 K n 24 c*G 539 24 1 W $5,913 - 
— r + which is = 24 X 782 969 Xx 48 X . 


. 3 154 % "64 154 
n 3 55 Gor OT 'S 24X r * 55er © > + 24K 
IO +. 10 — 8 55913 of 1 * " | 
a 243 243 es A yt 4 27 59049 a | 
48X10Xx1 $+t% 2 . x * 
— 2 X — 4 — X — — 
1, 594,323 — r | EST 24 * 25 243 * Pd 
447,304 bh 134,640 30 e 54 11,088 8 
1,594,323 e 1,5947323 es 155947323 es 4 1,594,323 e + 
10 10 8, 560 o 0 | 
CRETE IEEE; © oo. IHE % e and 
1,5944323 % 135944323 ' 1,594,323 Li 1, 594,323 es 


— 
9 


6 0 10 
the fifth term of the compound ſeries 6 e — II is —— — — hes —.— 
6 c %s Gm? 61.5% LE. 22 7 1 10 $79 
— — which is = 6X - Xx — — 6X Xx — XK — 
10 $ 1 93 $ 
* * NN * N 2 * 2 x —_ 
6 81 243 68 9 6561 3 59,049 e9 
+ $X $5913 nnen 2 _—_oxyexioxdr 
48,782, 969 nee 9* 243 7 29 „ _ ixbixa4z 
„en 2 , ater ot = 
2 9X 27X 6561 6 3 * 9 X 59,049 85 1,594,323 ” Tir 
e „ . 4740 a ang „ . „ 
155944323 O 145944323 — 15949323 „ 7559323 a 
EEE LE = SE. x 4 oe A. 2 o= 
1,594,323 es I, . es 9 e9 I, 594323 * 
257228932 2 * — CE $9 a 6DE5? , 6cc 5%? 6 p1 52 
794323 a” „ * 8 N + 
| 610 


4 by 
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51 24 L 5? 


or the fifth term of the compound ſeries 6 e II, is dock to —— 
= T0 8 10 2871 2 
—— — —— + —.— - — 0 r the fifth term of the compound 
ſeries 8 8 — A. ' q. E. b. 
— 


51. Laſtly, the ſixth term of the compound ſeries 8e — A is 
48 r 48 fin 240 + 24 c®1 533 + 48 cEG * Laney, which is = 24 


771 771 „„ KT: 771 771 — 
$73 10 935 


I 6 11 , 
X „n . e e e 


12,4163 7 9  41782,909 2 $2949 
S bl on x; gs = g K 2. 
8 * * 6561 * ar * N * 0 * = abs 5 
10 154 10 to * © X 1,179,250 * 
5 * 8 rt OX XXX DTS obj. 
48. $5,913 — 48X10X3x935 X —  24X154X154 * Land 4 24X 9X 935 
43,040,721 n 243 * 3* 5% 9 ef 43,046,721 en 81 * 9 * 59.049 
* 2 48 X3X 10X 154 X "_ + 8X 3 X 1000 833 __ 434,048 KK 2 22 

2 9X 3* 243 X 6561 7 3 * 243 * 243 * 243 * 143,046,721 l 
3 2,683,824 " - IE 1,346,400 N fg 569,184 _— * 201,960 * 

435,040,721 ern 43,046,721 2 43,946,721 or 43,046, 721 of 


221,760 120 24000 — — 9,881,768 LN 4,500, 408 * 2¹⁰ 
43,046,721 ex 43,046,721 e C 43,046,721 nt 43,040,721 rt 


= £22239 „ ; and the fixth term of the compound ſeries 6e — IT is 


I” 43-040,721 en 
6 G ¹ 6 cp * 6 £255 6DG65* Geng? 6 BL 3" * 
—, which is = 6 


154 s I 22 xs 10 10 * 

6561 6 K 9 * 729 71 - 6 243 243 lars py £ 

2 1 935 : OR = $5,913 $ 
* 556 * 7 6 ö . 6 x — *. coo: Song 
GX1,179,256 #5 __ 6x154x6561 ” an 6x 22X 6561 Te 
129,140,163 en 65561 6561 211 9X 729 x 6561 2 
6X ON 10 * 729 1 1 6X5X154x81 X — 6x81 X93 . 
243 X 243 X 729 go - 81x81 x 6561 * 9Xx B81 x 59,049 = 67 þ 
D. „ re, 2 — S. , 8582 
3* 3* 4,782,969 eff 43,046,721 e 43»940,721 ern 43,046,721 


— 2400 fr . „ K — — 2 


* — "I 
* 73,646,721 7 cel en 43,046,721 2 gy3,046,721 
1 408) „ 237138415 _ 4 282,360 
* 7 + 43,046,721 * 43,046,721 A on 435,045, 721 of 43»040,721 
712 8 6 cp 5** wage 6 Dr 6 u 6 mL $** 


, or the ſixth term 45 the compound ſeries 6 e — II, is equal to A 


gun ? 


| Her = D = 260 n x 57% 4+ — ä + A * | or the a * 
of the compound ſeries 84 — A. . E. b. 
8 A ge- 
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A general demonſtration of the equality between the cor- 
roponding terms of the two compound ſerigſes 8e = A 


# 


— —  —_—_—_—_— 


52. We have ſeen in the ſix preceeding articles that each of the firſt fix com- 
pound terms (or vertical columns of fimple terms involving the fame powers of 
s and e) in the compound ſeries 6 e — II is equal to the correſponding com- 
pound term, or vertical column of fimple terms, in the compound ſeries 8 e — 
A. We now proceed to ſhew that the ſame equality muſt of neceſſity take place 
between all the correſpondent terms of the faid two ſerieſes, as well as between 
the firſt ſix terms of them, to whatever number of terms the ſaid ſerieſes may be 


continued, 


83. Now this equality of the correſpondent terms of theſe two ſerieſes will ap- 
pear from this conſideration, to wit, that the compound feries 6 e — II is con- 
ſtantly equal to the compound ſeries 86 — A in all the different values of ss 


and ee that are poſſible, that is, when ee, or 75 „is of any magnitude greater 
than 75 (which is its leaſt poſſible magnitude) and conſequently when 5s, or 2 


— 55 is of any magnitude greater than = — 25 or o, or, in other words, of 


any magnitude, how ſmall ſoe ver. For from hence it may be ſhewn of each of 
the compound terms of the compound ſeries 6e — II ſucceſſively, beginnin 
with the firſt term, that it is equal to the correſponding term of the compo 
ſeries 8e — A. This may be done in the manner following. 


3 


54. In the firſt place, ſince the whole compound ſeries 6 e — IT is equal to 
the whole compound feries 8e — A (as has been ſhewn in art. 44) it follows 


that, if we divide all the terms of both ſerieſes by the fraction =, the quotients 
of theſe diviſions will be equal to each other, that is, the compound ſeries 


; 6 c 5s 6 p 54 6 x 5 
6B 1 TIC „ wi 
6 Bc 5s: C24 CD 
+ 60 2 — — = — &C 


6x 55 G6 BE 54 6 cx 5 


will be equal to the compound ſeries 
24 C + 
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24 G 5 


246 + . + A + = + &c 
<8) 408 ES Bo 48 0 55 Bay 
_ 24 £245 
= — e — &c 
TY 1 + &c. 


And this will be true, of how ſmall a magnitude ſoever we may ſuppoſe g to be 
taken, And conſequently it will be true hkewiſe, when 5s is equal to o, or 


_ : 3 
when — — £ is equal to o, or when ry is equal to = But, when 5s is = o, 


all the terms of theſe two compound ſerieſes that involve any power of 5s, that 
is, all the terms, except the firſt terms, of the ſaid ſerieſes, will likewiſe be equal 
to o, and the ſaid two ſerieſes will become equal to their firſt terms 6 B + 6 C 
and 24 C reſpectively. Therefore the ſaid firſt terms muſt be equal to each 
other, that is, 6B + 6C, the firſt term of the compound ſeries 2 =, will be 


$$ 


e 


equal to 24 C, the firſt term of the compound ſeries _ 2. Therefore, if we 


. 8 
multiply both theſe firſt terms into — it will follow that — + =, or the 


firſt term of the compound ſeries 6 e — II, will be equal to _ =, or the firſt 
term of the compound ſeries 82 — A, 


Q. E. 5. 


55. Secondly, ſince it has been ſhewn in the laſt article that * + <=, or 


the firſt term of the compound ſeries 6 e — I, is equal to — or the firſt term 


of the compound ſeries 8 e — A, it follows that, if we ſubtract theſe firſt terms. of 
theſe two ſerieſes from the whole ſerieſes, the remainders will be equal to each 
other, that 1s, the compound ſeries 
6 c 54 + 220 4 — + &c 
6 Bc 54 6 cs 6 cp? 
— &c 


e5 27 
6x * 6 BE 56 6 cx 53 
SS To —&c 
P 
will be equal to the compound ſeries 


2 
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8 
245 as 4 — 72 * + & 
24 48 rf 48 c & 
E e 4 Ys co. 
8 £355 2.8 
— — —— —&c 
2x 35 
+ = + &c. 
Now let all the terms of theſe two laſt compound ſerieſes be divided by the 
fraction — ; and it is evident that the quotients thence ariſing muſt be equal to 


each other, that is, the compound ſeries 


6c + LOG — + &c 


6 c*ss 6 


— 6 BC — —__— — &c 
6E, Gcr 54 | 
+ 6E — 1 
G 5s BG ) 
by a — 
| 22 — &c 
will be equal to the compound ſeries 


24 E + 42 + + &c 


48 ct 5s 48 co 
— 24 C* —_ — — &c 
8 c3ss 24 £254 
4 — — — & Cc 
28 
&. 


And this will be true, of how ſmall a . 1 8. ſoever we may ſuppoſe 6 to 
be taken. And conſequently it will likewiſe be true, when 5s is = ©, or when 
3 

= —L is = o, or when — is = 3 But in this caſe all the terms of theſe 
two compound ſerieſes that involve any power of 5s, that is, all the terms ex- 
cept the firſt, muſt likewiſe be equal to o. Conſequently thoſe firſt terms of the 
ſaid two ſerieſes (being equal to the ſaid whole ſerieſes reſpectively) muſt be 
equal to each other, that is, 6C — 6 BC + 6E, or the firſt term of the com- 
pound ſeries derived from the compound ſeries 6 e — II, will be equal to 24 E 
— 24 C*, or the firſt term of the compound ſeries derived from the compound 
ſeries 8e — A. Therefore, if we multiply both theſe firſt terms into the frac- 
tion 4. we ſhall have _—_ — —— + — equal to 1 — 2 —; that is, 
the ſecond term of the compound ſeries 6e — IT will be equal to the ſecond 
term of the compound ſeries 8 e — A. Q. E. v. 


56. Thirdly, ſince it has been ſhewn in art. 54, that 222 — = or the 


Auſt term of the compound ſeries 6 e — Il, is equal to —, or the firſt term of 
the 
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the compound ſeries 8 e — A; and it has been ſhewn in art. 55, that <5 — 


— + =, or the ſecond term of the compound ſeries 6 e — II, 1s equal to 
552 — , or the ſecond term of the compound ſeries 8 e A; it follows 
that: if we ſubtract theſe two firſt terms of theſe two ſerieſes from the whole ſe- 


rieſes, the remainders will be ona to each other, that is, the compound ſeries 
605 D 16 6x 5? 


* 1 1 + &c 
„ 
e PL N 

6 
2 2 & 
e e 


will be equal to the compound ſeries 


246586 — 


1 ——ů 
486 0 ee a be 


8 8 
+ 2. > — —— — &c 


= 2· 4 


+ + &c. 


Now let all the terms of theſe two laſt 3 ſerieſes be divided by the frac- 
tion ; ; and it is evident that the quotients thence ariſing mult be equal to each 


75 
other; that is, the compound ſeries 
4 
1 — 
ee 


„ 
8  - 


* 
+66 = 2258 ec 


+ —5 — & c 
will be equal to the compound ſeries 


2 E SS 


T c&c. 


Vol. II. 3 


F . 
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And this will be true, of how ſmall a itude ſoever we may ſuppoſe 5s to be 
taken; and conſequently it will likewiſe be true, when g is = o, or when 
—— is = o, or when — is = 4. But in this caſe all the terms of theſe 
+ #7 27 

two compound ſerieſes that involve any power of 5s, that is, all the terms 

except the firſt, muſt likewiſe be equal to o. Conſequently thoſe firſt terms of 

the ſaid two ſerieſes (being equal to the ſaid whole ſerieſes reſpectively) 
muſt be equal to each other; that is, 6 D = 6 C* — 6BE + 6G, the firſt 

term of the compound ſeries derived from the compound ſeries 6 e — II, 

muſt be equal to 24G — 48 CE + 8 C, the firſt term of the compound 

ſeries derived from the compound ſeries 8e — A. Therefore, if we mul- 


. . 6- 
tiply both theſe firſt terms into the fraction 7 we ſhall have —— — — 
6 s 6645 24 636 48 cx 55 8 c35 


—— + 7 equal to : that is, the third term of 
the compound ſeries 6 e — IT will be equal to the third term of the compound 
| ſeries 8e — A. | = . E. D. 


57. And in the ſame manner we may ſhew that the fourth term of the com- 
pound ſeries 6e — IT is equal to the fourth term of the compound ſeries 8 e 
— A, and the fifth to the fifth, and the ſixtli to the ſixth, and the ſeventh to 
the ſeventh, and every following term of the one ſeries to the correſponding 
term of the latter ſeries, to whatever number of terms the ſaid ſerieſes may be 
continued, 


Ihe Fadubtion of the compound ſeries 8 « — A ts @ fl 


p rn ay? 96. 0 T 579 v | 
mn — + - + —-+F+tS + = OE 


ad infinitum. 
—_JOSc—Y_—_—— —— 

58, Now let the ſeveral numeral co-efficients of the fractions — 45 4 4 4. 
Loc 15 , &c in the terms of the compound ſeries 8 e — A (which is ſet down 
above in art. 44) be reduced (by performing the neceſſary arithmetical opera- 
tions of 7p om hers addition, and ſubtraction) to ſingle numbers, ſo as to 
convert the ſaid compound ſeries into a ſimple ſeries, or ſeries of ſimple, or 
ſingle, terms. This reduction has been already made for the firſt fix terms of 
this ſeries in art. 46, 47, 48, 49, 50, and 51; in which it has been ſhewn that 


the firſt term of the ſaid compound ſeries, to wit, =, is = 3 and that its 


24K 3* 240% 66 X : 836 
ſecond term, —— w _ »15 = =; and that its third term, — — 


| e 

48 cx 55 . , 241 48 co if 

_— I" 5 = 2197735 and that its fourth term, —— wi than 
24 £2? 


g7 


— 
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4252 ; 3 
HE ＋ =, is = 445% and that its fifth term, 26222 i. OR wa 


_— ip 19,0830 * a 5 

8 2,10 _ 0 4 1 

— — — . is = 15881237 —; and that its ſixth term, —— 
48 rA 481 246˙%˙ 24 051 $73 48 EO Sn. 

6,282,360 412 . . 

— ſo that the firſt ſix terms of the ſaid compound ſeries 8e — A are 

. 5 . „6 27645 
equal to the fix following ſimple quantities, to wit, 7 9 219775 


ED 9 + £2923”, And let theſe co-efficients of the fractions 
2 3. 4. 5+ 5» =» &c, in the (aid ſimple ſeries be (for the ſake of bre- 
vity) denoted by the capital letters P, Q, R, S, T, V, &c. Then will the 


R 5* 8 5? 


compound ſeries 8 « — A be equal to the ſimple ſeries — 4+ = += 
+ I + Kc ad infinitum. 


The reduction of the compound ſeries 6 e — II in like man- IM 
ner to a ſeries of ſimple terms. 


59. And, in like manner, let the ſeveral numeral co-efficients of the ſame 


fractions -- 88 = &c in the terms of the other compound ſeries 


6e — IT (which is alſo ſet down above in art. 44) be reduced (by performing the 
neceſſary operations of multiplication, addition, and ſubtract ion) to ſingle num- 
bers, ſo as to convert the ſaid compound ſeries into a ſimple ſeries, or ſeries of 
ſimple, or ſingle, terms. This reduction has been already made for the firſt fix 
terms of the ſeries in art. 46, 47, 48, 49, 50, and 51; in which it has been 
63 560 . 


ſhewn that the firſt term of the ſaid compound ſeries, to wit, — + , is 


e e 


= =, as well as the firſt term of the former compound ſeries 8e — A; 


and that the ſecond term of this compound ſeries, to wit, = — —— + , 


is 2 as well as the ſecond term of the ſaid former compound ſeries; and 


1 ea 
that the third term of this compound ſeries, to wit, . — r — 3 + 


005 is = 11%, as well as the third term of the ſaid former compound ſeries; 


"i 2187 e5? 
and that the fourth term of this compound ſeries, to wit, = —_ 25% RS 


27 27 
— 25 + = is = =, as well as the fourth term of the ſaid former 


3Qz2 compound 
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6 vn 


compound ſeries; and that the fifth term of this compound ſeries, to wit, — 
SE 6 px 5? 6cc4 681 + 6 1, 539 5 2572032 * "2s well as the 


— — — — — 


75 75 5 pp * ” © h$06323 


c 
fifth term of the ſaid former compound ſeries; and that the ſixth term of this 
an „ 662 60 rn 627% 6 DG 601512 6 BL 2 


6s „5. 282,360 - 
+ are, 20 well as the ſixth term of the ſaid former com- 


pound ſeries; ſo that the firſt ſix terms of the compound ſeries 6e — II are 


equal to the fix following ſimple quantities, to wit, = + 323 + 1 5 + 


0 12 
_ = a + Ln, as well as the firſt fix terms of the former 
U 7 7 , 
compound ſeries 8 — A. And it is evident, from art. 57, that if the ſeventh, 


and eighth, and ninth, and other following terms of the compound ſeries 6 e 
— TI were in the ſame manner to be reduced to ſimple terms, the ſaid fimple 
terms would be equal to the ſimple terms to which the ſeventh, eighth, ninth, 
and other following terms of the ſaid former compound ſeries 8e — A would be 


reduced. And conſequently the ſame ſimple ſeries = + SA + = + ha + 


LO + + &c ad infinitum, will be equal to both the compound ſerieſes 8 e 


— A and 6e — Il. | 


The values of y* and qy expreſſed by means of the ſimple 


P 5S 


4 46 8 10 12 
tum. 


_ 4 — * 2 


60. We have ſeen, in art. 41, that the compound ſeries A is ; and we 
have ſeen, in art. 43, that the compound ſeries II is = gy. Therefore 8 e 
— Ais=8e—y, and 6e — II is = 6e — gy. We ſhall therefore have 


. 3 35 4 10 
8e — * (= 8e — A) = the ſimple ſeries = + © ++ A +1 
+ = + &c ad infinitum, and conſequently (adding A to both ſides) 8 e = y* 
+ the ſeries 2 + A + ++ TL r T &e ad infiritum, and 


= P 5s Q* R 55 s 5? 1 y $22 a" þ 
Fe & od iin: and we 


ſhall alſo have 6e — gy (= 6e — II) = the ſame ſeries — + = + EE mY 


+ 5 + > + &c ad infinitum, and conſequently (adding gy to both 
ſides) 
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fides) 6e = 95 + Z + ++ + 5 . Ke ad infiitum, 


Examination of ibe expreſſion 2 Vg * the infinite ſeries 
C ZZ E 2% G z® 1 z® L 239 N I= 
Z D r + &c 
ad infinitum. 


. BY . 
* 


61. We muſt now turn our attention to the other tranſcendental expreſſion 
ay a 8 62 14 13 * 
2 y* [g x the infinite ſeries 1 + — = — — 
ths * 4 7 © Þ g * Tt 


& ad infinitum, in which g is put for = or half the abſolute term of the equa- 


tion x* — gx = 7, as e was before put for , or balf the abſolute term of the 


equation) — gy = r, and in which zz is put for — = or the difference 


between - and the fquare of half the abſolute term r, as 5s was before put for 


— — 25 or the difference between © and the ſquare of half the abſolute term 


+ 2 
r. This expreſſion we have aſſerted Above, in art. 36, to be equal to the root of 


the equation & — gx = 7, in which the abſolute term 7 is leſs than 7, but 


greater than V X LT, or in which 7 is leſs than 25 but greater than — * 


255 or than 55 This aſſertion we muſt now endeavour to prove. 


c 2 EA“ 


62. Now © that this expreſſion 2 /* Z * the infinite ſeries 1 + 5 
+ = = £8 - T & is equal to the root x of the equation & — 


* 


qx = t, when t is of the magnitude here ſuppoſed,” will be evident, if we can 
ſhew that this expreſſion, being ſubſtituted inſtead of x in the compound quan- 
tity x* — gx, will make that quantity be equal to the abſolute term 7 of the ſaid 
equation; or that, if the ſaid expreſſion be cubed, or raiſed to the third power 
by multiplying it twice into itſelf, and alſo be multiplied into the co-efficient g, - 
the ſaid cube of the ſaid expreſſion will be greater than the ſaid product of its 
multiplication into , and that the exceſs, or difference, will be equal to the 
abſolute term . This therefore is what I ſhall now endeavour to demon- 


ſtrate. 
63. The 


2 
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63. The cube of the expreſſion 2 /*{7 x the ſeries 1 + _ — = = = 
— - + = —— + &c ad infinitum is = 8g X the cube of the ſaid ſeries. 


We muſt therefore raiſe the cube of this ſeries by multiplying it twice into itſelf; 
which may be done as follows, 


The multiplication of the infinite ſeries 1 + _ — = + 
4 — — + = = + Ec ad infinitum into 


8 
_ #ſelf, in order to obtain its ſquare. 


| © * E 2* G * 129 L * 
. 21 1 Kt 
6 75 7 Fi 25 b 
2 2 10 2 
+= => += - = + —= + &c 
c * So Ss cc z*® — x c L212 
+ = += —-=+-—= == — &c 
8&8 g* g g 
2 E 2+ — E*zÞ — EI 3 
z® CG 2 4. Som 
r — — &c 
3 I z* 2 CI 259 KI fo 
. . 
1 
N12 
| EX ABI 
20 2E2* 262* 212% 2 L 259 2 N 21 
„ DA A OAT 9 
C — 42. — + ADS de 
7 4 Lp 1105 . 
r 
| + == —&c 
This is the ſquare of the ſeries 1 + 2 — 22 + E þ £2222 
E 


+ &c. 
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A compariſon between the foregoing compound ſeries, which 
is equal to the ſquare of the ſeries 1 + — — — + 
compecnd ſeries which: is equal to the ſquare of the 
, C 5s E 5+ 9 as L $9 
anna OO on nn on 
==> = & ad infinitum, and which is ſet down above 
in art. 40. 


= + = = + Ec ad infinitum, and 
f 4 


64. Now, if we compare this ſquare of the ſeries 1 + _ — 27 + 5 — 
= + &c with the compound ſeries which is equal to the ſquare of the former 
ſeries 1 — _ = 2 — N — Ly + Kc, and which is ſet down above in art; 


40, we ſhall find that there are the following reſemblances and differences be» 
tween them. 
In the firſt place, the firſt terms of both theſe compound ſerieſes are equal to 
the ſame quantity, to wit, 1. | 

Secondly, the ſecond, and third, and fourth, and other following terms of the 


latter compound feries obtained in the foregoing article 63, involve in them the 
| 6 8 10 12 | 

fractions =, — = , ==» r, &c, or the ſeveral- powers of the fraction 

88 8 1 Ef 


==, juſt as the ſecond, and third, and fourth, and' other following terms of the 
ormer compound ſeries, obtained in art. 40, involve in them the fractions 


44 + 38 nu 310 312 


=, J. . , , A, &c, or the ſeveral powers of the fraction . And it 


is evident that this obſervation will be true of all the following terms of theſe 
; e 1 oz*% 129 


two compound ſerieſes, becauſe the ſimple ſeries 1 + yg 


+ &c contains in its terms the very ſame powers of the fraction — as the for- 
mer ſimple ſeries 1 — — 3 LYN — e 
the fraction = in its ſeveral correſponding terms, 


Thirdly, the ſigns of the ſeveral members of the third, fifth, and ſeventh 
terms of the latter compound ſeries obtained in the preceeding art. 63, are the 
ſame with the figns of the correſponding members of the third, fifth, and ſe- 


venth terms of the former compound ſeries obtained in art. 40. For the third 


term of the former compound ſeries is — = + = the two members of 


which are marked with the figns — and + ; and the third term of the latter 
compound. 
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2E= + ZZ, the two members of which are likewiſe 


compound ſeries is — 


ſeries 1s — * + £20 + =, the three members of which are marked with 


Po 


the figns —, +, and +; and the fifth term of the latter compound ſeries is — 


, the three members of which are likewiſe marked with 


the ſigns —, +, and +. And the ſeventh term of the former compound ſeries 


: 2N 8 2 CL * 2 EI 577 n , 
is — —== + x + a , the four members of which are marked 


with the ſigns —, +, +, and + and the ſeventh term of the latter compound 
12 12 2 2 
— . ==, the four members of which are 


ſeries is — — - + —- + To 
| likewiſe marked with the figns —, +, +, and +. And the ſame analogy 
will take place between the ſigns of the ſeveral members of the ninth, eleventh, 
_ thirteenth, and other following odd terms of the former compound ſerics ob- 
tained in art. 40, and the figns of the correſponding members of the ninth, 
eleventh, thirteenth, and other following odd terms of the latter compound ſe- 


ries obtained in art. 63; as we ſhall preſently endeavour to make appear, 
Fourthly, the ſign of the ſecond term, + , of the latter compound ſeries, 


2 62 2 ck 25 
28 . — — 


0 
8&5 


reſpectively contrary to the ſign of the ſecond term, — ., of the former 
compound ſeries, and to thoſe of the ſeveral members of its fourth term, — 

6 6 710 
_ + —.— , and to thoſe of the ſeveral members of its fixth term, — == 


And the ſame contrariety will take place between the ſigns 

of the ſeveral members of the eighth, tenth, twelfth, and other following even 
terms of the latter compound ſenes obtained in art. 63, and thoſe of the {ſeveral 
correſponding members of the eighth, tenth, twelfth, and other following even 
terms of the former compound ſeries obtained in art. 40; as we ſhall now en- 
deavour to make appear. 


65. It is evident, from the rules of multiplication in algebra, that, whenever 

a ſeries of algebraick quantities is multiplied by either the ſame, or another, 
ſeries of algebraick quantities, all thoſe horizontal lines of terms in the product, 
which ariſe from the multiplication of the firſt ſeries, or multiplicand, into thoſe 
terms of the multiplicator which are marked with the ſign +, will have the 
ſame ſigns + and — prefixed to their feveral terms as are prefixed to the cor- 
reſponding terms in the multiplicand ; and that all thoſe horizontal lines of 
terms in the product which ariſe from the multiplication of the firſt ſeries, or 
multiplicand, into thoſe terms of the multiplicator which are marked with — 
. ; gn 
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fign —, will have contrary ſigns prefixed to their ſeveral terms to thoſe which 


are prefixed to the correſponding terms of the multiplicand. It follows there- 
C 5s 


fore that in the general product of the multiplication of the ſeries 1 — — — 


2 — — + — 2 — W — &c (of which all the terms after the firſt 


term are marked with the ſign —) into itſelf, which is ſet down above in arts 
40 (I mean by the general product the firſt product, before the ſimilar terms 
in each vertical column of terms are added up together at the bottom, ſo as to 
make but one term), the firſt horizontal line of terms (which ariſes from the 


C 5s k * 850 1 53 


multiplication of the ſaid multiplicand, or ſeries 1 — — — — ——- = 7 — 
Ke, into its firſt term 1, or, in other words, which is the ſaid 


ſeries itſelf) muſt have the ſign + prefixed to its firſt term (or rather, no ſign 
at all; becauſe, being the firſt term of the whole product, it is that to which all 
the other terms are to be referred, and to be added to it when they are marked 
with the fign +, and to be ſubtracted from it when they are marked with the 
ſign —) and muſt have the ſign — xed to all the following terms; and the 
ſecond, and third, and fourth, and fifth, and ſixth, and ſeventh, and every fol- 
lowing horizontal line of terms in the ſaid product (which arife from the multi- 


3 . 6 9 4 " 10 

plication of the ſaid multiplicand, or ſeries 1 — =_ — . = * * 5 1 _ 
ONE 3 | cis EY G5 1 9 L $9 ta : | 
a — Ke, into the ſeveral terms , , A, A, _ , &c, whict p 


are all marked with the fign —) muſt have the fign — prefixed to their ſeveral 
firſt terms, and the fign + prefixed to all their following terms, to whatever 
number of terms the ſaid horizontal lines may be continued. And it follows 


likewiſe, that in the general product of the multiplication of the ſeries 1 + 


— 
r 5 
— — TOI ng + 8 + &c (of which the ſecond, and fourth, 
and fixth, and all the following even terms, are marked with the fign +, and 
the third, and fifth, and ſeventh, and all the following odd terms, are marked 
with the fign —) into itſelf, which is ſet down in art. 63, the firſt horizontal 
line of terms (which ariſes by the multiplication of the ſaid multiplicand, or 
ſeries 1 + ZZ — ZZ + > — 5 + > . Ke, into its firſt term 1, 
or, in other words, which is the ſaid feries itſelf) muſt have the fign + pre- 
fixed to its ſecond, fourth, fixth, and other following even terms, and the fign 
— prefixed to nts third, fifth, ſeventh, and other following odd terms (to what- 
ever number of terms the ſaid horizontal line may be continued), being the ſame 
ſigns as thoſe of the ſeveral correſponding terms of the ſaid multiplicand itſelf; 
and, in like manner, the ſecond horizontal row of terms in the ſaid product, and 
the fourth, and fixth, and eighth, and tenth, and every following even horizontal 
row of terms in it (which ariſe from the multiplication of the ſaid multiplicand, 
Iz L 2% 


R EZZ x 2+ 62 N 41 2 
or ſeries 3 7 — 7 7 rr + &c, into the fecond, 
Vo. II. 3R | fourth» 
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fourth, and fixth terms, — * — and the other following even terms, 
of the ſaid ſeries, to all which the ſign + is prefixed) will have the ſame ſigns 
+ and — prefixed to their ſeveral terms as are prefixed to the correſponding 
terms of the ſaid multiplicand, or ſeries itſelf, to wit, the ſign + prefixed to their 
firſt, and ſecond, and fourth, and fixth, and eighth, and tenth, and other fol- 
lowing even terms, and the ſign — prefixed to their third, and fifth, and ſe- 
venth, and ninth, and eleyenth, and other following odd terms ; and the third 
horizontal row of terms in the ſaid product, and the fifth, and ſeventh, and 
ninth, and eleyenth, and every following odd horizontal row of terms in it 


(which ariſe from the multiplication of the ſaid multiplicand, or ſeries 1 + = 


k 2* G z* 1 z® L 239 paw . e and fifch 8 
7 + FLY 4 77 + FORTY + &c, into tne ird, , and fe- 
venth, terms — — . ＋, and the other following odd terms of the ſaid ſe · 


iz 2 
ries, to all which the ſign — is prefixed), will have contrary ſigns prefixed to 
their ſeveral terms to thoſe which are prefixed to the correſponding terms of the 
ſaid multiplicand, or ſeries itſelf, and therefore will have the fign — prefixed 
to their firſt, and ſecond, and fourth, and ſixth, and eighth, and tenth, and 
other following even terms, and the ſign + prefixed to their third, and fifth, 
and ſeyenth, and ninth, and eleventh, and other following odd terms. 


66. It has been ſhewn, in the laſt article, that in the general product of the 


| . 10 12 
multiplication of the ſeries 1 — _— 5 2% — — —— — = — & 
into itſelf, ſet down above in art. 40, all the terms in the firſt, or higheſt, hori- 
zontal row of terms, except the firſt term 1, will have the fign — prefixed to 
them, and that in the ſecond, and third, and fourth, and other following hori- 
zontal rows of terms in the ſaid product, the firſt terms of the ſaid rows will 
have the fign — prefixed to them, but all the following terms in them will be 
marked with the ſign +. Now the firſt terms of the ſeveral horizontal rows 
of terms in the ſaid general roduct are the loweſt terms of the ſeveral ver- 
tical columns of terms 1n the aid product, which involve the ſame powers of 


the fraction 1 and the ſecond, and third, and fourth, and other following 


terms of the firſt, or higheſt, horizontal row of terms in the ſaid product, are 
the higheſt terms of the ſecond, and third, and fourth, and other followin 

vertical columns of terms in the ſaid product. Therefore the higheſt term oy 
the loweſt term of the ſecond, and the third, and the fourth, and every fol- 
lowing vertical column of terms in the ſaid product, will have the fign — pre- 
fixed to them, and all the other terms of the ſaid vertical columns will be 
marked with the ſign +. Now this will likewiſe be the caſe with the third, and the 
fifth, and the ſeventh, and the other following odd vertical columns, of the gene- 


ral product of the multiplication of the other ſeries 1 + ES + _ obs 


X — + &c into itſelf, ſet down in art. 63. For the firſt, or higheſt, 
terms 
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terms of the ſaid odd vertical columns are the third, fifth, ſeventh, and other 


following odd terms of the firſt, or higheſt, horizontal row of terms; to wit, the 
terms _ — — &c, which are all marked with the ſign -; and the loweſt 
terms of the ſame odd vertical columns are equal to their higheſt terms, and are 
marked alſo with the ſign —, becauſe they are the firſt terms of the ſeveral odd 
horizontal rows of terms, which have been ſhewn to be marked with the ſaid 
fign —. And the intermediate terms of the ſaid odd vertical columns between 
the higheſt term and the loweſt muſt all be marked with the ſign +, becauſe they 
are, all of them, the products of the multiplication of factors, which are both 
marked either with the ſame ſign + or with the ſame fign —. Thus, for example, 
in the ſeventh vertical column of the ſaid product, of which the higheſt term is — 


av the next term = is the product of the multiplication of the factors 


75. and = which are both marked with the ſign +, and therefore it muſt 
be likewiſe marked with the ſign + ; and the third term = is the produ& 


of the multiplication of the factors = and — which are both marked with 
the ſign —, and therefore it muſt be marked with the ſign + ; and the fourth 
term —— is the product of the multiplication of oe by _ which are both 
AT ; with the ſign +, and therefore it muſt be marked alſo with the ſign 
++; and the fifth term = is the product of the multiplication of the factors 


2 and = which are both marked with the ſign —, and therefore it muſt be 


marked with the ſign + ; and the ſixth term, — or the loweſt term but one, 


or the laſt of the intermediate terms between the higheſt and loweſt terms of the 
ſaid vertical column, is the product of the factors = and , which are both 


marked with the fign +, and therefore it muſt likewiſe be marked with the 
fign + ; and conſequently all the five intermediate terms of the ſaid ſeventh 
vertical column between its higheſt and loweſt terms muſt be marked with the 
fign +. And it is eaſy to perceive that, for the ſame reaſons, all the intermedi- 
ate terms between the higheſt and loweſt terms of any other vertical column of 
which the higheſt term was marked with the ſign —, that is, of any other odd 
vertical column, muſt be marked with the ſign +. We may therefore con- 
clude that in all the odd vertical columns of terms in the general product ſet 
down in art. 63, the figns + and —, which are to be prefixed to the ſeveral 
- terms of the ſaid columns, will be the ſame as thoſe which are to be prefixed to 
the correſponding terms of the ſame odd vertical columns of terms in the gene- 


ral product ſet down above in art. 40. —_ 


67. Since the ſigns of . terms in the ſeveral odd vertical columns of the 


general product ſet down in art. 63, are the ſame as thoſe of the correſponding 
. 3 R 2 terms 


— 
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terms of the like odd vertical columns of the general product ſet down in art. 
40, it is evident that, when the fimilar terms contained in the ſaid odd vertical 
columns are added up together at the bottoms of the ſaid general products, fo 
as to make but ſingle terms, the ſame analogy between the ſigns of the terms of 
theſe vertical columns will continue; that is, in the ſeveral odd vertical columns 
of the reduced compound ſeries, which is equal to the ſquare of the ſeries 1 + 


C ZZ E 24 8 2 1 L 2¹⁰ N 272 


— — -e Ke, the ſigns of the ſeveral terms, 


&8 
or members of the ſaid columns, will be the ſame with the figns of the ſeveral 
correſponding terms, or members of the like odd vertical columns in the re- 


duced compound ſeries, which is equal to.the ſquare of the former feries 1 — 


4 46 8 0 1 
F- = = - Kc, to whatever number of terms the 


ce . 
ſaid ſerieſes may be continued. Therefore the third obſervation made above in 
art. 64, concerning the ſigns of the members of the odd vertical columns of theſe 
two compound ſerieſes, is univerſally true. . E. o. 


68. But in the ſecond, and fourth, and ſixth, and other following even ver- 
tical columns of terms in the general product ſet down in art. 63, the ſigns + 
and —, that are to be prefixed to the ſeveral terms or members of the ſaid co- 
lumns, will be contrary to thoſe which are to be prefixed to the ſeveral cor- 
reſponding terms of the ſecond, and fourth, and fixth, and other following ever 
vertical columns in the general product ſet down in art. 40. For, in the firſt 
place, the firſt, or higheſt, term in every even vertical column in the general 
product ſet down in art. 63, is marked with the fign + ; whereas the firſt, or 
higheſt, term of every even vertical column of terms in the general product ſet 
down in art. 40 (as well as the firſt, or higheſt, term of the third and every fol- 
lowing odd vertical column of terms in the ſame general product), is marked with 
the ſign —. And, in the ſecond place, the laſt, or loweſt, term in every even ver- 
tical column of terms in the general product ſet down in art. 63, is marked with 
the ſign + ; becauſe the ſaid loweſt term of ſuch even vertical column is the 
firſt rerm of the even horizontal line of terms in which it lies : and it has been 
ſhewn in art. 65 that the firſt terms of the ſecond, and fourth, and ſixth, and 
every following even horizontal row of terms, are marked with the fign +. But 
the loweſt terms of the ſecond, and fourth, and fixth, and every following even 
vertical column of terms, in the general product ſet down in art. 40 (as well as 
of every odd vertical column in the ſaid product), are all marked with the ſign 
, as has been ſhewn in art. 66. And, thirdly, the ſeveral intermediate terms 
between the higheſt and the loweſt terms in every even vertical column of terms, 
in the genera] product ſet down in art. 63, muſt all be marked with the ſign —, 
becauſe they are the products of factors which are marked with different ſigns. 
Thos, for example, in the ſixth vertical column of the general product, ſet 


down in art. 63, of which the higheſt term is + . the next term 2 is 


the product of the multiplication of the factors = and 2, of which the for- 


mer is marked with the fign —, and the latter is marked with the ſign +, in 
conſequence 
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| conſequence of which their product muſt be marked with the ſign "3 and the 
third term e is the product of the multiplication of the factors S and , 
of which the former is marked with the ſign +, and the latter is marked with 
the ſign —, and conſequently their product muſt be marked with the fign — ; 


and the fourth term — is the product of the multiplication of the factors = 


and = of which the former is marked with the fign —, and the latter 1s 
marked with the ſign +, and conſequently their product mult be marked with 
the ſign — ; and the fifth term , or the loweſt term but one, or the laſt of 


the ſaid intermediate terms between the higheſt and the loweſt terms of the ſaid 
vertical column, is the product of the multiplication of the factors = and =, 
of which the former is marked with the fign 4, and the latter is marked with 
the fign —, and conſequently their product muſt be marked with the ſign —. 
And it is eaſy to perceive that, for the ſame reaſons, all the intermediate terms 
between the bigheſt and the loweſt terms of any other vertical column, of which 
the higheſt term was marked with the fign +, that is, of any other even vertical 
column, muſt be marked with the ſign —. But in the general product ſet down 
in art. 40, all the intermediate terms between the higheſt and loweſt terms of all 
the vertical columns, both odd and even, are marked with the ſign +. There-- 
fore all the intermediate terms between the higheſt and the loweſt terms of all the 
even vertical columns, in the general product ſet down 1n art. 63, are marked 
with contrary ſigns to thoſe of the correſponding intermediate terms of the even 
vertical columns of the general product ſet down in art. 40. And the ſame thing 
has been ſhewn concerning the higheſt and loweſt terms of the ſaid even vertical 
columns of the ſaid two general products. We may therefore conclude that in 
all the even vertical columns of terms in the general product ſet down in art. 63, 
the ſigns + and —, which are to be prefixed to the ſeveral terms of the faid co- 
lumns, will be every where contrary to thoſe which are to be prefixed to the 
correſponding terms of the like even vertical columns of terms in the general 
product ſet down above in art. 40. d. E. 5. 


69. Since the ſigns of the terms in the ſeveral even vertical columns of the 
general product ſet down in art; 63, are reſpectively contrary to thoſe of the 
correſponding terms of the like even vertical columns of the general product ſet 
down in art. 40, it is evident that, when the fimilar terms contained in the ſaid 
even vertical columns are added up together at the bottoms of both the ſaid ge- 
neral products, ſo as to make but ſingle terms, the ſame analogy, or rather con- 
trariety, between the figns of the terms of theſe vertical columns will continue; 
that is, in the ſeveral even vertical columns of the reduced compound ſeries, 
which is equal to the ſquare of the ſeries 1 * — 2 — = — 2 — 
— 2 + &c, the ſigns of the ſeveral terms, or members of the ſaid columns, 


will be every where contrary to the ſigns of the ſeveral correſponding terms, or 
- members 
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members of the like even vertical columns, of the reduced compound ſeries, 
C55 * 54 G 36 1 53 . 1 


which is equal to the ſquare of the ſeries 1 — D MQ re 


32 — &c, to whatever number of terms the ſaid ſerieſes may be continued. 


| 612 
Therefore the fourth obſervation made above in art. 64, concerning the ſigns of 
the members of the even vertical columns of theſe two compound ſerieſes, is uni- 


verſally true. | N . k. p. 
o. In the fifth place we may obſerve concerning theſe tyo compound ſeri- 
eſes, which are equal to the ſquares of the two infinite ſerieſes 1 — — — 2 
at 15 * N 71 L 24 6 5 219 
CE Eo I OE I FIRE 
NI 


— ++ &c, that the co- efficients of the ſeveral terms, or members of the ſe- 


veral vertical columns, of the compound ſeries which is equal to the ſquare of the 
latter ſimple ſeries, and which is ſet down in art. 63, will be equal to the co- effi- 
cients of the correſponding terms, or members of the ſeveral vertical columns of 
the former compound ſeries, which is equal to the ſquare of the former fimple 
ſeries, and which is ſer down above in art. 40 though the figns + and — that are 


to be prefixed to them will N every where be alike. For, ſince the two ſimple ſe- 
2 | Ts * 38 10 312 
e e eee 


1 FAS N 212 


+ = — 15 + — ER + &c, contain the very ſame co-efficients C, E, G, 


I, L, N, &c, combined with the ſame powers of the two fractions — and 2 
| en o 14599 


though with different ſigns + and — prefixed to the even terms — I . 


&c, and —— — — , &c, of the two ſerieſes; and ſince it has been ſhewn 


that, in the third, and fifth, and ſeventh, and other following odd vertical columns 
of terms, in the two compound ſerieſes which are equal to the ſquares of the ſaid 
ſimple ſerieſes, the figns + and —, that are to be IN to the correſpond- 
ing terms of the ſaid odd vertical columns, are the ſame in both ſerieſes; and 
that in the ſecond, and fourth, and ſixth, and other following even vertical co- 
lumns of terms in the ſaid compound ſerieſes, the ſigns + and , that are to be 

efixed to the correſponding terms of the ſaid even vertical columns, are uni- 
— contrary to each other in the two ferieſes; it follows that the co- effi- 
cients of the ſeveral terms, or members of the vertical columns, of one ſeries, 
- muſt ariſe from the ſame combinations of the original co-efficients C, E, G, I, 
L, N, &c, by multiplication and addition, by which the co-efficients of the 
correſponding terms, or members of the ſeveral vertical columns, of the other 
ſeries are produced: and conſequently the ſaid co-efficients muſt be the ſame in 
both ſerieſes, though the ſigns + and — that are to be prefixed to them will, 


in all the terms of the ſeveral even vertical columns, be different. d. E. 5 
ti dor 71. We 
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71. We now proceed to multiply the compound ſeries obtained above, in art. 

" o * E 2* G x Iz L x 
W-. the ſquare of the ſimple ſeries 1 + 7 7 + 7 — 7 + FLY — 
=== + Ke, into the ſaid ſimple ſeries itſelf, in order to obtain the cube of the 


id ſimple ſeries. This multiplication is as follows. g 


The multiplication of the compound ſeries (obtained above 

in art. 63) which is equal to the ſquare of the ſimple 

a o 10 FALL 

ſeries 1 + T + = 

+ Ec, into the ſaid ml ſeries, in order to obtain 
the cube of the ſaid ſimple ſeries. 
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WP - 2 C1 229 wy 

ow 8 — 4 
L ¹ . "Hop: 
* Io —— — &c 

a {ger 
nd & 


FL zous, | 71 MT. + — $14 2 + A 
« 2 6 — 7 xo 6 Er 2 
+ EE = . I + == —&c 


1 2 — * _— 3 


| | OW F | 29 | 2 


This laſt compound ſeries (which, for the ſake of 1 we will denote by 
3 77 Labret of the feries 1 + = 3 — 2 + ＋ 722 + 128 


od inflaitum. Therefore 8g the n of th adi 
1 <= + &c ad iniitun will be = 8g 


4 
* the compound feries /; and gone"; 24 par the cube of the expreſſion] 25 [F 
E 2* 1 L2¹e N xs 
x the infinite ſeries 1 + == - = + =>— = To Fr + &c will 
be = 8g x the compound ſeries . 
72. If the foregoing compound ſeries y be- actually multiplied i into 8 g, the 
product will be the following compound feries, to wit, 


82 + 888 + —_ —_— + 24 L 2 — 24Nz" + &c 


8? : 
8 £224 48 41 4 48 cs 2 48 cr 2%? 48 c 2= 
* 
+ $0325 24 £*2* BY 48 EG 23” 48 E1 2% * 
7 7 29 11 
| 2407 x9 2G 229 2,12 
re 
- CE*z219 2 12 
a — LE + Ke 
48 C 
_ &c 
8 £32"? 
— - — &c; 
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which, for the ſake of brevity, we ſhall denote by the ſmall Greek letter 8. And 


c ZY E 2 


then the cube of the expreſſion 2 g x the infinite ſeries 1 + 2 
„ r + &c ad infinitum will be equal to the ſaid compound 


WIE 
eries 6, 
C_ ND 
A compariſon between the compound ſeries J, obtained in 


the foregoing art. 72, and the compound ſeries A ob- 
tained above in art. 41. 


73. If we compare the laſt- mentioned compound ſeries 9 with the compound 
ſeries A obtained above in art. 41, we ſhall find that the co-efficients of the cor- 
reſponding terms are the ſame in both ſerieſes, and likewiſe that the ſigns pre- 
fixed to the correſponding terms, or members, of the third, and fifth, and ſe- 
venth, vertical columns of terms in both ſerieſes are the ſame, but that the ſigns 


prefixed to the ſecond terms of the ſaid two ſerieſes, to wit, the terms <= 


and =, and to the correſponding terms, or members, of their fourth and 


ſixth vertical columns of terms, are contrary to each other. And the fame 
agreement of the ſigns of the terms of theſe two ſerieſes will take place in all the 
owing odd vertical columns of terms after the ſeventh ; and the ſame con- 
trariety between the ſigns of the terms of the ſaid ſerieſes will take place in all 
the following even vertical columns of terms in them after the ſixth terms, to 
whatever number of terms the ſaid ſerieſes may be continued; as might be 
ſhewn by reaſonings ſimilar to thoſe contained in art. 65, 66, 67, 68, and 69. 


74. Since the co-efficients of the ſeveral terms of the compound ſeries 3 are 
equal to the co-efficients of the correſpondent terms of the compound ſeries A ; 
and the ſigns prefixed to the correſponding terms of the ſaid two ſerieſes are 
exactly the ſame in the third, and fifth, and ſeventh, and other following odd 
vertical columns of terms in the ſaid ſerieſes, but are contrary to each other in 
the ſecond terms of the ſaid ſerieſes, and in the correſponding terms of the 
fourth, and fixth, and other following even vertical columns of the ſaid ſerieſes; 
it follows that, if we reduce the ſeveral columns of terms in the compound ſeries 
A into ſingle terms by making the neceſſary multiplications, additions, and ſub- 
tractions (as is done above in art. 46, 47, 48, 49, 50, and 51), and denote the 
co-efficients of the ſingle terms thereby obtained by the capital letters P, Q, R, 
S, T, V, &c, and, if we likewiſe reduce the ſeveral columns of terms in the 
compound feries 9 into fingle terms by making the neceffary multiplications, 
additions, and ſubtractions, ſo as to convert the ſaid compound ſeries à into a 
ſimple ſeries ; the co-efficients of the terms of this latter fimple ſeries, which 
will be equal to the compound ſeries 5, will be equal to the co-efficients of the 
correſponding terms of the former ſimple ſeries which is equal to the compound 


Vol. II. 3 8 | | ſeries 
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ſeries A; and the ſigns + and — that are to be prefixed to the third, and fifth, 
and ſeventh, and other following odd terms of the latter ſimple ſeries, will be the 
ſame as thoſe which are to be prefixed to the third, and fifth, and ſeventh, and 
other following odd terms of the former ſimple ſeries, which is equal to the 
compound ſeries A; but the ſigns to be prefixed to the ſecond, and fourth, 
and fixth, and other following even terms of this ſecond ſimple ſeries will be 
contrary to thoſe which are to be prefixed to the fecond, and fourth, and fixth, 
and other following even terms of the former ſimple ſeries, which is equal to 
the compound ſeries A. 


75. Now it has been ſhewn in art. 60 that y* is equal to the ſimple ſeries 8 e 


$+ 6 58 10 40 . . 
de 4 ln Therefore the 


e 63 

compound ſeries A (which is equal to y*) muſt likewiſe be equal to the ſimple 

6 8 10 2 
ſeries 8 e — — — — — — — — — — A — &c ad infinitum, It fol- 
lows therefore, from the foregoing article 74, that the compound ſeries 5 will be 
equal to the fimple ſeries 8 g + ME ene n t 
5 P 1 45 . 
&c ad infinitum. Therefore the cube of the expreſhon 2 g X the infinite 
1 CY HSE 1 — — 
| WAW { 
the compound ſeries 3) will alſo be equal to the fimple ſeries 8 g + = = 54 
„ a ts as 
* * + ** — 5 + &c ad infinitum. 

—ũ—ũ— — —-— — — 


The value of the co-efficient q of the ſimple power of x in 
the cubick equation * — gx = t expreſſed by an infi- 
nite ſeries involving the powers of ⁊ and g. 


+ &c (which is equal to 


76. In the next place we will find a tranſcendental expreſſion, involving the 
powers of z and g, for 9, the co-efficient of x in the propoſed cubick equation 
x* — gx = 7; after which we ſhall multiply the ſaid value of g into the expreſ- 


fion 2 g x the infinite ſeries 1 + == „ - 


＋ &c, which we have aſſerted to be equal to the value of x in the equation 
x* g t. And, if it can be ſhewn that the ſaid product of the multiplica- 


tion of the expreſſion which is equal to g into the ſaid expreſſion 2 \/*([g x the 


infinite ſeries 1 +E—E+S- 3 A0Y — 2 * + &sæ 1s leſs than 


the cube of the aid Taſt-mentioned expreſſion, or than the ſimple ſeries 8 e + 


r= on 8 + 2 + &c (which has been ſhewn in the 


3 $ F4 
aſt article 75 to be equal to the ſaid cube), and that the difference by which it 
3 i» falls 
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falls e cube, or of the ſaid ſeries 8g + —= — —— — 1 — — _ 


r + &c, is I 70 to # (which is the abſolute term of the equation 


T 1 


8? 
Ee Ae or to 2 X — or to 2 g, or that the ſaid product is equal to the 


ſimple ſeries 6 g + S 22 7 bo, which is 


85 2. A. 25 10 
leſs than the ſeries 8 g + 2 — — + Ix — IF — — . + &c by 
the difference 2 g, or t, we ſhall be able Fl to conclude that as ſaid expreſ- 


8 2:4 G 26 1 2* L x9 115 


ſion 2 /*(g x the infinite ſeries 1 + = — => + > —=>- + = ==x 


+ &c is equal to the root x of the propoſed equation & — gx = t. This there- 
fore is what we muſt now endeavour to prove: and, for this purpoſe, we muſt, 
in the firſt place, find a tranſcendental expreſſion for the co-efficient 7, which 
ſhall involve in it only the powers of g and z, Now this may be done in the 
manner following. 


Since xz is 5— 55 RY — 2 we ſhall have 22 , and 


conſequently gg + 2 = =, and ˙ = 27 X gg + 22 = 27 X gg * f + =» 


5 = — 
and g g g N vV3ſ[gg x vl: + == 3 * As X 1+ = 3. But, by the 


1 


binomial theorem in the caſe of roots, 1 + =? is = the infinite ſeries 1 + _ 


XAxE—TBxZ++ C * = 2 
r + be ad yin, . F + 15 —= += = 


+ &c ad infinitym. Therefore 4 vil be = = 3 * A ; x the infinite ſeries 1 + 


1 ZZ © 24 D 2® E 2 i 


F i a I —_—— + &c ad infinitum. Pg” 
77. Therefore the product 850 _ __ 2 of q into the expreſſion 
2. v*(g x the infinite ſeries 1 12 + _ — + _ — = + 
&c will be = 3 FT 3 Xx the infinite ſeries 1 + ITY DHS — 
2 — ge: — + &c X 2 Ä x the infinite ſeries 1 2 — = + = — 
= 2 1 &c=2 XAT X 2 * 2 7 * the infinite ſeries 1 + 
fon Ew 99 nd | naw e Xx the infinite ſeries 1 + —= 


£8 oY 6 g* 4 8 1 * 
HT- > + ——— 6 X the infinite ſeries 1 4 
4 4 2 3 5 
38 2 | _ 


by 
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B 2 c 24 D 2 E 28 F 279 G 21 


. + & Cc X the infinite ſeries 14 EZ 
2 G 2 : 12 1 4 5 
a + + + & c. We muſt therefore now proceed 
. . B ZZ C 24 D 2 E 28 1 210 12 
to multiply the ſeries 1 + — 1 oY 7 33 1 c&c into 
s 129% [. 210 212 


the ſeries 1 + r — r * . — + &c; 3 
done in the manner following. 


The multiplication of the infinite ſeries 1 + — ok. = 
—_— = ra + &c ad 2 
into the infinite ſeries 1 + —— E = 1 — — 
+ = a; — + ad On 
6 PIO 
of 8 10 12 
+ EE + ET +5 > + &c 
C ZZ E A G 2⁸ 12 L 2:19 N 222 
— re 
B ZZ C 2+ D z® k 2* F 2! * * 
C r gn N + &c 
C ⁊⁊ Z 2 CE 219 F 2:12 
+ '&Z T 2 -. 85 5 8˙ü 77 — & C 
E BE x CE 2 DE 239 E212 
A 7 2 2 2 1 3 &c 
G 2® BG 2 CG 239 DG 222 
2 Fa 929 12 — &c 
12 B12 C1 21? 
r EEG go PD — &c 
L XI L 2 
LS IONS | 
/ LES N 22 3 
75 : 


Therefore the product of the multiplication of the expreſſion 2 %. g x the 


c 22 G 2 — L 2 N 
infinite ſeries 14 — 3 24 — — — * + &c into the co- 


efficient will be equal to 'S X ” * ge ſeries 11 now obtained, to wit, 
the ſeries ; | 


* 
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* B ZZ C 2+ D 25 E 23 F 219 G 2¹ 
Y 7 * &C 
8&8 8 4 4 

C 22 BC 24 C22 cb CE 2¹ CF A1 & 
J TT Ye 

E 24 BE 2 cE x DE 2! E 252 & 
_ 25 9 7 gf 1 N — Ke 

7 G 2 BG 2 CG 2 DG 2** & 
: + Po + go ac . 

1 BI 222 CI 22 & 
* 8 * For 12 BRED N 

L 21 BL 21 & 
P 1 2 C 


or, if, for the ſake of brevity, we denote this compound ſeries by the ſmall 
Greek letter A, the ſaid product will be equal to 6g x the ſaid compound 
ſeries A, „ . 


A compariſon between the foregoing compound ſeries x and 
the compound ſeries A obtained above in art. 42. 


78, If we compare this compound ſeries A with the compound ſeries A ob- 
tained above in art. 42, we ſhall find that there are the following reſemblances 
and differences between them. 

In the firſt place, the firſt terms of both theſe compound ſerieſes are equal to 
the ſame quantity, to wit, 1. 

Secondly, the ſecond, and third, and fourth, and fifth, and all the-following 


vertical columns of terms of the latter compound ſeries A, obtained in the fore- 
. . x . 4 Oo 
going art. 77, involve in them the ſeveral fractions —, — =, 2 


&c, or the ſeveral ſucceſſive powers of the fraction , juſt as the ſecond, and 


third, and fourth, and fifth, and other following vertical columns of terms of 


the former compound ſeries A, obtained in art. 42, involve in them the ſeveral 


"TRE HE IR ES A 1 Fe 
fractions D , 72 . n, , or the ſeveral ſucceſſive powers of the frac- 


tion — And it is evident that this obſervation will be true of all the following 


terms of theſe two compound ſerieſes, to whatever number of terms the ſaid 
ſerieſes may be continued, as well as of the terms ſet down in art. 42 and 77, 


b Ba en D 2 r 6 
becauſe the two ſimple ſerieſes 1 + 5 7 


&c and 1 + Go — = + = — + —= + &c (by the multipli- 
cation of which the compound ſeries A 1s produced) contain in their terms the 


very ſame powers of the fraction _ as the two former ſimple ſerieſes 1 — — 


C 54 
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L 59 W 
ö 7 


— &c (by the multiplication of which the former compound ſeries 


A was produced) contain in their terms of the fraction —. 


Thirdly, the co-efficients of the ſeveral terms in the compound ſeries A will 
be equal to the co-efficients of the correſponding terms, or terms placed in the 
ſame ſituations in the ſeveral horizontal lines, of the compound ſeries A, though 
they will not every where have the ſame figns + and — prefixed to them. 
For theſe co-efficients are the products of the co-efficients of the terms of the ſim- 
— ſerieſes, by the multiplication of which into each other the ſaid compound 
erieſes A and A are produced: and therefore, as the co- efficients of the powers of 


the fraction in the terms of the two ſimple ſerieſes 1 4 = + D 
ee 


1 e gt 
+ &c (by the multiplication of which the compound ſeries A is produced) are 
the very ſame with the co-efficients of the powers of the fraction — in the terms 


B 5s Cc 54 26 E 58 F to G $7 


of the two fimple . I = ELESETTLETT. &c and 
* ＋ — — — 498 — A — &c (by the multiplication of 


veral original co-efficients B, C, D, E, F, G, I, L, N, &c, as the co-efficients 
of the correſponding terms of the compound ſeries A are of the ſame original 
co-efficients, and conſequently that they muſt be equal to the ſaid co-efficients 
of the correſponding terms of the compound ſeries A. Q, k. D. 


Fourthly, the figns + and — that are prefixed to the terms contained in the 
third, and fifth, and ſeventh, vertical columns of the compound ſerics A are the 
ſame as thoſe which are prefixed to the correſponding terms contained in the 
third, and fifth, and ſeventh vertical columns of the compound ſeries A, as will 
be evident upon the inſpection of the ſaid two compound ſerieſes. And the 
ſame ſimilitude will take place between the ſigns prefixed to the terms contained 
in the following odd vertical columns, after the ſeventh, of the compound ſeries 
A, and thoſe prefixed to the correſponding terms of the following odd vertical 
columns, after the ſeventh, of the compound ſeries A; as we ſhall preſently en- 
deavour to make appear. ; 

And, fifibly, the figns + and — that are prefixed to the terms contained in the 
ſecond, and fourth, and ſixth vertical columns of the compound ſeries A are every 
where contrary to thoſe which are prefixed to the correſponding terms of the 
ſecond, and fourth, and ſixth vertical columns of the compound ſeries A; as 
will be evident upon. the inſpection of the ſaid two compound ſerieſes. And 
the ſame contrariety will take place between the ſigns to be prefixed to the 
terms contained in the following even vertical columns, after the fixth, of the 

compound 
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compound ſeries x and the ſigns to be prefixed to the correſponding terms of 
the following even vertical columns, after the ſixth, of the compound ſeries A; 
as we ſhall now endeavour to make appear. 


79. In the compound ſeries A, or the product of the multiplication of the 
5s 46 ne * G 11 . 
ſeries 1 — _ _ BL Le RE — — — — &c (of which all the terms, 


after the firſt term 1, are marked with the ſign —) into the ſeries 1 — _ — 


— — bs — — A- — &c (of which all the terms, after. the firſt 


term 1, are likewiſe marked with the ſign —) ſet down above 1a art. 42, it is 
evident that all the terms, after the firſt term 1, of the firſt, or higheſt, hori- 
zontal row of terms muſt be marked with the ſign —, to whatever number of 
terms the ſaid horizontal row of terms may be continued; and it is evident like- 
wiſe, that in all the following horizontal rows of terms in the ſaid product the 
firſt terms of the ſaid horizontal rows (being the products of the multiplicatign of 


1b ares SE „ __— &c) muſt be marked with the 
Y ve "nn 


fign —, but that all the following terms of the ſaid horizontal rows, to what- 
ever number of terms the ſaid rows may be continued, will be marked with the 


fign +, becauſe they are the products of the multiplication of the ſeveral terms 


B Cc 5* D 30 E 46 p 559 G 532 8 0 


8 to ra ; 

ſeveral terms — =, — = „— 72 — _ _ =, — , &c, as multiplica- 
tors, and, wherever the ſign - 1s prefixed to both the factors of any multpli- 
cation, the ſign is to be prefixed to the product. But the ſecond, and third, 
and other following terms of the firſt, or higheſt, horizontal row of terms in the 
ſaid product, are the higheſt terms of the fecond, and third, and other follow- 
ing vertical columns of terms in it ; and the firſt terms of the ſecond, and third, 
and other following horizontal rows of terms of the ſaid product are the loweſt 
terms of the ſecond, and third, and other following vertical columns of terms 
in the ſame. Therefore, the higheſt and the loweſt terms in the ſecond, and 
the third, and every following vertical column of the ſaid product will be 
marked with the ſign —, and all the intermediate terms in the faid vertical 
columns between the highelt and the lowelt” terms will be marked with the 
ſign +. 

Theſe will be the ſigns to be prefixed to the ſeveral terms of the compound 


ſeries A, or the product, ſet down above in art. 42, of the multiplication of the 
B 556 Cc 5+ D 46 E 5* p $30 G $72 


ſeries 1 — T . — &c ad infinitum into the ſe- 
, £58 3 af 2 1. mo 3 
rie: 1 — r - -M - = deln. .. 


now enquire what ſigns are to be prefixed to the ſeveral correſponding terms of 
the compound ſeries A, or the product, ſet down in art. 77, of the multiplication 


be ſeri —— ewe Ces 52 
of the ſeries 1 + 8 + 25 7 + 7 75 + &o ad * 


Into 
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00 is Gori cm Bn of 1s 12 wats bs 
* the ſeries 1 + = 7 + 7 7 + 755 Tia + &c ad in 
finitum, | 


6 8 10 12 
14 — * 6 + — <6 + &c, conſiſts of the very ſame 
terms as the multiplicand, being the product of the multiplication of the ſaid 
multiplicand into 1, which will make no change either in the terms of the mul- 
tiplicand themſelves, or in the ſigns to be prefixed to them. Therefore in this 
firſt, or higheſt, horizontal row of terms, the ſecond, and fourth, and fixth, and 
eighth, and tenth, terms, and all the following even terms (to whatever number 
of terms the ſaid horizontal row of terms may be continued) will be marked with 
the ſign +, and the third, and fifth, and ſeventh, and ninth, and eleventh, 
terms, and all the following odd terms (whatever be their number) will be 
marked with the ſign —. But the ſecond, and fourth, and ſixth, and other fol- 
lowing even terms of the firſt, or higheſt, horizontal row of terms in the ſaid 
product, are the firſt, or higheſt, terms of the ſecond, and fourth, and ſixth, and 
other following even vertical columns of terms in the ſaid product; and the 
third, and fifth, and ſeventh, and other following odd terms of the ſaid firſt, or 
higheſt, horizontal row of terms in the ſaid product are the firſt, or higheſt, 
terms of the third, and fifth, and ſeventh, and other following odd vertical co- 
lumns of terms in the ſaid product. I herefore the firſt, or higheſt, terms of 
the ſecond, and fourth, and ſixth, and other following even vertical columns of 
the ſaid product will be marked with the fign + ; and the firſt, or higheſt, 
terms of the third, and fifth, and ſeventh, and other following odd vertical co- 
Jumns of terms in the ſaid product will be marked with the ſign —, 


81. We will next enquire what ſigns muſt be prefixed to the laſt, or loweſt, 

terms of the ſeveral vertical columns of the ſaid product. | 
Now, becauſe the firſt term of the ſeries which is the multiplicand in the 
multiplication ſet down above in art. 77, is 1, and the ſecond, and fourth, and 
ſixth, and other following even terms of the ſeries which is the multiplicator in 
that multiplication, are marked with the ſign +, and the third, and fifth, and 
ſeventh, and other following odd terms of the ſaid multiplicator are marked with 
the ſign —, it follows that in the ſecond, and fourth, and ſixth, and other follow- 
ing even horizontal rows of the ſaid product, the ſigns + and — that are to be 
prefixed to the ſeveral terms in the ſaid rows will be the ſame as thoſe of the 
correſponding terms of the multiplicand, and conſequently the two firſt terms 
of each of the ſaid even horizontal rows will be marked with the ſign +, and 
the third, and fourth, and fifth, and ſixth, and other following terms of the ſaid 
even horizontal rows will be marked with the ſign — and the ſign + alter- 
nately ; and it follows alſo, that in the third, and fifth, and ſeventh, and other 
following odd horizontal rows of terms, the ſigns of the terms will be contrary to 
thoſe of the correſponding terms of the multiplicand, and conſequently the two 
firſt terms of each of the ſaid odd horizontal rows of terms will be marked with 
| the 
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the ſign —, and the third, and fourth, and fifth, and ſixth, and other following 
terms of the ſaid odd horizontal rows of terms will be marked with the fign + 
and the ſign — alternately. But the firſt terms of the ſecond, and third, and 
fourth, and other following horizontal rows of terms are the loweſt terms of the 
ſecond, and third, and fourth, and other following vertical columns of terms. 
Therefore the loweſt terms of the ſecond, and fourth, and fixth, and other fol- 
lowing even vertical columns of terms in the ſaid product will be marked with 
the ſign -+ ; and the loweſt terms of the third, and fifth, and ſeventh, and other 
| 12 odd vertical columns of terms in the ſaid product will be marked with 
ce ign —. 


82. It appears therefore that in the third, and fifth, and ſeventh, and other 
following odd vertical columns of the ſaid compound ſeries A, or product, ſet 
down in art. 77, both the higheſt and the loweſt terms will have the fign — 
prefixed to them, as is the cafe in the compound ſeries A, or the product ſet 
down above in art. 42 ; and that in the ſecond, and fourth, and fixth, and other 
following even vertical columns of the ſaid compound ſeries A, or produ@ſet 
down in art. 77, both the higheſt and loweſt terms will be marked with the 
ſign +, which is contrary to the ſign which is prefixed to the higheſt and 
loweſt terms of the ſecond, and fourth, and fixth, and other following even ver- 
tical columns of terms in the compound ſeries A, or product ſet down above in 
art. 42, It remains that we enquire into the ſigns that are to be prefixed to the 
ſeveral intermediate terms between the higheſt and the loweſt terms of the ſeve- 
ral vertical columns of terms in the ſaid compound ſeries A, or product ſet down 
in art. 77. 


4 $3. Now, wherever the higheſt term of one of the vertical columns of the 

product ſet down in art. 77 is marked with the ſign — (which has been ſhewn 
to be the caſe in the third, and fifth, and ſeventh, and all the following odd 
vertical columns), all the intermediate terms of the ſaid column between the 
higheſt term and the loweſt will be marked with the fign +, becauſe they will 
be the product of two factors which are both marked with the ſame ſign, to wit, 
firſt with the ſign +, then with the fign —, then with the fign +, and then 
with the ſign — again, and ſo on alternately. Thus, for example, in the ſe- 


venth vertical column of the ſaid product, the higheſt term is — = which 1s 
the product of the multiplication of — —— „the ſeventh term of the multipli- 
cand, by 1, the firſt term of the multiplicator ; and the ſecond term of the ſaid 


vertical column is + ==, which is marked with the ſign +, becauſe it is the 


product of the multiplication of Ss, the ſixth term of the multiplicand, by 


— the ſecond term of the multiplicator, which terms are both marked with the 


fign + ; and the third term of the ſaid vertical column is + er which is 
Vor. II. 3 * marked 
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marked with the ſig +, becauſe it is the product of the multiplication of 0 


the fifth term of the multiplicand, by ==, the third term of the multiplicator, 
which terms are both marked with the fign —; and the fourth term of the ſaid 


vertical column is + -, which is marked with the ſign +, becauſe it is the 


product of the multiplication of — the fourth term of the multiplicand, 
by — the fourth term of the multiplicator, which terms are both marked with 


the fign + ; and the fifth term of the ſaid vertical column is + =, which is 


in like manner marked with the ſign +, becauſe it is the PINE of the 


multiplication of == the third term of the multiplicand, by 2, the fifth 
term, of the multiplicator, which terms are both marked with the fign — ; and 
the Hxth term of the ſaid vertical column, or the loweſt term but one, of the ſaid 
column, or the laſt of the intermediate terms of the ſaid column between its 
higheſt and its loweſt terms, is + 7 „which is alſo marked with the ſign +, 
becauſe it is the product of the multiplication of = the ſecond term of the 


multiplicand, by =>, the ſixth term of the multiplicator, which terms are both 
marked with the 2 hen +. And thus it appears, that all the intermediate 
terms between the higheſt and loweſt terms of the ſaid ſeventh vertical column 
muſt be marked with the ſign +, becauſe the two factors, by the multiplication 
of which they are produced, are always marked with the ſame ſign, whether + 
or —. TT it is eaſy to ſee, from the alternate ſucceſſion of the ſigns + and 
— to each other, in both the multiplicand and multiplicator, that the ſame thing 
muſt take place with reſpect to the intermediate terms of any other vertical co- 
lumn of terms of which the higheſt term is marked with the fign —, that is, of 
any other odd vertical column. We may therefore conclude that in all the odd 
vertical columns of the compound ſeries A, or the product ſet down in art. 57 (to 
whatever number of terms the ſaid product may be continued), the higheſt and 
loweſt terms of the ſaid vertical columns will be marked with the fign —, and all 
the intermediate terms will be marked with the ſign +, and conſequently (b 
what is ſhewn in art. 79) that the ſigns of the ſeveral terms of all the : id Gd 
vertical columns of this product, or of the compound ſeries à, will be the ſame 
with thoſe of the correſponding terms of the like odd vertical columns of terms 
in the product ſet down above in art 42, or in the compound ſeries A; or that the 
fourth obſervation made above in art. 78 is univerſally true of the terms con- 
tained in all the odd vertical columns of the ſaid two products, or compound ſe- 
rieſes A and A, ſet down in art. 42 and 77 after the ſeventh vertical columns (to 
whatever number of columns the ſaid ſerieſes may be continued), as well as of 
the terms contained in their third, and fifth, and ſeventh vertical columns. 
Q. E. D. 


6 84. In 
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84. In the ſeveral even vertical columns of the compound ſeries A, ſet down 
in art. 77, the ſigns + and —, that are to be prefixed to the terms of the ſaid 
columns, will be every where contrary to thoſe which are to be prefixed to the 
correſponding terms of the like even vertical columns of the compound ſeries A, 
ſet down above in art. 42. For it has been already ſhewn in art. 80 and 81, 
that the higheſt and loweſt terms of the ſecond, and fourth, and ſixth, and all 
the following even vertical columns of terms in the ſaid compound ſeries A (to 
whatever number they may be continued) will be marked with the fign +, 
which 1s contrary to that with which the higheſt and loweſt terms of the ſecond, 
and fourth, and fixth, and other following even vertical columns of terms, 
in the compound ſeries A, are marked. And all the intermediate terms of the 
ſecond, fourth, and ſixth, and other following even vertical columns of the 
compound feries A, between the higheſt and the loweſt terms of the ſaid co- 
lumns, muſt be marked with the ſign —, becauſe they will be the products of 
two factors which are marked with different ſigns + and —. Thus, for ex- 
ample, in the ſixth vertical column of the ſaid product, the higheſt term is + 


, which is the product of the multiplication of + 4 , the ſixth term of the 
multiplicand, by 1, the firſt term of the multiplicator ; and the ſecond term of 
the ſaid vertical column is — "> which is marked with the fign —, becauſe 


it is the product of the multiplication of _ the fifth term of the multiplicand, 


which is marked with the fign —, by , the ſecond term of the multiplica- 
tor, which is marked with the fign + ; and the third term of the Taid vertical 
column is — => which is alſo marked with the fign —, becauſe it is the pro- 


duct of the multiplication of = the fourth term of the multiplicand, which is 


marked with the ſign +, by EZ, the third term of the multiplicator, which is 
marked with the fign -; and the fourth term of the ſaid vertical column is — 
>, which is alſo marked with the ſign —, becauſe it is the product of the 
multiplication of = „the third term of the multiplicand, which is marked with 


the ſign —, by , the fourth term of the multiplicator, which is marked with 


the ſign + ; and the fifth term of the ſaid vertical column, or the loweſt term 


but one of the ſaid column, or the laſt of the intermediate terms of the ſaid co- 
BI $33 


lumn between the higheſt term and the loweſt, is — , Which is.alſo marked 


vith the fign —, becauſe it is the product of the multiplication of 2, the fe- 


cond term of the multiplicand, which 1s marked with the fign +, by = the 


fifth term of the mulciplicator, which is marked with the fign , And thus it 
appears that all the intermediate terms * the higheſt and the loweſt terms 
| 3 T 2 | o 
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of the fixth vertical column muſt be marked with the ſign —, becauſe the two 
factors, by the multiplication of which they are produced, are always marked 
with contrary ſigns. And it is eaſy to ſee, from the alternate ſucceſſion of the 
figns + and — to each other in both the multiplicand and the multiplicator, 
that the ſame thing muſt take place with reſpect to the intermediate terms of 
every other vertical column of which the higheſt term is marked with the fign 
+, that is, of every other even vertical column. We may therefore conclude, 
that in all the even vertical columns of the compound ſeries A, or the product 
ſet down in art. 77 (to whatever number of terms the ſaid product may be con- 
tinued) the higheſt and loweſt terms will be marked with the fign +, and all 
the intermediate terms will be marked with the ſign —, and conſequently (by 
what is ſhewn in art. 79) that the ſigns of the ſeveral terms of all the ſaid even 
vertical columns of terms in this product, or compound ſeries A, will be ev 
where contrary to the ſigns of the correſponding terms of the like even vertical 
columns of terms in the compound ſeries A, or the product ſet down above in 


art. 42; or that the fifth obſervation made above in art. 78 is univerſally true of 


the terms contained in all the even vertical columns of terms of the ſaid two 
roducts, or compound ſerieſes A and A, ſet down above in art. 42 and 77 (to 
hatever number of columns of terms the ſaid ſerieſes may be continued), as 
well as of the terms contained in their ſecond, and fourth, and fixth vertical 
columns. Q. E. o. 


835. If the foregoing compound ſeries A, ſet down in art. 77, be actually mul- 
tiplied into 6 g, the product thence ariſing will be the following compound ſe- 
ries, to wit, | 


6B 2% 6cz* 56D Gnz* 6 6 622 * 


6 c 2z 6 , 6 c*2s 6cpz* 6 C 6 ra 
r 
6x A* 6 BE 6 CR 6 DEKA 6E 
85 A p 82 2 
662 6 BG z* 6 c6 229 6 DG 22” 
85 g i g* 
6 1 2 6 51 22 6 cr 2* 
+ —— + = — &c 
GNA 


10 _—— 


which; for the ſake of brevity, we will denote by the ſmall Greek letter 7. Then 
will the product of the multiplication of the expreſſion 2 g x the ſeries 


I +E—E+ = —= + = + &c ad infnitum into the co- 
efficient q be equal to the compound ſeries æ. | 

Wie muſt now compare this compound ſeries 7 with the compound ſeries IT 
obtained above in art, 334. x Pol 
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A Compariſon between the foregoing compound ſeries x and 
the compound ſeries Tt obtained above in art. 43. 


86. The compound ſeries IT is equal to 6e x the compound ſeries A; and 
the compound ſeries 7 is equal to 6g x the compound ſeries A. Therefore 
the ſigns + and — which are to be prefixed to the terms of the compound 
ſeries IT will be the ſame with the ſigns which are prefixed to the correſponding 
terms of the compound ſeries &; and the figns + and —, which are to be pre- 
fixed to the terms of the compound ſeries 7 will be the ſame with the ſigns which 
are to be prefixed to the correſpondent terms of the compound ſeries A; becauſe 
the multiplications of the terms of the two compound ſerieſes A and X into 6 e 
and 6g cannot make any change in the figns of the terms which are multiplied. 
It follows therefore that there will be the fame ſimilitude and the ſame differences 
between the ſigns + and — that are to be prefixed to the ſeveral terms of the 
two compound ſerieſes IT and 7 (which are equal to 6e x A and 6g Xx A) as 
there are between the ſigns which are to be prefixed to the terms of the two for- 
mer compound ſerieſes A and A. But it has been ſhewn in art. 78, 79, 80, $1, 
82, 83, 84, that the ſigns + and — that are to be prefixed to the ſeveral terms 
of the third, fifth, feventh, and other following odd vertical columns of terms in 
the compound feries A are the ſame with thole which are to be prefixed to the 
correſponding terms of the third, and fifth, and ſeventh, and other following 
odd vertical columns of terms in the compound ſeries A; and that the figns + — 
and — which are to be prefixed to the ſeveral terms of the ſecond, and fourth, 
and ſixth, and other following even vertical columns of terms in the compound 
ſeries A are uniformly contrary to thoſe which are to be prefixed to the corre- 
ſponding terms of the ſecond, and fourth, and ſixth, and other following even 
vertical columns of terms in the compound ſeries A. It therefore follows that 
the ſigns + and — which are to be prefixed to the ſeveral terms of the third, 
and fifth, and ſeventh, and. other following odd vertical columns of terms in 
the compound ſeries 7 will be the fame with thoſe which are to be prefixed to 
the correſponding terms of the third, and fifth, and ſeventh, and other following 
odd vertical columns of terms in the compound ſeries FI; and that the ſigns + 
and —, which are to be prefixed to the ſeveral terms of the ſecond, — 
and ſixth, and other following even vertical columns of the compound ſeries 7 
will be uniformly contrary to thoſe which are to be prefixed to the correſpond- 
ing terms of the ſecond, and fourth, and ſixth, and other following even vertical 


columns of the compound ſeries H. | 


87. It has been ſhewn in the third obſervation of art. 78, that the co-effi- 
cients of the ſeveral terms of the compound ſeries A are equal to the co-efficients 
of the correſponding terms of the compound ſeries A. Therefore, if the co- 
efficients of all the terms of both theſe ſerieſes A and A be. multiplied by the 
ſame number, the new numbers, or co-efficients, thereby produced. in the one 
feries will be equal to the correſponding new numbers, or co-efficients, there- 
by produced in the other ſeries. But the co-efficients of the terms of the com- 
pound ſeries I are. produced by the multiplication of the co-efficients of the 

| terms 
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terms of the compound ſeries A by 6, becauſe the ſeries II is = 6e Xx the ſe- 
ries A; and the co-efficients of the terms of the compound ſeries 7 are produced 
by the multiplication of the co-efficients of the terms of the compound ſeries A 
by the ſame number 6, becauſe the ſeries 7 is =6g X the ſeries A. Therefore 
the co-efficients of the terms of the compound ſeries 7 will be equal to the co- 
efficients of the correſponding terms of de compound ſeries II. 


88. It appears therefore from the two laſt articles, that the co-efficients of the 
ſeveral terms of the compound ſeries x are equal to the co-efficients of the cor- 
reſponding terms of the compound ſeries II; and that in the third and fifth, 
and ſeventh, and other following odd vertical columns of terms in the com- 
pound ſeries , the ſigns + and — that are to be prefixed to the ſeveral terms 
of the ſaid columns will be the fame with thoſe which are to be prefixed to the 
correſponding terms of the third, and fifth, and ſeventh, and other following 
odd vertical columns of terms in the compound ſeries II; and, laſtly, that in 
the ſecond, and fourth, and ſixth, and other following even vertical columns of 
terms in the ſaid compound ſeries v, the ſigns + and —, that are to be prefixed 
to the ſeveral terms of the ſaid columns, will be reſpectively contrary to thoſe 
which are to be prefixed to the correſponding terms of the ſecond and fourth, 
and ſixth, and other following even vertical columns of terms in the compound 
ſeries II. Now from hence it follows that, if all the vertical columns of terms in 
the compound ſeries IT be reduced to ſingle terms, by the addition, or ſubtrac- 
tion, of their ſeveral members according to the marks + or — which are pre- 
fixed to them, and the compound ſeries II be thereby converted into a ſimple 
ſeries, or ſeries conſiſting of ſingle terms; and, if all the vertical columns of 
terms in the compound ſeries be in like manner reduced to ſingle terms, by the 
addition and ſubtraction of their ſeveral members according to the ſigns + and 
— that are prefixed to them, and the ſaid compound ſeries 7 be thereby con- 
verted into a ſimple ſeries, or ſeries conſiſting of fingle terms; — ] ſay, it follows 
that, if theſe two compound ſerieſes IT and 7 be fo converted into ſimple ſerieſes, 
the co-efficients of the ſecond, and third, and fourth, and all the following terms 
of the ſimple ſeries which is equal to the compound ſeries 7, will be reſpectively 
equal to the co-efficients of the ſecond, and third, and fourth, and other follow- 
ing correſponding terms of the ſimple ſeries-which is equal to the compound ſeries 
IT; and 6 figns + and — that are to be prefixed to the third, and fifth, and 
ſeventh, and other following odd terms of the ſimple ſeries which is equal to the 
compound ſeries x will be the ſame with thoſe which are to be prefixed to the 
third, and fifth, and ſeventh, and other following odd terms of the ſimple ſeries 
which is equal to the compound ſeries II; but the ſigns + and — that are to be 
prefixed to the ſecond, and fourth, and fixth, and other following even terms of 
the ſimple ſeries which is equal to the compound ſeries x will be reſpectively con- 
trary to thoſe which are to be prefixed ro the correſponding terms of the ſimple 
ſeries which is equal to the compound ſeries II. 


89. It has been ſhewn above in art. 60, that the compound ſeries IT (which is 
equal to 3“ in the equation * 45 r) is equal to the ſimple ſeries 6 e — 


78 
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es 68 
from the * ar. ve. chat the — ſeries. r will be equal to the fim- 
1 2 v 
ple ſeries 6g + ＋ N ALT e &c ad infinitum. 


90. But it has been ſhewn in art. 85, that the product of the multiplication 
Czz Ext 


of the tranſcendental 4 mag 2 V*(g x the infinite ſeries 1 1 


42% 32-9 Bow: JO WI FEA HE: 


8 0 
the equation * — gx = ny 1) equal to the compound ſeries x. Therefore the 
product ariſing from the wy of the expreſſion 2 g x the in- 


finite ſeries 1 + S — > + + £ EEE + tc frm in 


22 2 — EP 3 c ad infinitum. It follows therefore 


to the eee q will be equal to the ſaid fimple ſeries 6 8 _ — 3 — + 
2 of — 
8 2 . _— + &c ad infinttum. 


91. We have * now en that, if the cranſcendental expreſſion 2y* Fx the 
infinite ſeries 1 12 KN 172 = + &c ad infinitum 
be n into 1 co- efficient of x in the equation x* — gy = ?) the pro- 
duct ariſing — the ſaid 7 will be equal to the ſimple ſeries 6g + 
= += — += —— + &c ad infiuitum. And it was ſhewn 


above in; in A. 7 A that the e cube of the ae tranſcendental expreſſion 2 V*'g * 


— — „ 1 Law mais 


: 2 
ee ee + RE . = + 
+ &c ad infinitum. Bur the fiple ſeries 8g + = * 
. _ — 
+ 22 22 + LE e and the difference is 8g —6 x, or 24, or 


2 * =, or . Therefore the cube of the ſaid tranſcendental expreſſion will be 
greater than the product of its multiplication into the co- efficient q, and the ex- 
ceſs or difference will be equal to 7, or the abſolute term of the equation x* — 
'qx t. Therefore the ſaid tranſcendental expreſſion 2 / X the infinite ſe- 
ries 14 FT = + &c ad infinitum muſt be 


2 
equal to the root 4 of the {aid equation, agreeably to the aſſertion made above in 


art. 36. . E. D. 
End of the Demonſtration of the Propofition, or Theorem, 
laid down in art, 36. 2 
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A Recapitulation of the Contents of the foregoing Demon- 
tration of the Propoſition laid down above in art. 36. 


3 — 


92. The foregoing demonſtration of the propoſition laid down above in art. 
36 is in itſelf very ſubtle and intricate, and therefore has been ſet forth in the 
oregoing articles at very great length. But now, after it has, I hope, been ren- 
dered intelligible and ſatisfactory to the attentive reader, by the full expoſi- 
tion that has been given of it, he will probably be glad to ſee the marter of it 
compreſſed into a ſmaller compaſs, by which the connection of the ſeveral ſteps 
of which it is compoſed will be more clearly and eaſily perceived, This there- 
fore I ſhall now proceed to do in the following articles. 


93. It has been ſhewn in art. 25 that y, the root of the cubick equation y* — 
Dr (in which the abſolute term 7 is greater than Df, or = is greater than 
5 is equal to the tranſcendental expreſſion 2 /? (7 x the infinite ſeries 1 — 
Z E-AT-Æ--—α Ec ad infinitum, in which all the terms, 
after the firſt term 1, are marked with the ſign —. Let this infinite ſeries be de- 
noted by v; and then we ſhall have y = 2 Ve Xx the ſeries v. 


94. In this expreſſion 2 y* le x the ſeries v the letter e is put for =, or half 


the abſolute term r of the equation y — gy = r, and 5s is = — — 2, or ee — 


| | 7 
oF; 3 er | 22 
— and conſequently Ss + 2 is Ses, and 27 l = ee — S ee x [1 = 
2 1 


and 3 is 2 27 X ee X [a= and gy is = 3 X e3 „1 — —3 = (by 
the reſidual 3 5 the caſe of roots) 3 X e 3 X the infinite ſeries 1 — 
B 5s C 5* D E F $2 G 4 — 

9 « Since y is = 24S *(e x the ſeries v, it follows that 93 will be = $e * 
the ſeries v, which will be a compound ſeries, or ſeries conſiſting of ſeveral dif- 
ferent horizontal lines, or rows, of terms placed one under another. And the 
firſt term of this ſeries v* muſt evidently be 1, becauſe the firſt term of the ſeries v 
is 1. Call this compound ſeries T. And we ſhall have y*, or 8e x v, = 8e 
* the compound ſeries T. 


96. Let all the terms of the compound ſeries T be actually multiplied into 8 e; 
and we ſhall thereby obtain another compound ſeries, of which the firſt term will 
be 8 e (becauſe the firſt term of the compound ſeries T is 1), and which will be 
equal to y*. Let this ſecond compound ſeries be called A. And we ſhall then 
have y* = the compound ſeries A. | 


97. Now 
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97. Now let the expreſſion 2 W*[7 x the infinite ſeries 1 — == — 7 — 
88 1 _EE c (which is equal to y) be multiplied into the ex- 
| - | _ © 5 K 5 p 539 


— — &c ad infinitum, which is equal to the co- efficient g, And we ſhall have 


| | _ . . [ a 
gy = 2 V*ſe X 3 X © x the product of the ſaid two infinite ſerieſes, which 
Product will be a certain compound ſeries, of which the firſt term will be 1. Let 


this compound ſeries be called A, Then will 2 be (= 2 (ex 3 * 3 * 
. 10 0 5 


the compound ſeries A = 2 X ei X 3 X 3 X che compound ſeries A) 
6e Xx the compound ſeries A, | | 
; & 4 Yo ily 

98. Let all the terms of the compound ſeries A be actually multiplied into 
6e; and we ſhall thereby obtain another compound ſeries, of which the firſt 
term will be 6e (becauſe the firſt term of the compound ſeries A is 1), and which 
will be equal to 5. Let this new compound ſeries be called II. And we ſhall 
then have gy = the compound ſeries II. 


99. Since * — gyis r, and y? is = the compound ſeries A, and gy is = 
the compound ſeries II, it follows that the exceſs of the compound ſeries A above 
the compound {ſeries IT will alſo be equal to r, that is, A — IT will be = 7 = 


2 X 7 S 2e. But the exceſs of the firſt term of the compound ſeries A (which 


is 8e) above the firſt term of the compound ſeries IT (which is 6e) is alſo = 
2e, Therefore the exceſs of the whole compound ſeries A above the whole com- 
pound ſeries II is equal to the exceſs of the firſt term of the former compound 
ſeries above the firſt term of the latter compound ſeries ; that is, A — II is = 8e 
— 6e. Conſequently (adding 6 e to both fides) we ſhall have A + 6e —II = - 
8 e. But the compound ſeries A is leſs than its firſt term 8 e, becauſe the ſecond 
term of it is marked with the fign —. Therefore in the laſt equation A + 6e 
— Il ge it is poſſible to ſubtract A from both fides. Let it be fo ſubtracted ; 
and we ſhall then have 66e —II = 8e —- A. 


100. Now let the compound ſeries 8 2 — A be reduced to a ſimple ſeries, or 
ſeries conſiſting of ſingle terms, by making the ſeveral multiplications, additions, 
and ſubtractions that are neceſſary for that purpoſe ; and let the ſimple ſeries, to 

, > 54 3 10 41 
which it is thereby reduced, be — + = + 5 + — + —— + = + &c ad 
infinitum. Then will the ſaid fimple ſeries Z + . r + + . ＋ D7 
+ &c ad infinitum be equal to the compound ſeries 6e = H. And, becauſe 

Vor. II, 3 U this 


-rhis equality between the fimple ſeries 2 + . 4 . . 22.4 . . LE 
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= e9 211 


.+ &c ad infinitum, and the compound ſeries oy 1 ee pics in all the dif. 


ferent relative magnitudes of 55 and ee, or of — r 25 and = „ and conſequently 


"when — — approaches as near as we pleaſe to "an equality vith 25, and — — — 85 


Ae as near as we pleaſe to — 55 or to o, and — — e as 3.4 


$5 


as we pleaſe to — . or to o, 1 alloy * every term in * ſimple ſeries — - 


"IT 2 1 2 2 = + _— — 2 &c ad infinitum will be equal to the ae 


ponding vertical <olumn of terms, or column of terms involving the ſame 
powers of 5s and e in their numerators and denominators, in the compound ſe- 


-Ties'6 e— H. And therefore, if the compound terms, or vertical columns of 


terms of the ſaid compound ſeries 6 e — II be reduced to fingle terms by making 
the ſeveral multiplications, additions, and ſubtractions, that are neceſſary for * 


purpoſe; the ſimple ſeries s arifing will be the foregoing ſimple ſeries — 
4 e — + &c ad infinitum, which are from a Gm 


e3 — es 
lar reduction of the terms of the dengan ſeries 8 e — 


T $30 


101. Since-8e — A is equal to the ſimple ſeries — w_ OY + — + 7 12 


＋ r Kc, we ſhall have 8 = A + the ſaid ſeries, and A = 8e — the ſaid 


TLcTOET. 


ſeries = theſeries ge r — — ” 2 r K&ec. There- 


7 75 
fore y (which is equal to the compound ſeries A) will alſo be equal to the ſeries 
P55 a R 46 86 T $39 y $72 


ä . Aer” tt whnoge 


3 And, TI : compound cam 62 li is equal to the ſaid ſimple ſeries 


=+= TENSE _ + = F ＋ + => — + &c ad infinitum, we ſhall have 6e = 


n + * ſaid ſimple ſeries, _ n= = 6e the ſaid ſimple ſeries, or IT = the 


P 5s a R 76 835 T 579 y 472 
ſeries 6e— 7 — 5 — > BOON” RI 4 > — 7 — &c ad infinitum. There- 


fore the product gy (which is = IT) will alſo be equal to the ſeries Gem 2 — 


82322 . — &c ad infinitum. 


— 7 . = &c ad infoitem, and that 7” is equal to che ſeries be 
* 24 — * 


e 
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rr which is leſs than 


. P35 _ 16 8 54 TP 530 
the former ſeries bem En -H 7＋ r &c ad infini- 


tum, by the quantity, or difference, 5. 64, or 56, or 4 N f or 1, as tobt 
to be, agreeably to the original equation * — gy r. 
104. We then endeavoured to pe 2 the nr expreſſion 2 ff 
| La N21 
— — ad i 
X the infinite ſeries 1 + = — . + = — I + = ms vhs = 


fnitum (in which g is equal to = or balf the abſolute term of the equation FP 


—gx=t, _— ——— — =, or g — gg) was equal to e root x of 


the _—_ equation. And the method we took to prove the ſaid equality, was to 
ſhew that, if the ſaid tranſcendental expreſſion was ſubſtituted inſtead of x in the 
compound quantity x* = gx (which forms the left-hand fide of the ſaid equa- 
tion) it would make the ſaid compound quantity equal to the abſolute term , 
or that, if the ſaid expreſſion. were to be cubed by multiplying it twice into it= 
ſelf, and were likewiſe to be multiplied into 'the co-efficient g, the ſaid cube 
would be greater than the ſaid product, and the difference would be equal to 
the abſolute term . Theſe * and the N e on them, 

are as follows, __ 
— 


- 105. Let us, for the ke of deny denote the infinite ban I + - he, 


PS LI CAP ag X= + &c ad infiuitum, by the letter w, — — 


duct of the ah Ion, * 2 3 (s i into the ſaid ſeries by the letter mw. Then 
it will be neceffary for us to prove * the tranſcendental quantity will be 
equal to the root x of the equation x* — gx = ?, or that, if we raiſe the tranſ- 
cendental quantity m to its cube, ſo as to obtain the quantity m, and alſo mul- 
tiply n into the co-efficient , or its value expreſſed in powers of g and ⁊, ſo 
as to obtain the value of the product g x , the ſaid cube of m will be +a yo 


than the ſaid product gm by the quantity, or difference, 2 f, or 2 * =, or , 


the abſolute term of the equation x — gz ; from which it will follow that 
the ſaid tranſcendental quantity m is equal to x. 


1056. Now, fince mis VF X the ſeries w, it follows that m? will be 
= 8g Xx the ſeries , which will be a compound ſeries, or ſeries conſiſting of 
ſeveral-different horizontal lines, or rows, of terms placed one under another. 
Call this compound ſeries y. And we ſhall have w* = 8 8 x the compound 
ſeries 7. 
O 12d . x, 280 
7 
5 = + &c «d 1 have the ſame co-efficients C, E, G, I, L, N, &c, 
TJ U's 77" 


: 29% Since the terms of the ſeries w, or 1 + =—= + — 
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e 

Luo NK e : : 8 

A —- — &c ad infinitem (though differently connected together by the 
figns + and —), it follows that the co- efficients of the ſeveral terms of the 
compound ſeries W, or y, will be equal to the co-efficients of the correſpond- 
ing terms of the compound ſeries v*, or T, both ſets of terms being finilar 
combinations, or products, of the ſame original factors, or co-efficients, C, E, 
G, I, L, N, &c. And from the continued repetition of the ſign — In the 1 | 
n * e BH 0 I 


cond and other following terms of the ſeries, v, or 1 — — = —— —- = + 
— — r — &c, and the alternate ſucceſſion of the ſign + and the ſign 
in the ſecond and other following terms of the ſeries w, or 1 + —_ — = 


+ = 1 => + Ke, it follows that, in the third, and fifth, and 
ſeventh, and other following odd vertical columns of terms of the compound 
ſeries e, or , the ſigns + and — chat are to be prefixed to the terms of the 
ſaid columns will be exactly the ſame with thoſe which are to be prefixed to the 
correſponding terms of the third, and fifth, and ſeventh, and other following odd 
vertical columns of terms in the compound ſeries v', or T; and that in the ſe- 
cond, and fourth, and ſixth, and other following even vertical columns of terms 
in the compound ſeries , or y, the ſigns + and —, that are to be prefixed to 
the terms of the ſaid columns, will be every where contrary to thoſe which are 
to be prefixed to the correſponding terms of the ſecond, and fourth, and fixth, 
and other following even vertical columns of terms in the compound ſeries v?, 
or T. 

And, as to the firſt terms of theſe two compound ſerieſes v* and w?, or F and 
y, they will be equal to each other, becauſe each of them will be equal to 1. 


108. Let all the terms of the compound ſeries w?, or y, be multiplied by 8 g. 
And we ſhall thereby obtain another compound ſeries of which the firſt term will 
be 8 g (becauſe the firſt term of the compound ſeries w?, ory; is 1) and which 
will be equal to m*. Let this new compound ſeries be called . And we'ſhall 
then have n = the compound ſeries 6. 


109. Now there will evidently be the ſame analogies and the ſame differences 
between the compound ſeries A and 8, or 8e x T and 8g Xx y, with reſpect to 
the co-efficients of their ſeveral correſponding terms and the figns + and —, 
which are to be prefixed to them, as between the compound ſerieſes F and y 
themſelves; becauſe the ſaid multiplications by 8e and 8 g can make no diffe- 
rence at all in the ſigns of the terms multiplied, and will increaſe the co-effi- 
cients of all the ſaid terms in the ſame proportion of 8 to 1, which will not af- 
fe& their antecedent equality. For as to the quantities e and g (which are in- 
yolved in the multiplicators 8 e and 8 g) the multiplications of the terms by them 


will not affect the numeral co-efficients of the terms ariſing from the combina- 
tions 
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tions of the original numeral co- efficients C, E, G, I, L, N, &c, but will only 
affect the literal parts of the ſaid terms by removing one power of e and g from 
their ſeveral denominators. It therefore follows from art, 107, and 108, in the 
firſt place, that the firſt term of the compound ſeries 8, or 8g X , will be (8 
X 1, or) 8g; and, ſecondly, that the co- efficients of the ſecond term, and all 
the following terms of the compound ſeries 3, or 8g x , will be reſpectively 
equal to the co-efficients of the ſecond term, and all the following correſpond - 
ing terms of the compound ſeries A, or 8e x T; and, thirdly, that the figns + 
and —, which are to be prefixed to the ſeveral terms of the third, and fifth, and 
ſeventh, and other following odd vertical columns of terms in the compound ſe- 
ries 3, or 8g X , will be the ſame with thoſe which are to be prefixed to the 
correſponding terms of the third, and fifth, and ſeventh, and other following 
odd vertical columns of terms in the compound ſeries A, or 8e x T; and, 
fourthly, that the ſigns + and —, which are to be prefixed to the ſeveral terms 
of the ſecond, and fourth, and fixth, and other following even vertical columns 
of terms in the compound ſeries J, or 8g x , will be every where con 
to thoſe which are to be prefixed to the correſponding terms of the ſecond, and 
fourth, and ſixth, and other following even vertical columns of terms in the 
compound ſeries A, or 8e x F. 


- 110. It follows from the laſt article, that, if the compound ſeries q, or 8g Xx , 
be reduced into a ſimple ſeries, or ſeries of ſingle terms, by performing all the 
multiplications, additions, and ſubtractions that are neceſſary for that purpoſe, 
the co-efficients of the ſecond and other following terms of the ſimple ſeries 
thereby obtained will be reſpectively equal to the co-efficients of the ſecond and 
other following terms of the ſimple ſeries which is equal to the compound ſeries 
A, or 8e x T, that is (by art. 101) to the co-efficients P, Q, R, 8, T, V, &cz 
and the ſigns to be prefixed to the third, and fifth, and ſeventh, and other fol- 
lewing odd terms of the ſaid ſimple ſeries, which is equal to the compound ſe- 
ries 3, or 8g X , will be the ſame with thoſe which are prefixed to the third, 
and fifth, and ſeventh, and other following odd terms of the fimple ſeries which 
is equal to the compound * as; or 8e x T, or to the odd terms of the ſimple 
a P 5s R 8 1 $59 v | 
ſeries 8 4 — — — — —— mm Tm | &c; and the ſigns to bo 
prefixed to the ſecond, and fourth, and ſixth, and other following even terms of 
the ſimple ſeries which is equal to the ſaid compound ſeries à, or 8 g X , vill be 
reſpectively contrary to thoſe which are to be prefixed to the ſecond, and fourth, 
and fixth, and other following even terms of the fimple ſeries which is equal to 
the compound ſeries A, or 8e x T, or to the even terms of the ſimple ſeries 8 . 


e | MAGA. e = — = — = — Nr — &c. And conſequently the ſimple 


e es 
ſeries that will be equal to the compound ſeries 8, or 8g X , will be 8g + 


= e + Ke ad infinitum. Therefore m, or 

the cube of the tranſcendental expreſſion m, or 2 g -x the ſeries w (which, 

by art. 108, is equal to the compound ſeries 8) will be equal to the ſimple ſeries 
2 ag? ns 2 . 2 yen mY 

88 + 0 * 0 Fr + &c ad 9 


111. In 


ns A METHOD OF EXTENDING/:CARDAN'S RULE? 


117, In the expreſſion 2 Vg X the ſeries w, or 1 + ＋ + Wis 
t Bec ad infaitum, the Lever g is pur for g, or half the ab- 
7 889 A Tb p4 12 „ — den To. ier 


ſolute term ſ ok the equation 9 = f, and zz is = 5 — or 25 — gy. 
ene: 4 _ B41. .23 7 

eee 
2 1 ; 4 2 F 0 . 


: | . } s 2 X - : * 1 
and'gis =3Xg3 x 1+ = 3 = (by the binomial thegremi, in, the caſe of 
81 f 1 a8 9 R340 v Þi 07 $2550 Deg ein. t 


| red ©1'y Yo paths 
. * 
&Q 1:9 


2 by - 
2 We? _ IL NING I, 2 cx* pax "xx p 219 
roots) 3 & g 3 Xx the infinite ſeries 1 + x7 7 * 4 + 2 


rr + ec ad inſuiun. 
| 112. Now let the expreſſion 2 V. (7 x the infinite ſeries 1 + EE + 


E—- + = + &c be multiplied into the expreſſion 3 * r * 


, . , u c D nx px 61 > 
the infinite ſeries 1 + 3 + 1 + N &c, which is 


5 | 2 . 
equal to 9; and the product will be (= 2 N; * g 3 X the product of 
1 2 | 


the ſaid two infinite ſerieſes = 2X £3 X 3 * g & the product of the ſaid 
two infinite ſcrieſes) = 6g Xx the product of the ſaid two infinite ſerieſes. 
Therefore 9 * the expreſſion 2 fg x the infinite ſeries 1 +. == + 
—— — * + &c, or 9 X 2 (7 X w, org X m; will be = 
6g X cke product of the ſaid two infinite ſerieſes, which product will be a cer- 
tain compound ſeries, or ſeries conſiſting of ſeveral different horizontal rows of 
terms, placed one under another. Let this compound ſeries be denoted by the 


ſmall Greek letter a. And theng x 2% F X the ſimple ſeries , org x m, 
will be = 6g x the compound ſeries A. CE 


113. Now let the ſeveral terms of the compound ſeries A be multiplied into 
6g, and let the new compound ſeries thence ariſing be denoted by the ſmall 
Greek letter &. Then will 9 x 2 /* (g x the ſimple ſeries w, or g X m, be 
= the new compound ſeries - 
And in this compound ſeries 7 it is evident that the firſt term muſt be 6 g, 
becauſe the firſt term of the compound ſeries A (which is the product of the 
mukiplication of the ſeries 1 + 2 — = + = — — + &Cc into the ſeries 
fo oe — + = — 75 + &c) muſt be 1. And the following terms of 
the ſaid compound {eries 7 will involve the ſucceſſive even powers of z, to wit, 
| ow 22, 


a 


. 
” 


FOR RESOLVING THE CUBICK EQUATION: &c, 519 


zz, 2*, 2, , , 20, &c, in their numerators, and the ſucceſſive odd powers of 
E, to wit, g, 8%, C, E, C, g. &c, in their denominators, 

114. Since the co- efficients of the terms of the two infinite ſerieſes 1 + 7 
Serra Dee. 
N S's | 4 . 87 * ' ap e K 8* * ", 2 

== —== + &c (by the multiplication of which the compound ſeries A is 
r are the ſame with thoſe of the correſponding terms of the two infinite 


. r cis E# 
ſerieſes 1 — r &c, and - — — 
A — Lo — 5 — . — &c (by the multiplication of which the compound 
feries A is produced in art. 97), though the terms of the two former ſerieſes are 
not connected with each other by the ſigns + and — in the ſame manner as the 
terms of the two latter ſerieſes; it follows that the co- eſſicients of the ſeveral 
terms contained in the compound ſeries A will be equal to the co-efficients of the 
correſponding terms contained in the compound ſeries A; becauſe the co-effi- 
cients of the terms of both the ſaid compound ſerieſes are ſimilar combinations, or 

roducts, of the ſame original factors or co-efficients, B, C, D, E, F, G, H, I, K, 
. M, N, &c, of the terms of the ſimple ſerieſes by the multiplication of which into 
each other the ſaid compound ſerieſes are produced. And from the continued 
repetition of the ſign — in the ſecond and other following terms of the two ſe» 
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rieſes OI" n OP = — 77 Kc, and 1 1 


＋ —＋ — 18 — 1 — &c (by the multiplication of which the compound 
ſeries A is produced), and the alternate ſucceſſion of the ſign + and the ſign — 
in the ſecond and other following terms of the two ſerieſes 1 + —= — — + 
D 2 E z® py 25% 6 C 2% E 2+ 62%: 12 L 239 
r r, df Fer 

. + &c (by the multiplication of which into each other the compound ſeries 
- A is produced), it follows that in the third, and fifth, and ſeventh, and other fol- 
lowing odd vertical columns of terms in the compound ſeries A the ſigns + and 
— that are to be prefixed to the ſeveral terms of the ſaid columns, will be the 
ſame with thoſe which are to be prefixed to the correſponding terms of the 
third, and fifth, and ſeventh, and other followipg odd vertical columns of terms 
in the compound ſeries A; and that, in the ſecond, and fourth, and ſixth, and 
other following even vertical columns of terms in the ſaid compound ſeries A the 
ſigns + and —, that are to be prefixed to the ſeveral terms of the ſaid columns, 
will be reſpectively contrary to thoſe which are to be prefixed to the correfpond- 
ing terms of the ſecond and fourth, and ſixth, and other following even vertical 


columns of terms in.the ſaid compound ſeries A. 


ff Go Since the compound ſeries II is = 6e Xx the compound ſeries A, and 
the compound ſeries æ is = 6g X the compound ſeries A, it is evident that there 


will 
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will be the ſame analogies and the ſame differences between the two compound 
ſcrieſes IT and , with reſpect to the co-efficients of their ſeveral correſponding 
terms, and the ſigns + and — which are to be prefixed to them, as between the 
two compound [criefes A and A themſelves; becauſe the ſaid multiplications by 
6e and 6g can make no difference at all in the figns of the terms multiplied, and 
will increaſe the co-efficients of all the ſaid terms in the ſame proportion of 6 
to 1, which will not change their antecedent equality. For, as to the quantities 
e and g (which are involved in the multiplicators 6 e and 6 g) the multiplications 
of the terms by them will not affect the numeral co-efficients of the terms ariſi 
from the combinations of the original numeral co-efficients B, C, D, E, F, G, H, 
I, K, L, M, N, &c, but will only affect the literal parts of the ſaid terms by re- 
moving one power of e and g out of their ſeveral denominators. It therefore fol- 
lows from the two laſt articles 113 and 114, in the firſt place, that the firſt term 
of the compound ſeries , or 6g X A, will be (6g Xx 1, or) 6g; and, ſecondly, 
that the co-efficients of all the terms of the compound ſeries , or 6g Xx A, will 
be, reſpectively, equal to the co-efficients of the correſponding terms of the com- 
pound ſeries II, or 6e * A; and, thirdly, that the figns + and —, which are to 
be prefixed to the ſeveral terms of the third, and fifth, and ſeventh, and other fol- 
lowing odd vertical columns of terms in the compound ſeries 7, or 6 g X A, will 
be the ſame with thoſe which are to be prefixed to the correſponding terms of 
the third, and fifth, and ſeventh, and other following odd vertical columns of 
terms in the compound ſeries Il, or 6e x A; and, 4thly, that the figns + and 
, which are to be prefixed to the ſeveral terms of the ſecond, and fourth, and 
ſixth, and other following even vertical columns of terms in the compound ſe- 
ries , or 6g X A, will be, reſpectively, contrary to thoſe which are to be pre- 
fixed to the correſponding terms of the ſecond, and fourth, and ſixth, and other 
following even vertical columns of terms in the compound ſeries II, or 6 e N A. 


116, It follows, from the laſt article, that, if the compound ſeries æ, or 6 g 
'X A, be reduced into a ſimple ſeries, or ſeries conſiſting of ſingle terms, by 
making all the multiplications, additions, and ſubtractions, that are neceſſary for 
that purpoſe, the co-efficients of the ſecond and other following terms of the ſim- 

le ſeries thereby obtained will be reſpectively equal to the co-efficients of the 
econd and other following terms of the ſimple ſeries which is equal to the com- 
pound ſeries II, or6e * A; and it follows in the ſecond place, that the figns 
+ or —, that are to be prefixed to the third, and fifth, and ſeventh, and other 
following odd terms of the ſimple ſeries which is equal to the compound ſeries 7, 
or6g X A, will be the ſame with thoſe which are to be prefixed to the third, and 
fifth, and ſeventh, and other following odd terms of the ſimple ſeries which is 
equal to the compound ſeries II, or 6e X A; and it follows, in the third place, 
that the figns + or —, that are to be prefixed to the ſecond, and fourth, and 
fixth, and other following even terms of the ſimple ſeries which is equal to the 
compound ſeries , or 6 g Xx A, will be contrary to thoſe which are to be pre- 
fixed to the ſecond, and fourth, and ſixth, and other following even terms of 
the ſimple ſeries that is equal to the compound ſeries II, or 6e x A. But it has 
been ſhewn in art. 100, 101, 102, that the ſimple ſeries that is equal to the _ 
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e 
&c ad infinitum. Therefore the ſimple ſeries that is equal to the compound ſe- 
G 6s 10 2 
ries a, or 6g x 2, will be 6g + E— + > — 5 1 
&c ad infinitum, But by art. 112, 9 X m, or q X the tranſcendental expreſſion 
2 V*lz x the ſeries w, or q x the tranſcendental expreſſion 2 y* g x the in- 


finite ſeries 1 1 —= + = — + = — r ＋ &c, is equal to the 
compound ſeries , or 6g X A. Therefore q X m is equal to the ſimple ſeries 


6g + EE + =—= + ——= + &c, ad infinitum. 


117. But it was ſhewn in art. 110, that n, or the cube of the tranſcendental 
Czz EAN 


expreſſion m, or 2 (g Xx the ſeries w, or 2 / F Xx the ſeries 1 + 11 


1 N 272 1 1 P 2%Z 
+ ng wn age moe 1 + &c is equal to the ſimple ſeries 8g + 7 


TTT cc ad infiitum, which is greater than the 
ſimple ſeries 6g + ZZ — > + 5 — > + =—EE> + &c ad infiitum, 


=, or t, the abſolute term of the equation x* — gx = 7 ; and conſequently m, or 
the tranſcendental expreſſion 2 4/* ſg Xx the infinite ſeries 1 + 7 — 2 + 
— — = + r — + &c ad infinitum, muſt be equal to the root x of the 
ſaid equation. Q k. D. 
End of the Recapitulation of the foregoing Demonſtration of the Propoſition laid down 
| 4 above in art. 36. 


Another Recapitulation of the Subſtance of the foregoing 
Demonſtration, ſomewhat ſhorter than the former. 


118. The ſubſtance of the foregoing demonſtration may be expreſſed in a 
more conciſe manner as follows. 


Having ſhewn 1n art. 25, that, if = be greater than 25 or er be greater than 


7, the root y of the cubick equation y* — gy = 7 will be equal to the tranſ- 
cendental expreſſion 2 W* ſe x the infinite ſeries 1 = — — = _ — — 


ee 
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— — —- — - — &c, ad inſinitum, in which the letter e denotes = or half the 


abſolute term 7 of the equation * — gy = r, and 46 is = = — 2. we raiſed 


the faid value of y to its cube, or third power, by multiplying it twice into itſelf, 


whereby we obtained a certain compound ſeries, of which the firſt term was 8 e, 


and the following terms involved the ſeveral fractions =, =, La 77 = = 
&c, or the ſeveral ſucceſſive powers of 5s divided by the ſucceſſive odd powers 
of e. This compound ſeries we called A, and ſo we had y* = the compound 


ſeries A. 


119. We then found an expreſſion of the value of 9 (the co-efficient of y in 
the equation y* — gy r) in terms. involving the quantities e and s, to the end 
that we might multiply the ſaid value of g into the foregoing tranſcendental ex- 
preſſion which is equal to y, and thereby obtain a quantity expreſſed in powers 


- 


of e and s, that ſhould be equal to the product gy, which is ſubtracted from y* 


2 
in the equation y? — 4 r. This value of q we found tobeg *g 7, X the 
7 : : B SS c 5+ D 36 E 45 xr e G g"® k . 
infinite ſeries 1 — — = ——— ie — &c, which, being 


multiplied into the foregoing tranſcendental expreſſion of the value of y, pro- 


duced a certain compound ſeries, of which the firſt term was 6 e, and the fol- 
6 8 10 2 

lowing terms involved the ſeveral fractions = > => 75 _ Ar; &c, or 

the ſeveral ſucceſſive even powers of s divided by the ſucceſſive odd powers of e. 

This compound ſeries we called FI, and ſo had the product gy equal to the 


compound ſeries II. 


120. We then obſerved that, ſince the compound ſeries A was equal to)“, 
and the compound ſeries II was equal to gy, the exceſs of A above II would be 


equal to) — gy, and conſequently to the abſolute term r, or 2 * =, or 20. 


But this, we obſerved, was the exceſs of 8 e, the firſt term of the compound ſe- 
ries A above 6e, the firſt term of the compound ſeries II. And hence it fol- 
lowed that 8 e — A, or the exceſs of the firſt term of the ſeries A above the 
whole of the faid ſeries, would be equal to 6 e — II, or the exceſs of the firſt term 
of the ſeries IT above the whole of the ſaid ſeries. And thus we obtained two 
compound ſerieſes, 8 e — A and 6e — II, which were equal to each other. 


121. We then obſerved that, fince this equality between the compound feri- 
eſes 8e— A and 6e— II took place in all the poſſible magnitudes of 5s and ee, 
it followed that each ſeparate compound term, or vertical column of ſingle terms, 
involving any powers of 5s and e, in the compound ſeries IT, muſt be equal to 
the correſponding compound term, or vertical column of fingle terms, involving 
the ſame powers of 5s and e, in the compound ſeries A; and conſequently that, 
if theſe two compound ſerieſes A and II were to be reduced to ſimple ſerieſes, 

or 
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or ſerieſes conſiſting of ſingle terms, by making all the multiplications, additions, 
and ſubtractions, that were neceſſary for that purpoſe, the terms of the two fim- 
ple ſerieſes that would be thereby obtained, would be exactly equal to eac 

other, and marked with the ſame ſigns + or —; and conſequently that, if the 
ſimple ſeries that was equal to the compound ſeries 8e— A was = + SA + 
7 — 27 + = + = + &c ad infinitum, the compound ſeries 6 e — IT would 
likewiſe be equal to the ſame ſimple ſeries —— + iO + = + 7 + 2 + 


A + &c ad infinitum. 


122. And from the equality of the compound ſeries 8&4 A to the ſimple 
ſeries — + = + — + + 5 + Ar + &c ad infinitum, we inferred that 
the compound ſeries A would be equal to the ſimple ſeries 88 — — = — — 


Dee and, in like manner, from the 


es e7 Pad en 


equality of the compound ſeries 6 e — II to the ſame ſimple ſeries — + OY + 


n Ta. you! 7 ; 
— +7 + -5- + &c ad infnitum, we inferred that the compound ſe- 


FI 75 


. . PSS a R 36 848 11. 
ries n. be equal to the ſimple ſeries be _ —_ _ 
123. And then we concluded that y* (which is equal to the compound ſeries 

a + n 510 
A) muſt be equal to the ſimple ſeries 86—— — = = — — _ — —— on 
N — &c ad infinitum, and that gy (which is equal to the compound ſeries IT) 
muſt be equal to the ſimple ſeries 6 z EE * — _ _— — LA 


4*) by the difference 82 — 6e, or 2e, or 2 X = or r, as it ought to be. 


124. We then turned our attention to the other tranſcendental expreſſion, 
which had been declared above in art. 36 to be equal to the root x of the cubick 


equation x* — gx == ?, in which ? is leſs than A, or 7 is leſs than 75 to wit, 


34/3” 
the expreſſion 2 /*(g x the infinite ſeries 1 + 7 — + = = = + 


— — + &c, in which expreſſion g is = — or half the abſolute term # of 


py = 
the equation x. — gr = 7, and zzis = = — =, or = — gg. 


3 X 2 | 125. This 
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125. This expreſſion we multiplied twice into itſelf, ſo as to obtain its cube, 
which was a compound ſeries, or ſeries conſiſting of ſeveral horizontal lines, or 
rows, of terms, placed one under another. This compound ſeries we called 8, 
and made the four following obſervations concerning it; to wit, 1ſt, That its 
firſt term would be 8 g, and all the following terms of it would involve the ſe- 
veral quantities zz, 2*, 2, 2 zw, zu, &c, or the ſeveral ſucceſſive even powers 
of 2, in their numerators, and the ſeveral quantities g, g“, g, g, g', g, &c, or 
the ſeveral ſucceſſive odd powers of g, in their denominators; and, ſecondly, 
That, from the equality of the co- efficients of the ſeveral terms of the infinite 
6 8 10 12 
ren -T + &c to the co- efficients of 
&& 8 & 4 & | 


* 
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the correſponding terms of the infinite ſeries 1 — ————_——__T- 


Kc, it followed that the co-efficients of the ſecond and other 
following terms of the compound ſeries 5 would be equal to the co-efficients of 
the ſecond and other following terms of the compound ſeries A; and, thirdly, 


that from the alternate ſucceſſion of the fign +-and the ſign — in the terms of 
2 — Fed. Df = — = + &c, it followed that, 
in the third, and fifth, and ſeventh? and other following odd vertical columns 
of terms in the compound ſeries 8, the ſigns + and — that were to be prefixed to 
the ſeveral terms of the ſaid columns, would be the ſame with thoſe which were 
to be prefixed to the correſponding terms of the third, and fifth, and ſeventh, 
and other following odd vertical columns in the compound ſeries A; and 
fourthly, that in the ſecond, and fourth, and ſixth, and other following even 
vertical columns of terms in the ſaid compound ſeries 8, the ſigns + and —, 
that are to be prefixed to the ſeveral terms of the ſaid columns, would be, re- 
ſpectively, contrary to thoſe of the correſponding terms of the ſecond, and 
— and ſixth, and other following even vertical columns of terms in the 
compound ſeries A. 


126. And, from the foregoing obſervations we concluded, that, ſince the ſim- 
ple ſeries to which the compound ſeries A was reduced by making all the mul- 
tiplications, additions, and ſubtractions that were neceſſary for that purpoſe, 

6 'g jÞ 10 12 - 

was 8 e 2 - — -r Kc, the ſimple ſeries to 
which the compound ſeries 5 would be reduced in like manner by making all 
the multiplications, additions, and ſubtractions neceſſary for that purpoſe, would 
be 89-+ EZ — © + = F+ = + &c ad infaitum, And 
hence it followed that the cube of the tranſcendental expreſſion 2 V fg x the 
. . 0 I 28 Lxz* wa 8 

infinite ſeries 1 1757 7 1 % era > TI OT + &c ad infinitum 


was equal to the ſimple ſeries 8 8 + — . 


„„ : 
+ &c ad infnitum. * 
| 6 127. We 
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127. We chen ſought the value of q in terms that involved the powers of g 


and z, and found that, fince zz was = 5 72 or 25 — gg, we ſhould have 


„ = u er 27 x Boaliis 


3 * 2 3 5 Xl: + EE = (by the binomial theorem in the caſe of roots) 3 * 


k 2 F 229 


T the infinite ſeries 1 + EE I E + 21 Fr + tee 
ad infinitum, 


128, Having thus found this value of g, we multiplied it into the ph 
G 2⁰ 1 1 * 223 

2 * (7 x the infinite ſeries 1 + ZZ — => + => r 
&c ad infinitum, and found the e to be a certain compound ſeries which 
we called , of which the firſt term was 6 £1 and the {econd and other followin 
terms involved the ſeveral quantities zz, z*, z*, 2", z'*, zu, &c, or the ſeven 
ſucceſſive even powers of z, in their numerators, and the ſeveral quantities g, 
g, g, g, g, g, &c, or the ſeveral ſucceſſive odd powers of 8, 1 in their deno- 
minators. 


129. We then compared this compound ſeries 7 with the compound ſeries IT, 
which yas produced by the multiplication of the tranſcendental expreſſion 


5+ 6 5? 10 12 
3 X 73 3 Ne the infinite ſeries 1 CITE e x &c 


(which was the value of q in the former equation 5˙ = gy = 7) into the tranſ- 


C 5s k 3* G 5© 1 5? 


cendental expreſſion 2 /* (e x the infinite ſeries 1 — — a — = boy 
— > _ LL &c ad infinitum, and we obſerved that; from: the equality of 


the co-efficients of the terms of the Wr ſimple moors, by the multiplication of 


which into each other and into 3 X g 3 X 2g 3 the compound ſeries is pro- 


duced, to the co-efficients of the correſponding terms of the two ſimple ſerieſes, 
2 4 


by the multiplication of which into each other and into 3 Xx e X 2 X e the 
compound ſeries II was produced, it followed that the numeral co-efficients of 
the ſeveral terms of the compound ſeries 7 would be equal to the numeral co- 
efficients of the correſponding terms of the compound ſeries II; and we likewiſe 
obſerved that, from the contnued repetition of the ſign — before the ſecond and 


B Fs c + D 36 E 4 p 379 G 83 


— &c, and likewiſe before the ſecond and all the following terms of the ſeries 


as | 2#*:. 0 = SE -: n= 


the 605 + and the ſign — dale the ſecond and all the following terms of the ſeries 
1 + 
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141 24 +25 — 5 + > — + &c, and likewiſe before the 
2  ox% 18 


ſecond and all the following terms of the ſeries 1 + * ar” + _— 4 


= — — + &c, it followed that in the compound ſeries & (which was pro- 
duced by the multiplication of the two latter ſerieſes into each other, and into 
2 


; 
32 3 X 2g J) the ſigns + and —, that would be to be prefixed to the ſeveral 
terms of the third, and fifth, and ſeventh, and other following odd vertical co- 
lumns of terms in the ſaid compound ſeries would be the ſame with thoſe which 
were to be prefixed to the correſponding terms of the third, and fifth, and ſe- 
venth, and other following odd vertical columns of terms in the compound ſe- 
ries IT, which was produced by the multiplication of the two former ſimple ſeri- 
2 1 


eſes into each other and into 3e 3 x 2 7; and that in the ſecond, and fourth, 

and ſixth, and other following even vertical columns of the ſaid two compound 
ſerieſes II and the ſigns prefixed to the terms of the one ſeries would be every 
2 contrary to the ſigns prefixed to the correſponding terms of the other 
cries, 


130. And from the foregoing obſervations we concluded, that, if the ſaid two 
compound ſerieſes IT and æ were to be reduced to ſimple ſerieſes, by making the 
ſeveral multiplications, additions, and ſubtractions that were neceſſary for that 
purpoſe, the co-efficients of the ſecond, and other following terms of the ſimple 

ſeries that was equal to the compound ſeries , would be equal to the co-efficients 
of the ſecond and other following terms of the fimple ſeries that was equal to 
the compound ſeries IT, and the ſigns that would be prefixed to the third, and 
fifth, and ſeventh, and other following odd terms of both theſe ſimple ſerieſes 
would be the ſame, but thoſe which would be prefixed to the ſecond, and 
fourth, and fixth, and other following even terms of theſe fimple ſerieſes would 
be different in the two ſerieſes. 


131. And hence it followed that, ſince the compound ſeries IT was found be- 
6 10 
fore to be equal to the ſimple ſeries 62 — — . — — — ＋ — _ * 


A + &c ad infinitum, the compound ſeries 7 muſt be equal to the fimple ſe- 


; „ ;nfini 
nies bg + — r + &c ad infinitum. 

132. But the compound ſeries 7 was equal to the product of the multiplica- 
tion of the tranſcendental expreſſion 2 /* [g x the infinite ſeries 1 + = bw 


10 12 d 2 
= —_ - &c ad infinitum into the expreſſion 3 x g 7 
x the infinite ſeries 1 + === + = e + &c ad in- 
Fnitum, which is equal to g. Therefore the product of the multiplication of 9 

| into 
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into the tranſcendental expreſſion 2 g x the infinite ſeries 1 + 7 * = 


+ 2 — 5 + = — + &c ad infinitum, is equal to the ſimple ſeries 


6g N- . be ad infuitum. 


133. It appears, therefore, that the cube of the tranſcendental expreſſion 


infinite ſeri 221 on 
2 V*(g Xx the infinite ſeries 1 + 3 7 * 7 wr ＋ 7 77 


ke ad infinitum is equal to the ſimple ſeries 8g + = — = +I —T + 


r + &c ad infinitum, and that the product of the multiplication of 7 


into the ſaid tranſcendental expreſſion is equal to the ſimple ſeries 6 g + 77 — 


n ;nfini ich i p 
7 + 7 7 + 7 75 + &c ad infinitum, which is leſs than the for 
mer ſimple ſeries by 8g — 6g, or by 2g, or 2 X = or 1. Therefore the cube 


of the tranſcendental expreſſion 2 , x the infinite ſeries 1 + 2 — = 


+ Le &c ad infiritum is greater than the product of 


the multiplication of the fi tranſcendental expreſſion into q, and their diffe- 
rence is equal to t, the abſolute term of the equation & — gx = t. Therefore 
the ſaid tranſcendental expreſſion muſt be equal to the root x of the ſaid equa- 
tion. Q. E. D. 


End of the ſecond and ſhorter Recapitulation of the Subſtance of the foregoing 
Demonſtration of the Propoſition laid down above in art. 36. 


134. I have now compleated the demonſtration of the propoſition, or theorem, 
laid down above in art. 36, and which is the principal ſubje& of this diſcourſe, 
to wit, „That, if the abſolute term, ., of the cubick equation &“ — gx = ? be 
leſs than Bd but greater than 2 X — (or it be leſs than 25 but greater 

3 3 
than a; or — be leſs than 27 but greater chan — X 25 or than © and g 


be put = = or half the abſolute term 7 of the ſaid equation, and zz be = - 


— — or 75 — 2g, the root x of the ſaid equation will be equal to the following 
tranſcendental quantity, to wit, 2 y/* (g X the infinite ſeries 1 + 2 = = + 


IS oe + &c ad infinitum, in which ſeries the numeral co- 


* 
efficients C, E, G, I, L, N, &c of the ſecond and other following terms are the 
co-cfhcients 


? 
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co-efficients of the third, and fifth, and ſeventh, and ninth, and eleventh, and 
thirteenth, and other following odd terms of the infinite ſeries which is equal to 
the cube-root of a binomial quantity, as 1 + x, and the ſecond and third, and 
fourth, and fifth, and ſixth, and ſeventh, and other following terms are marked 
with the fign + and with the ſign — alternately.” This demonſtration has been, 
_ I confeſs, exceedingly long and intricate z but I did not know how to make it 
ſhorter or eaſier, without leflening the evidence of the reaſonings contained in it. 
And I hope that the reader will have found it convincing and ſatisfactory, ſo as 
to have no doubt remaining on his mind of the truth of the propoſition it is in- 
tended to demonſtrate. But it may poſſibly be aſked, © How could ſuch an ex- 
prefſion be diſcovered to be equal to the root of the cubick equation x* — 4 
Dr, if we did not already know that it is ſo? ſeeing that, when we have found 
out that it is equal to the ſaid root, it requires ſuch a long train of ſubtle and 
abſtruſe reaſoning to prove that it is ſo.” In anſwer to this queſtion I will now 
proceed to ſtate a method of inveſtigating the value of & in this equation x* — 
qx'= t by which we might have been led to this diſcovery. 


——ů ů ——— ——— 
A method of inveſtigating the value of the root x of the 
cubick equation x* — gx = t, in which the abſolute 
term t ts leſs than 4, or = is leſs than 4 by 
34/3 4 27 
means of the tranſcendental expreſſion 2 . ſe x the 


þ a 1 C 5s k * 8 14 L N 

mus JETS mn - - - 
Ig R : - 

EF ad infinitum » Which has been ſhewn above 


718 
in art. 25 to be equal to the root y of the cubick equa- 
5 tian q — 4% = r, in which the abſolute term r is 


2800/9 „ IT 4. 
greater than _— is greater than 4 


. 


5 — 


13 5. Since the tranſcendental expreſſion 24/*(e x the infinite ſeries 1 — 


= — ＋ — — * —= — &c is equal to the root q of the cubick 
equation y* — gy = r, it follows that, if the ſaid expreſſion were to be raiſed to 
its cube, or third power, by multiplying it twice into itſelf, and if it were alſo 
to be multiplied into the co- efficient g, or into the value of the ſaid co-efficient 


expreſſed in powers of e and 5, the ſaid cube would be greater than the ſaid pro- 
duct, and their difference would be equal to r. Now, becauſe e is = =, and ss 


5 =— 27 or er 27? We ſhall have 4 + 2 = ee, and 2 = et 55-22 08 


: 2 
x — , and = 27 K e x li — E, and conſequently g=3 & 3 
x 
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| | x 2 
* | — D 3 = (by the reſidual theorem in the caſe of roots) 3 X e X the 


6 8 10 12 
infinite ſeries 1 = = — —— _ > —__ —_ —_ —  _ tc 
ce e e e e 2 . 
therefore that the product of the multiplication of this laſt expreſſion into the 
, , F C 5s E * G 16 13 L 459 
expreſſion 2595 ſe x the infinite ſeries 1 — Cats ts —_ _— —_— 


5s E 5+ 636 155 1 N 51% 


. Cc . . 
ſeties 1 — — r n= opp ern ng ee, and that their diffe- 


rence will be equal to r, or to 2 & 25 or 2 X e, or 26, 


136, Now from hence it ſeems natural to conjecture that the root x of the 


. ſecond equation * — gx = 7, in which the abſolute term ? is leſs than 227 "/ 


_ is leſs than 75 will be equal to a tranſcendental expreſſion that ſhall bear a 


great reſemblance to the expreſſion 2 V/*(e X the infinite ſeries 1 — __ — ＋ 


ö 1 — &c (which is equal to the root y of the former 
equation y* — gy = 7), and ſhall differ from it only in ſuch circumſtances as 


ſhall be the conſequences of the abſolute term's being leſs than 751 , Inſtead of 


being greater than that quantity, as it was in the foregoing equation y* — gy = r. 
Therefore, if in the equation & — gx = # we were to put g for = or halt the 


abſolute term ? (as we before put e for = or half the abſolute term r) and were 
to put 22 for the exceſs of = above 77 or gg (as we before put 5s for the ex- | 


F384 | . 
ceſs of 2 or ee, above — it ſeems reaſonable to conjecture that the root x of 


the equation x* — gx = # will be equal to a tranſcendental expreſſion of this 
czz Ez* G 125 12% Naz" & 
, 


kind, to wit, 2 /g X the infinite ſeries 1, ==, 7 . , 2 ns 
in which I have not prefixed any ſigns + or — to the ſecond and other follow- 
ing terms, becauſe it does not hitherto appear whether they ought all to have 


the ſign — prefixed to them (as is the caſe with the ſecond and other following 


. C 5s E 5* G 16 1 53 L 5 N $3 
terms of the former ſeries 1 — — — - - --— - — &), 


| 
| 
| 
or whether ſome of them are to be marked with the ſign —, and others of them | 
| 


to be marked with the ſign +. And we ſhall have reaſon to ſuppoſe that theſe 
terms are not, all of them, to be marked with the ſign — (as the correſponding 
terms of the former ſeries were) becauſe the ſigns prefixed to the terms of the in- 
finite ſeries which enters into the expreſſion of the value of q in this caſe, will 
not be the ſame as thoſe which are prefixed to the terms of the infinite ſeries 

Vor. II. 3 1 , which 


= — — — — —— 
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which enters into the expreſſion of the value of q in the former caſe. -For we 
2 
have ſeen in art. 135, that the value of 9 in the former caſe is 3 Xx 7 Xx the 


4 0 © o 6 59 o 12 1 i 

infinite ſeries 1 — — — — — — — — — — 2 — &c, in which all 

the terms after the firſt term 1 are marked with the ſign —. But in the preſent 
3 3 

caſe we have zz = 5 — 4 = - — gg, and conſequently © = 2g + 22 = 


2 T 
** ＋ nd =27 X29 *(1 +S,andg=3X87 x fi + =; 


2 
= (by the binomial theorem in the caſe of roots) 3 x g 7 Xx the infinite ſeries 
— vw = , rx or 


"I 2 r in which the ſecond and 


7. 
other Flowing terms are marked with the ſign + and the fign — alternately. 
Therefore, if this value of g were to be multiplied into the expreſſion 2 3ſg 


c 22 k 2+ G 2 1 2 L 229 NK | 
. = — Xe, the 


X the infinite ſeries -- ——_——_—_— - 


E 
ſigns + and —, that would be prefixed to the ſeveral terms of the product, or 
compound ſeries, thence ariſing, would in many inſtances be different from thoſe 
which would be prefixed to the correſponding terms of the compound ſeries or 
2 


product, ariſing from the multiplication of the former value of 9, to wit, 3 X ez 
B 5s C 54 D 16 E 38 7 $39 G $52 


* the infinite ſeries 1 — — — - - — * — mY into the 
3 1 1 1 — — — Ext — — — ST. — 22 — 
expreſſion 2 V ſe x the infinite ſeries 1 = —— — = —- = + = 3 


—— / 208 {gl ce, being ſubſtituted inſtead of y in 


compound quantity y* — gy makes the ſaid quantity equal to r, or 2 e, it follows 
C * E R 2 


that the expreſſion 2 / (g x the infinite ſeries 1 — — >_> 


L* N 223 


* &c, being ſubſtituted inſtead of x in the compound quantity 


* — gx, cannot (on account of the different ſigns prefixed to the terms of the 
value of the product gx from thoſe which are prefixed to the correſponding 
terms of the value of the product gy) make the ſaid quantity equal to 2 g, or f, 


and conſequently the ſaid expreſſion 2 /g x the infinite ſeries 1 — _ Gr 


x 2* 8 * 1 z* L 2% N 2:2» 


- Fa, = FF — 5 © 7g &c cannot be equal to the root & of the 
equation * — gx = 2. 


137. Having thus found that the expreſſion 2 /*(g x the infinite ſeries x — 


EST — &c is not equal to the root x of the 


8 
equation x* — gx = #;—and having obſerved that the ſigns of the ſecond and 
6 other 
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other following terms of the infinite ſeries that enters into the expreſſion of the 
value of 9 in this caſe are alternately + and —, whereas in the former caſe the 
ſecond and all the following terms of the infinite ſeries which entered into the 
expreſſion of the value of 9, were marked with the ſign — ;—it ſeems reaſon- 


able to conjecture, in the next place, that the root x of the equation x* — gx = z 
C zz K 2* 


may be equal to the expreſſion 2 y/* (g X the infinite ſeries 1 + _ * + 


= — * + 2 — + &c, in which the ſecond and all the following 
terms are marked with the ſign + and the ſign — alternately. And to this ex- 


preſſion we ſhould find that the ſaid root was really equal, if, when we had made 


this conjecture, we had tried it in a few numerical examples, by computing the 
E 2* 


values of 2 Vi and of a few of the firſt terms of the ſeries 1 + 27 + 
bu + * — = ++ &c, and multiplying 25 ls into the reſult of the 


G 2 
TRA a 
aid terms, and then ſubſtituting the uct thence ariſing in x in the 
td hen fubſtituting the product thence ariſing inſtead: of & in th 
compound quantity x* — gx. For it would always appear, upon ſuch ſubſtitu- 
tions, that the values of x* — gx thence ariſing would be equal to the abſolute 


terms, t, of the ſaid equations. And thus we might have diſcovered that the 
ſaid expreſſion 2 y/* [g X the infinite ſeries 1 + = —= + — —7 + = 


— 2 + &c is equal to the root x of the equation x* — gx t; after which it 


would have become neceſſary to our further ſatisfaction on the ſubject, to endea- 
vour to demonſtrate the truth of this propoſition ſynthetically; which we have 
done at great length, and with as much exactneſs as poſſible, in the foregoing 
articles of this diſcourſe. 


138. But there is alſo another method of diſcovering that the ſaid tranſcenden- 
tal expreſſion 2 g X the infinite ſeries 1 + _ — = — = — 7 + 


* 2 + &c is equal to the root x of the equation x* — gx = t. And this 


method is more direct than the former, and carries with it a proof that the ſaid 
expreſſion mult be equal to the ſaid root, inſtead of affording us only a probable 
conjecture that it is ſo, which is afterwards to be confirmed by trials, in particular 
numerical examples, and by a ſynthetical demonſtration, This method I ſhall 


now endeavour to explain, 


3Y 2 Anotber 
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Another method of diſcovering that the tranſcendental ex- 
C x E 2% 


Preſſion 2 / g x the infinite ſeries 1 + e 
＋ r 322 + &c is equal to the 


root x of the cubick equation x* — qx = t, in which t is 


29/9 1v2 
leſs than * but greater than V2 X I 


— — — 


139. We have ſeen, that in the equation y* — gy r (in which r is greater 


2 . K 

than 157, or ＋ is greater than 75 the tranſcendental expreſſion 2 4/3 Xx the 
4 g 54 6 x 68 10 12 7 

infinite ſeries : — — — — — = ah gs cb enks we need ob Bee by equal to the 


root v. Now there are two different ways of computing the infinite ſeries 1 — 


C 5s E 54 G 30 1 53 L 40 N 3˙2 g l 0 
1 — 3 — ** — 5 — — — 9 — & c contained In this expreſſion, which 


(though not equally ſhort and convenient in practice) are, nevertheleſs, equally 
Juſt and true: and therefore they muſt both produce the ſame reſult for the va- 
8 of the ſaid ſeries. Theſe different methods of computing the ſaid ſeries are 
as follows. 


140. The firſt way of computing it is the common one, which — of 
the following proceſſes; to wit, firſt, to compute the quantities 7 and =; as was 


done in the foregoing example in art. 30, 31, where . was found to be = 
I,110,916, and 25 was found to be = 1000,000 ; and, fecondly, to ſubtract - 
from 2 in order to obtain the quantity ss, which is equal to their difference 7 
— 25 and which in the foregoing example was 110, 916; and, thirdly, to di- 
vide 5s by ee, ſo as to obtain the value of the fraction — as in the foregoing ex- 


ample we found the fraction _ to be = 0.099,841,932,2 ; and, fourthly, 


to compute the powers of the value found for the fraction _ ; as in the foregoing 


example we computed the powers of the decimal fraction 0.099,841,932,2, and 
found its ſquare to be = 0.c09,968,411,4, and its cube to be = 9. 8005995. 
26 5, 4, and its fourth power to be = o. ooo, og, 369, 2, and its fifth, ſixth, ſe- 
venth, and eighth powers to be equal to o. ooo, oo, 92 1, 2, and o. ooo, ooo, 990, 5, 
and o. ooo, ooo, og8, 8, and o. ooo, ooo, oo, 8, reſpectively; and, fifthly, to mul- 
Ss , „ X 

tiply _ and Its powers 7 FL 8 4. e 77 e 778 778 &c, into the co- ef- 
ficients C, E, G, I, L, N, P, R, T, &c, reſpectively; as in the foregoing ex- 
ample we multiplied o. og, 841,932, 2 into the fraction 7 (which is C), and 

0.009, 
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0.009,968,411,4 into the fraction 255 (which is = E), and o. 00, 995, 265,4 
into the fraction TT (which is = G), and 0.000,099,369,2 into the fraction 


35. (which is = . ion 213 eh; 
—— (which is = I), and 0.000,009,921,2 into the fraction . (which is 


), and 0.000,000,990,5 into the fraction — (which is = N), and 


8,617,640 _ (which is = P), and 0.000,000, 


1,162,261,407 

009,8 into the fraction 5.86809 60h (which is = R), and found the products 
- , , z 

to be o. 011, 93, 548, o, 0.000,410,222,6, 0.000,023,360,9, 0.000,001,57 3,4, 

0.000,000,115,9, o. ooo, ooo, oog, o, 0.000,000,000,7, and o. ooo, ooo, ooo, o; 

and, ſixthly, to ſubtract the ſum of all the products fo obtained from 1, the firſt 


term of the ſeries. This is che common, and the proper, way of computing the 


Goel C55 E * G 56 1 58 1 N ** P 4 kd T *. & 
r r _ d 
when we want to make uſe of it in practice. But it may alſo be computed in 


another manner, which may be deſcribed as follows. 


o. ooo, ooo, og8, 8 into the fraction 


141. Inſtead of 5s let us inſert the compound quantity 7 — 23 itſelf, to 


which 5s is equal, in all the terms of the ſaid ſeries. And it will thereby be 
converted into the following ſeries, to wit, 1 — — * = — x 


— ens 2 [= — 2 ted . — 2 — 25 — We. RA 

/ om. © T1 Ss 
6 P f 5 , . 

* — 75 — &c, or (if, for the ſake of brevity, we ſubſtitute ee for _ , and 


es E : 
F for ©) into the ſeries 1 — — x lee—f'— — x ſee—f#] — * — 


— + * r- X e — ff = * = = &c ad infinitum, or 
(ſubſtituting inſtead of ee , ee —f}*, ee I], ee Y, ee , &c 
their expanded values) into the ſeries 1 — _ X ſee — ff — * [e*— 20% + f* 
— xt . +30 = 
— ＋ x —qafF + 6 —407 + ff 
— x [e? — e, + 10 % — 108f* + 5fff — f® 
— X [e* — 62fF* + 158f* — 20ff ÞFigef — of If 

E G 1 L N 


— &c ad infinitum, or (multiplying the fractions —j 7. 7 Y 335 0s Xe 


into the ſeparate terms of the compound quantities, or powers of et — g with 
which they are connected, reſpectively) into the ſeries 


120 


334 A METHOD OF EXTENDING CARDAN's RVLE 


6 1 10 1 10 * N 88 
L. A- + 


6 * 16nf* 20 IFN 6 N. ft 
we BE USO + 23 USL - 


ez 


— &c ad infinitum ; which ſeries conſiſts of a much greater number of terms 
. L 0 


than the correſponding part of the ſeries 1 — — = — ——- —- — 7 — 


12 . 3 . . . 
== — &c, from which it is derived, and many of its terms are more compli- 


cated, and more difficult to compute, than the terms of the ſaid former ſeries. 
Nevertheleſs, fince the compound quantity —_ 2, or ee — V, is equal to 5s, 


the inſertion of it inſtead of 55s in the terms of the ſaid former ſeries cannot alter 
its value, or magnitude, though it will make it much more difficult to compute. 


It muſt therefore be true of the new and complicated ſeries juſt now obtained, as 


. 12 
well as of the former ſeries 1 — MEL It c 


(from which it was derived), that, if it be multiplied into 2 / ſe, or 2 y* 5 the 


quantity thereby produced will be equal to the value of y in the equation y* — 
gy = r, or that, if the ſaid laſt- mentioned quantity be raiſed to its cube, or third 
power, by IDS it twice into itſelf, and alſo be multiplied into the co-effi- 
cient g, the product of the ſaid multiplication will be leſs than the ſaid cube, and 
their difference will be equal to the abſolute term v. 


142. Having ſhewn that the product of the multiplication of 2 /* ſe or 


2 E into the new and complicated ſeries laſt obtained in the foregoing ar- 


ticle (which ſeries we will, for the ſake of brevity, denote by the Greek capital 
letter T) is equal to the root y of the cubick equatiog  — gy = r in the firſt 


caſe of that equation, or when 7 is greater than 25 or ee is greater than , as 


well as the product of the multiplication of 2 s [e into the ſeries 1 — 5 ** = 
a> % 8 ＋.— — _ LA — &c, from which the ſeries T was derived; we 


may, by means of this equality between theſe two products and the root of the 
equation y* — gy = 7 in the ſaid firſt caſe of that equation, deduce from the ſe- 
55 C55 ns 6 146 L 40 N 2 . | 
ries 1 = r = - -r Ke another ſeries (reſem- 
bling it in the powers of the literal quantity involved in its ſecond and other fol- 
lowing 
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lowing terms, and likewiſe in the numeral co-efficients C, E, G, I, L, N, &c, 
by which the ſaid powers are to be multiplied, but differing from it in the ſigns 
which are to be prefixed to ſome of its terms) which will be of ſuch a magnitude 


that, if it be multiplied into 2 V (+, or 2 > |<, the produR of the ſaid mul- 
tiplication ſhall be equal to the root y of the ſaid cubick equation * — gy = r 
in the ſecond caſe of the ſaid equation, in which T is leſs than 2, and which 


cannot be reſolved by Cardan's ſecond rule above explained. This may be 
done in the manner following. | 


143. If in this ſecond caſe of the equation y — gy = r, in which 1 is leſs 
chan 25, or (if we Kill denote | by ee, and - by F) er is leſs than n we ſub- 


tract 15 from 5 or ee from 5 and call the difference, or remainder, zz, and 

then raiſe the ſeveral powers of zz, to wit, 221}, 2215, 221, 22}, 221*, z zl, 22, 

Zb, &c, or 2, 20 „ 2% „ 2 % „ 3 „„ 2 „ &c, and alſo the correſponding 
. . 3 * 

powers of its value, the reſidual quantity 25 — > or F — ee, to wit, F — ee, 


F ee, f— cer, f— ec, f— ce, F ec, F ee, F — e:P, &c, the even 


powers of the difference f— ee, to wit, F ef, f— ec, f— ee, f— eee, 
&c, will conſiſt of the very ſame terms, or the ſame powers, products, and mul- 


tiples of the two original quantities = and L, or ee and J, and with the ſame 
ſigns + and — prefixed to them relpedtively, as were before contained in the 
ſame even powers of the oppoſite difference _ — _- or ee — , when 82 was 


greater than L, or ee was greater than F. 


Thus, for example, the ſquare of ee — F in the former caſe was e“ = 2% 
++ f*; and in the preſent caſe, the ſquare of f— ee is f* — 2 f*e* + e*, which 
conſiſts of the ſame terms (or the ſame powers and products of ee and V) as 
were contained in the ſquare of the difference ee — J, to wit, e — 2e*f* + , 
and agrees with the ſaid former ſquare in the ſigns which are prefixed to its ſe- 
veral terms, and differs from it only in the order in which the extreme terms e 
and f+, and the letters e and F in the middle terms 2 e*f* and 2 f*e*, are 

placed. And the ſame obſervation is true of the fourth power of the difference 
ee — ff, to wit, e* — 4e f + 6e*f* — 4e*f* + f*, and the fourth power of 
the oppoſite difference f— ee, to wit, F — 4 f*e* + 67e — 47 e —e*, 
and of all the following even powers of the ſaid oppoſite differences ee — F and 


Fes. 
144. Alſo the odd powers of the difference f— ee, to wit, f — es itſelf, and 


fo wo, f— ee, 2 ee) „ f - ede, &c, will conſiſt of the ſame terms — 
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of the ſame powers, products, and multiples of the two original quantities ee and 
H as were contained in the ſame odd powers of the oppoſite difference ee —F; 


when ee, or = was greater than F, or 25 But the ſigns prefixed to the ſaid 


terms will be contrary to thoſe which were prefixed to them in the former 
caſe. | 
Thus, for example, the cube of the difference ee — Fin the former caſe was 
6 — 3e*f* + 3e*f* — f*; and the cube of the difference F— ee in the pre- 
ſent caſe is f* — 3f*e* + 3f*e* —e*, which conſiſts of the ſame terms (or 
the ſame powers, and products of ee and ) as are contained in the cube of 
ee — ff, to wit, e' — 3e*f* + 3e*f* — f* ; but they are placed in a contrary 
order to that in which they ſtood in the former caſe, and the ſigns, which are 
prefixed to them, are contrary in every term to what they were before. And 
the ſame thing is true of the fifth power of the difference ce — F, to wit, “ — 
ge F + le — 10e f, + se, —f®, and the fifth power of the oppoſite 
difference F— ee, to wit, F — 5f*e* + 10 fe — 10e + 5f*e* — , 
and of all the following odd powers of the ſaid oppoſite differences ce — F and 
ee. | | | | 


145. It follows, therefore, that, if zz be put for 25 — —s or f— ee, in the 


ſecond caſe of the equation y* — gy r, in which — is leſs than , or ee is 


leſs than F; the even powers of zz, to wit, 22], 22|*, Tie, 2s, &c, or 27, 
2*, 2*, 2**, &c, will repreſent, or be equal to, the ſame terms (or the ſame 


a . .  » .* © rr q® 
powers, products, and multiples of the two original quantities = and 272 or er 


and F) in the preſent caſe, as were repreſented by the ſame even powers of , 
to wit, Il, 5+, SS % Ne, &c, or “, , an, s, &c, in the former caſe, 
a 3 | . 

when or ee, was greater than 5 or V and ss was put for the difference ry 


— 25 or ee — ; and the ſeveral terms (or powers, products, and multiples, of 
the original quantities ee and ) repreſented by the ſaid even powers of zz in the 


ſecond caſe of the equation 5 — gy = 7, when — is leſs than 2, or ee is leſs 


4 
than J, will have the ſame ſigns + and — prefixed to them as they had in the 
former caſe of the ſaid equation, when — was greater than 25 or ee was greater 
than , and the ſaid terms were repreſented by the even powers of 3s; and 
the only difference between the terms repreſented by the even powers of zz in 
the latter caſe of the ſaid equation and the terms repreſented by the even powers 
of 55 in the former caſe of the ſaid equation will be in the order in which the 
ſaid terms will be placed in the two caſes, and in which the letters e and F in 
the ſeveral middle terms of the values of the ſaid even powers of zz and 5s 
(which will involve both the quantities ee and F) will follow each other. 

. 146. And 


FOR RESOLVING THE CUBICK EQUATION &c. 537 


146. And it likewiſe follows, in the ſecond place, that the odd powers of z2, 
to wit, 22 itſelf and z2*, 2z2|*, z2|', De, &c, or 2*, 5, 2'*,u2", &c, will 
alſo repreſent, or be equal to, the ſame terms (or the ſame powers, products, and 
multiples of the two original quantities _ and L, or ee and F) in the preſent 
caſe as were repreſented by the ſame odd powers of 5s, to wit, 5s itſelf, and 5]?, 


5, Ja, Ne, &c, or 5*, , , zu, &c, in the former caſe, or when = or 


ee, was greater than £, or J and ss was put for the difference = — 9. or 


ee — F. But the ſigns + and —, that will be prefixed to the terms that are re- 

reſented by the ſaid odd powers of zz, to wit, zz, 2*, 2%, z, z,, &c, will 
be reſpectively contrary to thoſe which were prefixed to the ſame terms in the 
former caſe, when they were repreſented by the ſame odd powers of 5s, to wit, 
85, $5, de, %, au, &c: and the terms repreſented by the ſaid odd powers of 
zz will likewiſe differ from the terms repreſented by the ſame odd powers of ss 
in the order in which they will be placed, and in which the letters e and / in 
the ſeveral middle terms of each of the ſaid powers of ee — F and F — ee 
(which middle terms will involve both the quantities ee and ) will follow each 
other, 


147. If therefore, in the ſecond caſe of the equation y* = gy = r, in which 


ries I — CE an EE nn. 2 ar — &c, ad infnitum, will re- 
preſent, or be equal to, a ſyſtem of terms derived from the two original quan- 
tities — and 25 , or ee and F, that will be the very ſame in point of compoſition, 
that is, will be the very ſame powers, products, and multiples of ee and as the 
terms of the complicated ſeries T, which was derived above, in art. 141, from 
the ſeries 1 — — — ＋ — * — —— — = Kc, ad infinitum, by ſub- 
ſtituting ee — F in its terms inſtead of 5s in the former caſe of the equation y* — 
9% Dr, or when E, or ee, was greater than 2 or F. But the terms of the ſaid 


two complicated ſerieſes, or ſyſtems of terms, ſo repreſented by the two ſerieſes 


C 5s E 5* G 36 13 L $9 * C 2 


1 — aw 2 a * D =3 x — &c, ad infinitum, and 1.— . 


＋ - * — — &c, ad infinitum, will not all have the ſame 
ſigns + and — prefixed to them ; but thoſe terms only of the latter complicated 


ſeries, or ſyſtem of terms, which 1s repreſented by the ſeries 1 — — on row 


＋ = — . — = — &c (which latter ſyſtem of terms we will, for the 
ſake of brevity, denote by the Greek capital letter A), which correſpond to, or 
are repreſented by, the terms which involve the even powers of xx, to wit, the 


Vor. II. 3 2 terms 
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terms = iz ==, &c, will have the ſame figns + and — prefixed to them 


as were prefixed to them in the former ſyſtem of terms, or complicated ſeries, 


called T (which was derived above in art. 141 from the ſeries 1 — _ i een 


e* 
G 5* 1 5? L 0 N $12 


= - 7 — &c), when they correſponded to, or were repre- 
ſented by, the terms which involved the even powers of 46, to wit, the terms <> 
La — &c; and thoſe terms of the complicated ſeries A which correſpond to, 
or are repreſented by, the terms which involve the odd powers of zz, to wit, the 


en 112 . | 
terms , , Ag, &c, will have contrary ſigns prefixed to them to thoſe 


which were prefixed to them in the former complicated, ſeries F, when they 
C 55: 


. correſponded to, or were repreſented by, thoſe terms of the ſeries 1 — — 


_ 7 — * — — — 8 — LASER &c, which involved the odd powers. 
of 55, to, wit, the terms — — =, &c. And, laſtly, the order in 
which the ſeveral terms, or powers, products and multiples of the two original 
quantities ee and Fare placed in the complicated ſeries A, will be contrary to that 
in which the fame terms are placed in the complicated ſeries F: But this laſt 
circumſtance will make no change in. the magnitude of the terms, nor in that of 
the whole ſeries that is compoſed of them, and therefore need not be attended to 


any further, 

148. It follows from the laſt article that, if the terms of the complicated ſeries 
A be placed in the ſame order as the terms of the complicated. ſeries F, the: 
ſaid, complicated ſeries A will be as follows; to wits . | 

11 C — — 
2 K. = ft 
gt oe 
6 G 6 
+ G = _— + — — ＋ Ti 


| AF wife, _101f5. 7:3 L 
＋ E — pr + 77 os — + ne: os 

— N + ef — SP 223 — — — + OY — 
+ &c, ad infinitum. | 


d E 2* G25 12 LA N 2 


149. Therefore, if in the ſeries 1 — 2 — = p30 ＋ — — = —.— 
= &c, we change the ſigns of thoſe, terms which involve the odd powers of zz, 


8 zz 2 ＋ 2 y a 
to wit, the terms . S. — &c, and in the terms. of the new ſeries thereby 
. produced, 
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produced, to wit, the ſeries 1 + EE + — 7 r 
&c, we ſubſtitute F'— ee inſtead of zz, and thereby produce a third complicated 
ſeries (which; for the ſake of brevity, we will denote by the · Greek capital letter A), 
this third complicated ſeries A will conſiſt of the ſame terms in point of compoſi- 
tion (or the ſame powers, products, and multiples, of the two original quantities 
ee and V) as each of the two former complicated ſerieſes denoted by the Greek 
capital letters F and A, and its terms will have the ſame figns + and —-prefixed 
to them as are prefixed to the ſame terms in the complicated ſeries T, which is 
ſet down above, in art. 141; and the only difference between the ſaid two com- 
plicated ſerieſes F and A will be in the order in which their terms are ranged, 
thoſe of the ſeries I proceeding according to the powers of the letter e, and 
thoſe of the ſeries A proceeding according to the powers of the letter f. 


1 50. Now, ſince this laſt complicated ſeries A conſiſts of the ſame terms in 
point of compoſition (or of the ſame powers, products, and multiples of the ori- 
ginal quantities ee and ) as the firſt complicated ſeries T, which is ſet down in 
art. 141, and has every where the ſame ſigns + and — prefixed to its terms; 
and it has been ſhewn above, in the ſame art. 141, that if the ſaid ſeries F be 
multiplied into 2 /) (7, or 2 y/* (es and the ſeries thereby produced, to wit, the 
complicated ſeries 2 7 x T, be cubed, or raiſed to its third power, by mul- 
tiplying it twice into itſelf, and alſo be multiplied into the co · efficient g, the ſaid 
product, to wit, q Xx 2 V/*(e X T, will be leſs than the ſaid cube, to wit, 8 e 
* Ti, and their difference, to wit, 8 e x T* —q x 2y* le „ T, will be equal 
to the abſolute term r ;—it will follow that, if the third complicated ſeries A 
(which agrees ſo entirely in all its terms, and the ſigns which are prefixed to 


them, with the complicated ſeries T) be multiplied into 2 ſc, or 2 E, 
and the complicated ſeries thereby produced, to wit, the complicated ſeries 
2 Ve Xx A, be cubed, or raiſed to its third power by multiplying it twice in- 
to itſelf, and alſo be multiplied into the co- efficient 3, the ſaid product, to wit, 

X 2 V*ſe x A, will be lefs than the faid' cube, or 8 e x A,, and their dif- 
f ence, to wit, Be X A -qX2y*ſe x A will be equal to the abſolute 
term . 


151. But the complicated ſeries A is equal to the ſeries 1 + ZZ — + 
= 4 Ls _ —_ + &c, ad infinitum, from which it was derived by ſub- 


ſtituting F - es in its terms, inſtead of zz. Therefore 2 y/* ſe x the ſaid ſeries 
1+ — — ＋ — — — + &c will be equal to 2 fc x 
the complicated ſeries A, or to the complicated ſeries 2 y/* (+ X A. And conſe- 
quently, if the quantity 2 ve x the infinite ſeries r + — — = + = — 

322 1 
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＋ + 1 — LES + &c (which is equal to the complicated ſeries 2 fg > 


A) be raiſed to its cube, or third power, by multiplying it twice into itſelf, and 
likewiſe be multiplied into the co-efficient g, the ſaid product will be leſs than 
the ſaid cube, and their difference will be equal to the abſolute term r. There- 


fore the ſaid quantity 2 W* (e Xx the infinite ſeries 1 + — — = + = . 


27 + A — . + &c, ad infinitum, is equal to the root y of the cubick equa» 


tion * — 95 r in the ſecond caſe of it, or when * is leſs than 25 or ee is leſs: 


than J, and zz is put for the difference 2, — — or f— ee; or, if in this ſe- 


cond caſe of the equation y* — gy = r, we ſubſtitute ? inſtead of r for the ab- 
ſolute term of the equation; and put g, inſtead of e, for half the abſolute term; 
and denote the root of the equation by the letter x inſtead of the letter y, the 


tranſcendental quantity 2 g x the infinite ſeries 1 + 2 home = * = —9ꝗ—u 
= + = — . + &c, ad infinitum, will be equal to the root x of the cubick 

equation * — g =#. G E. 1. 
End of the Inveſtigation of the Tranſcendental Expreſſion 2 V. g x. the infinite 

g C ZZ E 24 G 2 I * L $29 NA 1 
ſeries 1 + 77 + =. IF + FA mt Sc, which is equal o 
the root x of the cubick equation x* — qu = t, in which t is leſs than L, but: 
| 3 


39 
LV 
8 v2 X . 


—— — ———_—_ _  ———— > — — — — — ᷣ— — 


A Remark on the foregoing hroeftigation.. 


— 


— 


1.52. The foregoing inveſtigation. is very abſtruſe and difficult,. and therefore 
has been ſet forth at great length, in order to make the reaſonings uſed in it as 
clear as poſſible: and I hope the attentive reader will have found them, in ge- 
neral, intelligible and ſatisfactory. There is, however, one part of the deduc- 
tion which is more ſubtle than the reſt, and may therefore require ſome further 
elucidation; I mean that part of it which is contained in art. 1 50. In that ar- 
ticle the reaſoning is as follows : Since the complicated ſeries A conſiſts of 
the very ſame terms in point of compoſition (or the very ſame powers, products, 
and multiples of the two original quantities ee and F) as the complicated ſeries 
T, and with the fame figns + and — prefixed to them; and ſince it has been 
ſhewn in art. 141, that, if the expreſſion 2 / * (e X the complicated ſeries I be 
cubed, or raiſed to its third power by multiplying it twice into itſelf, and alſo be. 
multiplied into the co-efficient g, the ſaid product g x 20 ſe x T will be leſs 
than the ſaid cube, or 8 e X- F?, and their difference will be equal to the _ 
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lute term r, or 2 e;—it will follow that, if the expreſſion 2 y* ſe e the compli- 
eated ſeries A be cubed, or raiſed to its third power by multiplying it twice into 
itſelf, and alſo be multiplied into the co- efficient g, the ſaid product & 2 / ſe 
Xx A muſt in like manner be leſs than the ſaid cube, or 8e x A,, and their 
difference muſt be equal to the abſolute term r, or 2 c.“ 


An Otjeion to the Concluſion ſtated in the laſt. Article, 
—  —  — 


153. Now to this concluſion it may be objected, That the letters r and e 
do not denote the ſame quantities in the two expreſſions 2 HH (e „ T and 
2 y* (e X A, and in the two caſes of the equation y* — gy = r which corre- 


fpond to thoſe expreſſions ; but that in the firſt caſe of the equation y* = gy = r 


the letter r ſignifies a quantity greater than 2, and in the correſponding ex- 


preſſion 2 y/* (e x T the letter e ſignifies a quantity greater than f, and that in 
the ſecond caſe of the equation y* — gy = r the letter r ſignifies a quantity leſs 
than _ and in the correſponding expreſſion 2 ſe x A the letter e ſigni- 
fies a quantity leſs than F; and that conſequently the ſuppoſed: reſemblance be- 


tween the expreſſion 2 y/*ſe x T and 2 / [e x A is only apparent, and not 
real, and therefore will not warrant the concluſion drawn from it.“ 


An Anfwer to the ſaid Objection. 


154. In anſwer to this objection we muſt obſerve that it never has been aſ- 
ferted, that the expreſſion 2 / ſe X the ſeries A was equal to the expreſſion 
2y* (e x the ſeries T. For that would not be true; becauſe 2 / fc, x A is 
always leſs than 2 / (e x T. But it was only ſaid that theſe two expreſſions 
conſiſted of terms compoſed in the ſame manner of the two original quantities ee 
and ,, and that therefore, ſince the cube of 2 y/* ſe x TI was greater than the 
product of the multiplication of 2 y/? ſz x T into the co- efficient q, and their 
difference was equal to r, or 2e, that is, to the greater value of r or 2 , which 
belongs to the firſt caſe of the equation * — gy = x, it followed that the cube 
of 2 (e Xx A muſt be. greater than the product of the multiplication. of 
29 ſe Xx A into the co- efficient q, and that their difference muſt be equal to 
the correſponding, or leſſer, value of r, or 2 6, which belongs to the ſecond 
caſe of the ſaid equation y —=qy = r. And this concluſion is moſt certainly 
juſt and true, notwithſtanding the inequality of the two values of r in the two 
different caſes of the equation y* —qy = r, and of the two values of e in the 


two expreſſions 2  * [e x Fand 2 v*ſe x A. . 


A fur- 
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A further Proof of the Concluſion flated in Art. 1 52. 


155. But that the truth of this concluſion may be made as plain as poſlible, 
let us ſubſtitute the letter g inſtead of e in the expreſſion 2 / ſe x the ſeries A. 


Then will this expreſſion become 24 F Xx the ſeries A, or 2 7 Xx the 
following complicated feries, to wit, 


7 
32 z3of* 6 
n 
o 
LS fe _ Gif + wy 
. 
Me 23.2, 202 . . 
&8 . £* &* 3 2 


ä — &c, ad infinitum. 
We mult therefore endeavour to prove that; ſince the cube of the expreſſion 
24/* (e x the complicated ſeries T (which is ſet down above in art. 141) is 


.greater than the product of the multiplication of the ſaid expreſſion 2 / (e x T 
nto the co- efficient g, and their difference is equal to r, or 2e, it muſt follow 
that the cube of the other expreſſion 2 y/* ſg x the complicated ſeries A (which 
has been juſt now fet down) will be greater than the product of the multiplica- 


tion of the ſaid expreſſion 2  ? {g x A into the co-efficient , and that their 
difference will be equal to 7, or 2 g. 


1856. Since Fis © 25 we ſhall have g* = 27 x . and 'TF Fry There« 
fore the product of the multiplication of the expreſſion 2 Vn ſe x F into the 


2 
co-efficient 9 will be equal to 2 W* (ex T x 3fF,orto6eF fT x the 
complicated ſeries T; and the product of the multiplication of the expreſſion 


2 g X A into the co-efficient q will be equal to 2 I ſg X A x 3f Fj or 


T 2 
to 6g 7 F Xx the complicated ſeries A. And conſequently we muſt now en- 
deavour to prove that, ſince the cube of the expreſſion 2 / ſs x the compli- 


T : 
cated ſeries T, or of 2 e 3 x the complicated ſeries T, is greater than the pro- 


1 2 
duct of the multiplication of 6e JF f into the complicated ſeries A, and their 
difference is equal to 2 e, or 7, it muſt follow that the cube of the other expreſ- 


1 
fion 2 4/ * [g x the complicated ſeries A, or of 2 g 7 X the complicated ſeries 
A, will be greater than the product of the multiplication of 6g 7 f into the 
4 


Com- 
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eomplicated ſeries A, and that their difference will be equal to 2g, or f. Now 
this may be ſhewn in the manner following. 


157. The complicated ſeries F (which is ſet down above in art. 141) con- 
fiſts of 1 together with the ſeveral numeral co-efficients C, E, G, I, L, N, &c, 


ad infinitum (which are all ſubtracted from 1), and of ſeveral following vertical 


columns of terms involving the fraction Z and its powers 2. . £, , 


2 &c, ad infinitum. Therefore, if we multiply this complicated ſeries F into 


1 
2 * (2, or 2e7,, the product of the ſaid multiplication will be another com- 
plicated ſeries which will involve either the quantity e or the quantity f, or fome 
of their powers, products, or multiples, in all its terms, and conſequently 8 e x 
TI, or the cube of the ſaid product will be another and ſtill more complicated 
ſeries, which will alſo involve the quantities e and 7, or ſome of their powers, 


products, or multiples, in all its terms. And, for the ſame reaſon, the quan- 
1 2 


1 2 
tity 6e 7 FJ X T, or the product of the multiplication of 6e 7 F into the 
complicated ſeries T, will be a complicated ſeries which will involve the quan- 
tities e and F, or ſome of their powers, products, and multiples, in all its terms. 
And in like manner the complicated ſeries A (which is ſet down in art. 155) 
conſiſts of 1, together with the ſeveral numeral co- efficients C, E, G, I, L, N, 
&c, ad infinitum (which are all ſubtracted from t, as in the ſeries P), and of ſeve- 


ral following vertical columns of terms involving the fraction 2. and its powers 


e, 55 2, _ =, &c, ad infinitum. Therefore, if we multiply this com- 
1 

plicated ſeries A into 2 * [g, or 25 5, the product of the ſaid multiplication 

will be another complicated ſeries which will involve either the quantity g or the 

quantity V, or ſome of their powers, products, or multiples, in all its terms; and 

conſequently 8g x A?, or the cube of the ſaid product, will be another and ſtill 

more complicated ſeries, which will alſo involve the quantities g and 5j or ſome 


of their powers, products, or multiples, in-all-its- terms. And, for the ſame reaſon, 


I 2 I 2 
the quantity 6g FJ X A, or the product of the multiplication of 6g 7 f 
into the complicated ſeries A, will: be another complicated: ſeries: which will in- 
volve the quantities g and y, or ſome of their powers, products, or multiples, in 
all its terms. | | ; 
Further, fince the terms of the complicated ſeries A agree exactly with thoſe: 
of the complicated ſeries F in their co- efficients, and in the ſigns + and — that 
are prefixed to them, and in every thing except the quantities which form the 
denominators of the literal parts of them, which in the ſeries I” conſiſt of the; 
powers of er, and in the ſeries & conſiſt of the powers of gg, it is evident that 
the ſame analogy, or reſemblance, muſt take place between all the complicated 
ſerieſes derived in any manner from the: ſeries Fand the complicated ſerieſes de- 


rived in the ſame manner from the ſeries A; and conſequenily ee 
| les. 
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ſeries 8g K A will conſiſt of terms that will be exactly fimilar to thoſe of the 
complicated ſeries 8e x T?, in their co-efficients, and in the ſigns + and — 
that are prefixed to them, and in every particular whatſoever, except that, 
wherever the letter e occurs in the terms of the ſeries 8 e x I, the letter g will 
occur in the correſponding terms of the ſeries 8 g * A'; and, in like manner, 


: I 2 
the complicated ſeries 6g 7 f 7; X A will conſiſt of terms that will be exactly 
1 


; 2 
ſimilar to thoſe of the complicated ſeries 6eJ fF Xx T, in their co-efficients, 
and in the figns + and — which are prefixed to them, and in every particular 
whatſoever, except that wherever the letter e occurs in the terms of the ſeries 
1 2 
6 e JF & T, the letter g will occur in the correſponding terms of the ſeries 
23 2 | 
6g 3/3 X A. 

And hence it follows, that, fince, when we ſubtract the complicated ſeries 
3 | 
6e f 3 * T from the complicated ſeries 8e x T the ſeveral terms of the 
one ſeries ſo balance and deſtroy the correſponding terms of the other ſeries, as 
to leave a remainder that is equal to 2 e or r, the like effect muſt reſult from 

1 2 
the ſubtraction of the complicated ſeries 6g 7 f 7 X A from the complicated 
ſeries 8g x A, or that the ſeveral terms of the one ſeries will ſo balance and 
deſtroy the correſponding terms of the other ſeries as to leave a remainder that 
| ſhall be equal to 2 g, or . . E. D. 


158, This demonſtration will, I hope, be thought ſufficient to refute the ob- 
jection ſtated in art. 153 to the reaſoning uſed in art. 1 50, and conſequently to 
render the whole of the inveſtigation given above in art. 139, 140, 1414. 
151, of the tranſcendental expreſſion 2 \/* (7 x the infinite ſeries 1 + = — 

2+ G25 129 o 212 f . , 
= + Tp = + 754 — == + Ke, ad infinitum, for the value of x in the 


equation x — gx = i, perfect y ſatisfactory. 


Of the Method of reſolving the Cubick Equation x — g 
t, when t is leſs than / 2 x Lf, or — is to 
than ©. | 2 

54 


129 L219 


The I . Cxx Ex% Gao — 8 
. e eee * TA 
c will converge only when z2 is leſs than gg, that is, when = — — is 
1efs than ©, or g is leſs than 2, or £ is leſs than ©, or © is lefs than 2. 
Therefore it is only when = (though leſs than 25) is greater than 2 x B, or 


chan 
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than L, that the foregoing expreſſion 2 His x the ſeries 1 + 2 + 
— — ＋ ==> + &c will be equal to the root of the equation x* — 
gx = ft. But, when yy is leſs than = we may find the lefſer root of the oppoſite 
equation gx — x? = t by the method ſet forth in the preceeding tract contained 
in pages 379, 380, 381, 382..... 440 of the preſent volume of tracts; and, 
calling this leſſer root v, we ſhall have v — v3 (=2z) = x* — gx, and gv = x? 


+ , and gx +qv=#* + u, and g = © = xx — xv + vv, and 


x +0 
—(=o—-w+—= =;-—-D== 
1 . and conſequently x — — = , and x = . So 


chat, of whatever magnitude leſs than 25 the quantity 7 may happen to be, or 


of whatever magnitude leſs than 4475 the abſolute term 7 of the equation x3 — 

x = t may be ſuppoſed to be ken, the value of the root x may always be 
Sund either by the method explained in the preſent diſcourſe, or by the me- 
thod explained in the preceeding tract. | | 


** — Vx = q— vv, and xx — vs + 


160. The laſt inveſtigation of this tranſcendental expreſſion 2 /* [7 x the 
infinite ſeries 1 + =—_= + _ 7 * 2 72 + &c, ad infinitum 
(which has been explained in art. 139, 140, 141, &c...... 157), was that by 
which I diſcovered this expreſſion to be equal to the root x of the equation x? 
— gx = t, after having ſeen it aſſerted to be ſo by Monſieur Clairaut in his Elz- 
mens d Algebre. But, as the propoſition appeared to me a very curious one, and 
worthy to be eſtabliſhed by more than one method of proof, I afterwards ſought 
for, and diſcovered, the long ſynthetical demonſtration of it which has taken up 
ſo great a part of this diſcourſe, and which, I apprehend, will have confirmed 
the truth of it beyond any poſſibility of doubt. : 


161, I will now proceed to give a few examples of the reſolution of cubick 
equations of the aforeſaid form x* — qu = t, in which f is ſuppoſed to be leſs 


than 257, but greater than V2 x Lf, or it is ſuppoſed to be leſs than =, 
but greater than _ or _ is ſuppoſed to be leſs than 25 but greater than 7225 
or , or 2 by means of the foregoing tranſcendental expreſſion 2 f x6 


2Xx 27 1 = 
the infinite ſeries 1 + 1 + == + = _ + &c, ad infini- 
tum, in order to confirm the truth of he realonings by which the ſaid ſeries has 
been obtained, 
Vor. II. 4A Examples 
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Examples of the reſolution of cubick equations of the farego= 
ing form, x* — gx = t, when the abſolute term F is 


, G LF 
leſs than 4 * but greater than / 2 & 37% ＋ 15 


ih ber , but greater than 2, or 7 by means 6 
. the tende . 2 A 3 (g X the infinite ſe- 


* L 229 N ¹ 


Ties 141 2 7 > + + 2 = 
Fr ＋ 2 
+ &c, ad "VE a 8 


6—— 


6— — 


BXAMPLE I 


162. Let it be required to reſolve the equation x — 5ox = 120 by means 
of the ſaid tranſcendental expreſſica. 


Hereg is = 50; fis = 120; —, Or g, is = 60; =, or gg, is = 3600; 9? is 
3 . 


= 125,000; and 5 = — 4629.629, 629,629,629, &c, which is 
greater than 3600, or = Therefore this equation cannot be reſolved by Car- 
2 en but _ by 8 N 2 V g & the infinite ſeries 1 + _ — 


—_— 
- + i ara 
verges. : 
Now, fince Li is = 4629.629,629,629,629, &c, and — — is 3600, we ſhall 


have 2z (= 4 — == = 4629. 629,629,629,629, &C — 8 1029.629, 


629,629,629, &c, which is much leſs than 3600, or gg; and conſequently the 
ſeries will _—_— 


16 3. We ſhall therefore have — = 2 eee — o. 286, oo8, 230, 4, 


and conſequently = ( = ar) = o. og, 800, 70), 8; 
and ud = (= = X — = o. o81, 800, 707,8 X o. 286, oo8, 2 30, 4) = 0.023,395, 


| 675,63 
and - (= 15 * == = 0.023,395,075,6 X 0-286,008,230,4) = 0.006,691, 
_ * 355,73 
and 2 = ir * == = 0.006,691,3557 X 0.286,008,230,4) = = 0.001,913z 
782,83 


1 | and 
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12 10 * 

and = (= = X 2 = o. oo, 913, 782,8 X o. 286, oog, 230, 4) o. ooo, 547, 
8 Ae 

and 70 (= 7 X . = 0. ooo, 5473 57,0 X o. 286, oo8, 230, 4) o. ooo, 1 56, 
226 214 — 548.73 

and 855 6 = X - + = 0,000, 1 56, 548,7 X o. 286, oo8, 230, 4) = 0,000,044, 
* = 1 774,23 

d r (= Fly * — = o. ooo, o44, 774, 2 & o. 286, oo8, 230, 4) = o. ooo, o12, 
| | 805,7. 

And conſequently — will be (= C x 0.286,008,230,4 = = X 0.286, 

008,230,4 = chen! = o. o3 1,778, 692, 23 


* | 
and == will be (= E x 0.081,800,707,8 = = x 0.081,800,707,8 = 


243 
10 * 0.081,800,707,8 _ PLIES * o. oog, 366 284,23 
— 3 5722 


— — 


243 3585 243 


x6 . . | 
and == will be (= G x 0.023,395,675,6 = TT X 0.023,395,675,6 = 


154 X 0.023,395,675,6 — 3-602,934,042 


8567 _ — —  - p04 

and = vil be (= I x 0.006,691,355,7 = — * o. 06, 691,355, = 
eee 8 bees Les) = 0.000,105,952,93 

and _ will be (= L x 0.001,913,782,8 = 7 X o. oo i, 913, 782,8 = 


55,913 X o. 001,913,282, 8 _ 107,005,337,696,4, __ f 
4,782,909 — — nr 7+ "as — O. 000, 022,372, 1 „ 


1,179,256 


| N 23 . 
and g- will r. (= N x * = 739,146,165 * o. ooo, 549, 357,6 
— 1,179,250 K. 000, 547,357,0 — 045-4744733»9459\ __ 
* 129,140,163, 12420, 140, 163 ) = o. ooo, oo4, 998, 23 


3 8,617,6 
and = will be (= PX 0.000,156,548,7 = IE Xx 0.000,156,548,7 


— $,617,640 x 0.000,156,548,7 — 1,349-080, 339,068,0, — : 

OM g 1,162, 261,467 — 13162, 261,467 _ WY o, or, 160, 0 

rt 25 194.327,78 a 
and FLY will be 42 R X o. 000, 44, 774,2 — — — X 0.000,044,77 4,2 


194.327, 782 X o. ooo, o44, 77 $,700.679,9763244) = 0.000,000,277,2 ; 
— = 0. , , 523 


a 31,381, 59, 609 231,381,059, 609 
. — 9 — — 13,431, 470% 
and 75 will be (= T X do. ooo, o12, 805,7 = Te Bec 68. 000, 12, 
| 3 1324217479. 9-000,01 2,805, 7 A 17 1,999-491,270.585,0 ; 4 
805, ET 2,541,805,828,329 2 2,541,865,828,329 ) = 0.000,000, 


067,6; 
4 A 2 And 


os: — K - 


A 
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And conſequently the ferics 1 + ZE 2 22 8 a ne 
LO $6 ee FECT E S g* T g* "> * Een 


ä = l. ooo, ooo, ooo, o 25 . 
+ 0.031,778,692,2 — 0.003,366,284,2 
+ 0.000,549,144,0 — 0.000,105,952,9 
+ 0,000,022,372,1 — 0.000,004,998,2 
+ 0.000,001,160,7 — 0.000,000,277,2 
+ 0.000,000,067,6 — &c | 


= 1.032,351,436,6 — 0.003,477,512,5 
1.038, 873,924, 1. : 


Further, ſince g is = 60, we ſhall have y* [5 = y*ſ6o = 3.914, 867, 641,12 
and conſequently 2 Vg (= 2 & 3.914,867,641,1) = 5.829,735,282,2. 
Therefore the tranſcendental expreſſion 2 y* fg x the infinite ſeries r + _ — 
r oo, + == — 8 * &c is 7.829,73 52 
„ 7 25 Fo Fi 

282,2 X 1.028,873,924,1 = 8. 65, 8 10, 464,4. Therefore the root x of the 
propoſed equation x* — 50x = 120 is = 8.055,810,454,4. Q. E. 1. 


164. This value of the root x in the equation & — 50 & 120 is exact in 
the firſt ſeven figures 8.055, 8 10, its more accurate value being 8.055, 8 10, 345, 
702, as may eaſily be found by Mr. Raphſon's method of approximation. 

N. B. This equation & — 50x = 120 expreſſes the relation between the 
diameter of a circle and three chords in it that lie contiguous to each other, and 
together take up the arch of a ſemicircle, and form a trapezium of which the 
diameter of the circle is the fourth ſide. For, if the three chords are called 5, &, 
and t, and the diameter of the circle is called x, the relation between them will 
be expreſſed by the cubick equation x* — 45 11 

| = kk> X x = 2bkt; which, if the 

— 71 
numbers 3, 4, and 5 are ſubſtituted inſtead of the letters 5, &, and t, will be- 
come x* — 50x = 120. See Sir Iſaae Newton's Arithmetica Univer/alis, edit. 
2d, A. D. 1722, page 101. | 


EXAMPLE II. 
165. Let it be required to find by means of the ſame tranſcendental expreſ- 


; infinice ſeries 1 . . EE 2232 299 net 

fion 2 [z x the infinite ſeries 1 + 7 * 5 7 * 7 7 
+ &c, the root of the equation x — # = —. 
Fn: In 


FOR RESOLVING THE CUBICK EQYVATION &c. 549 


In this equation 9 is = 1, and is = 53 and PIO _ or g, is = _ 
* 2 — = and — or gg, * ; and * is = 75 and = = 355 which is 
greater than 35 or = Therefore this * 1 5 be * by —— 
_ but mo * the tranſcendental expreſſion 2 ? ls x the ſeries 1 += — 


= + 55 — 7 = * in caſe that ſeries is a converging one. 


27 and — is = 5 — 2 25 
wi wy 5 is = 5 and Tis 7 we ſhall have zz, or 22 
— 36 — 27x36 77 255 = 27X3 = == = — 1855 which is leſs whim 35 or A, 


or gg, in the proportion of 1 to 3. Conſequently the ſeries 1 + 5-5 p%p + 
7 — = + &c wall be a converging. ſeries, and the * 2 Wal x the 
ſaid ſeries will be equal to the root the — * — K 2 7 


166. Since zz is = ——, and * or gg, is = 35 we ſhall have == 3 = 


3x xl 
* O. 3333337333733 
and conſequently = £3 — * 2 2 333333333333 x 2 — eee 
= - = 11111 111,1 
. _ _ I 0.111,11, 111,1 
and = 5 f= 2 * 2 anon X FS: 5 o.037 037, 
C 
7 ( 75 * — o. 037, 037, 037, 0 X * = 0.012, 
5 | 345,579, 0; 5 2 
230 x2 1 „345,07 
and xp (ng 008 3 * eee 
| 12. 0 | 5,3 
and 2 — = X == — 0. 2 * 7 * eee = 9.001, 
N 5 371,742, 1; bY 
and 75 (= = * 7 = o. o01, 3 1,742, 1 X 7 —— = 0.000, 
45 4 4573247335 
8 =; == * = = 0.000,457,247,3 & ='= — = 0.000, 
> ol * 152,415,735 : 
and 7 (= XK = 0.000,152,415,7 X = = 22) = o. ooo, 
* 5 & 3 3 
o 5, 80 5, 2. 


Therefore — 7 = will be (= CN o. 333733375333,3 = — 5 N 


* | 2 — een, 1 
and 
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and — will be (= E xX 0.111,111,111,1 = 22 X o. 111,111,111,1 = 
to x 0.111,11, 111,1 1.111,11 
1 =) 0.004,57, 473,7 


2 1 8 : . 
and A will be (= G X/ 0.037,037,037,0 = TT Xx 0.037,037,037,0 - 
154 X 0:0374037503740 . 5: 20370310989) = = o. ooo, 669, 344, 5 


e 6561 
and => will be — I X eee 2 er X o. o 12, 345,679, 0 = 
eee = LIES?) = o. ooo, 19,465. 
| and == = will be (= L x 0.004,115,226,3 = * X o. oo, 115, 226, 3 = 
drt — — = ets) = 0.000,048,107,0 ; 


and — 1 = will be (= N X 0.001,371,742,1 = e X o. 001,371,742, 1 

1,179, 56 K 0.001, 37 1,742,1 — 1617.635,101,977,6, _ 

= 8 —— — ) = co. ooo, o12, 526, 1; 
2144 | 8, 

and ——- CT will be (= P x 0.000,457,247,3 = 510 2670 57 X o. ooo, 457, 247,3 


— 8.617,640 x 0.000,457,247,3 — 3949-392,622,372,0 f 
= — = Cabs ) = 0.000,003,390,2 2; 


. 7 8 
and 2 will be (= R X 0.000,152,415,7 = greg dg X o. O0, 152, 415. 


194,32 782 X 0.000,152,418,7 __ 296 18.604,922,977-4) = 0.000,000,943,8; 
N 0 7 9 


* 31,381, 059, 509 2 31-38 11959,609 eee 
40 * 34317 
and r v will be (= T Xx 0.000,050,805,2 = - HEN 8 * o. ooo, o go, 


1324377472 X 0.000,050, 8052 ** 682,388. 979+431,060,0 — o. ooo, ooo, 


805, = 2-541865828,320 2, senses, gas 
2 ; 
N 23 


and e the ſeries 1 12 — + + > _ — þ 
| mp R 236 7 ra 7 - 
_— mbH — &c will Ss 


3 
8 HS 1.000,000,000,0 
+ 0.037,037,037,0 — 1 
+ o. ooo, 869, 334,5 — 0. ooo, 195, 48 5, 2 
+ o. ooo, o48, 107, — o. ooo, o12, 526,1 
+ o. ooo, oog, 390, 2 — o. ooo, ooo, 943,8 
＋ o. ooo, ooo, 268,4 — &c 


= 1. 037,958, 137,1 — 0. 004,781,428, 8 
= 1.033, 1 76, 708, 3. 
Funker, nee gs = g. we dal be ff = v. ſe Sig = de, 
| d 


an 
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and conſequently 2 fg = r Therefore the tranſcendental expreſſion 
17 infinite ſeri S ot SSA 2 

ee 

r — ier r — &c will be = . 1.033, 176, 708,3 = 


g* | 
2:206,3534199 = 1.147,157,853,8, &c. Therefore the root x of the propoſed 


"« /7< 7 be: 


equation x? — x = 5 will be equal to 1.137, 157, 8 53, 8, &c. Qz E. 1. 


167. This value of the root of the equation x* — x = = is exact in the firſt 


ſix figures of it, to wit, 1.137,15, the more accurate value of the (aid root being 
1.137,158,164, as may eaſily be found by Mr. Raphſon's method of approxi- 
mation. 


EXAMPLE 111. 


168. Let it be required to find the root of the equation x*— 5x = 4 by 
means of the ſame tranſcendental expreſſion 2 g X the infinite ſeries 1 + 


© 2% E & G 2s I K L 239 NK 

CC OR 
H = is =4:; £ ig =2: Ä—KÄb —_— x 

eregis=5; tis =4; 27, or g, is = 2; or gg is 243 i = 125, 

it 


and ?. n= 57 = 4:629,629,629,629, &c, which is greater than fe or 2. 


Therefore this equation cannot be reſolved by Cardan's rule, but may by means 
C 22 E x 


of the tranſcendental expreffion 2 / F x the infinite ſeries 1 + SE 


+ _ _— + _ — + &, in caſe the ſaid ſeries is a converging 
One. - : 1 22 | : : 
Now, fince — n= 4-5629,629,629,629, &c, and =, or gg, is = 4, we ſhall 


have 25 — 75 or 22, = 0.629,629,629,629, &c, which is leſs than 4, or gg, in 


the proportion of about 6 to 40, which is a pretty large proportion of minority, 
and much larger than the proportion of zz to gg in either of the former ex- 


amples; and conſequently the faid ſeries 1 + — — — = — 8 + &c 


will converge with a greater degree of ſwiſtneſs than in either of thoſe examples. 
Therefore the ſaid tranſcendental expreſſion 2 g x the infinite ſeries 1 + 


ex EIA + &c will be equal to the root x of the uation * — 
2 1 2 d 

3* . This expreſſion may be computed as follows. 
f 169. Since 
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169. Since gg is = 4, and 25 — ＋ or 22, is = o. 629,629, 629,629, ke, we 


* 629.629, 6 — 
ſhall 5 — 7 22 = 0.157,407,407,43 


and d eanſoquendy — 27 (= 2 x 2 = o. 157, 40), 407, 4 X 0. 157, 40, 407, 4 
= 0.024, 777, 091, 9; 


and = 7 (Ss = * 2 * Ig, X 0-157:407,407 4) = 0.003,900, 
3 0 097,73 
and =; (= * F = 0:003,900,097,7 X o. 157407407 ,4) = o. ooo, 613, 
3 | 904,23 
and , (= N * = = 0.000,613,904,2 X 0-157,407,407,4) = = o. ooo, og, 
2 10 033,05 
an = = =o X = = . 000, g6, 633. X o. 157, 40%, 400, 4) = 0.000, 
015,210, | 
and = (= — * = = 0.000,015,210,7 X 0.157,407,407,4) = 0.000, 
- 7 * 902, 394,2; | 
and => (= zr * oe = 9:090,002,39492. X 0-157,407407,4) = 0.009, 
5 5 I ooo, 376,8; 
and er (= N = o. ooo, ooo, 376, 8 x 0. 157, 407, 407,4) = 0.000, 
O00, 59,3. 


| | Therefore © 7 = will be (= C * 0-157,407,407,4 = = 5 X 0.1 37407074 


— eee) = = . o17, 489,71 197 


and == w will be (= E x o. o24, 7791, 9 = = X 0.024,777,091,9 = 


10 x 0.044,777,091,9 — 2:247+772-91%0 
| = 0.001,019,6 
243 2475 ) 5019,33, 4 


and F will be (= G N 0.063,900,097,7 = n o. oo 3, 900, o97,7 = 


6561 
154 No. oog. ooo — 0.600;615,045;8, __ 1 
— "T5 8 6561 a ) = 0-000,091,543s2 3 


— — = 
and = 7 2 will be (= 1 * o. 0056 13, 904, = 2 X o. ooo, 613, 904, 2 


* 6 — 27,0 
Enos engt) = voce re 
5 $491 


and = will be (= L. X 0.000,096,633,0 = 7 5 X o. ooo, og6, 633,0 = 


— — _ ) = o. ooo, ool, 129,6; 


/ 


and 
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was 1 222225 
and r will Os N X 0.000,015,210,7 = 12 X o. ooo, ot 3, 2 10, ) 
— 14,179,256 x o. ooo, or g. 2 10, 17.937, 3 
= 2 = Dur) — o. ooo, ooo, 138,8; 


: 129, 140, 163 . rat 2 
* . , 3 
and = will be (= P x. 0.000,002,394,2 = — X 0.000,002,394,2 


— 8,617,640 x 0.000,002,394,2 __ 20.632,353,688, 
5 1,162, 261,467 — 1,162, 261,467 
nx I 578 
and 75 will be (= R o. ooo, ooo, 376,8 = na * o. ooo, ooo, 376, 8 | 
— 194,327,782 x 0.000,000,376,8 73.222, 708, 267,6 | 
= 2 = Oo : 
18 31,381,059,609 31,381,059,609 is eee. 
Tz . rey — 13,431,479,050 
75 will be (= T X o. ooo, ooo, 59, 3 = MOTT Os 
— 1.343 1,47%050 X 0.000,000,059,3 __ 796.486,707,665,0, __ , 
95943 = 2848858 85 530 = © 0094000,000,J; 
1 2$ G Iz L 239 NK 
and conſequently the ſeries 1 þ = = = + = — — — 
von TT Oe ODT TIT 
Lo. 23.38 = tre will be 
24 7. 7 
— I .C000,000,000,0 — 
+ .o 17, 489,711, — 0.001,019,63 3,4 
+ 0.000,091,543,2 — 0.000,009,720,7 
+ 0.000,001,129,6 — 0.000,000,138,8 
＋ 0.000,000,017,7 — 0.000,000,002,3 
+ o. ooo, ooo, ooo, 3 — o. ooo, ooo, ooo, o 


O 
) = co. ooo, ooo, 017,73 


and X o. ooo, ooo, 


= 1.017,582,402,7 — o. 001, 29, 495,2 
= 1.016, 552, 907, 5. | 


Further, ſince g is = 2, we ſhall have V/? i = v/*(z = 1,2 59,921,049,8, 
and conſequently 2 / (g = 2 & 1.259,921,049,8 = 2.519,842,099,6. There- 


c 2 EA 


fore the tranſcendental expreſſion 2 y/* (z X the infinite ſeries 1 + —_ 


Sr oe SR > =» is wi 
T 

842,099,6 X 1.016, 5 52, 90%, 5 2.561, 552, 812,7. Therefore the root of the 
propoſed equation #3 — 5x 4 is 2.561,52, 812,7. . E. Is 


170. This number 2. 56 1, 5 52, 8 12, 7 is true to ten places of figures, and errs 
only in the laſt figure, which ought to bean 8 inſtead of a 7. For the accurate 
i+4/17 144.123, 105, 62 5,6 5.123.105, 62 5,6 
, or 5 „or - or 


3 


value of x in this equation is 
2.561,552,812,8, For, if we ſubſtitute . inſtead of x in the compound 
quantity #* — 5x, we ſhall find that the ſaid quantity will be equal to 4, which is 
the abſolute term of the equation #* — 5x 4. For, if x is = ., we 

Vor. II. 4B ſhall 
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. SET = M 
1+ LA grtinyt7 _ N — = BX4F5SX4v17) — = 345/17 and 5 * 


4X2 


83 — LC) = OP 4 conſequently x* = 5x (= . 
A e =) — 4, Qi. 5 


2 


© 


WS Theſe examples ſufficiently prove that the expreſſion 2 , * the in- 
K 24 G 26 28 2 2¹⁰ N 21% Pp 2:34 K 23276 T 223 


finite ſeries 1 + r — f += — + 1 * 


— &c (which we derived from the former * 205 (e X the infinite ſe- 
C 5s E 5+ 1 N $72 „ 
. . . 
by the peculiar train of reaſoning uſed in the inveſtigation ſet forth in art. 139, 
140, 141, &. + 158) 8 the true root of the equation & — gx = 7, 


when ? is leſs than v7, or © or — —is leſs than = 27 Or when the ſaid equation cannot 
be reſolved by Cardan's rule ; e ar (though leſs than 750 305 is greater 


24 - | . 
than V2 * 37; or that = . (though leſs than 1 is greater chan 2 5 


I will, however, ſubjoin one more example to the ſame purpoſe ; which ſhall 
be that of the equation x* — 63 x = 162, which both Dr. Wallis and Mr. De 
Moivre have reſolved by extracting what they call the impoſſible cube-roots of 
the impoſſible binomial quantities 81 + / — 2700 and 81 — y/ — 2700, 


Now this equation may be reſolved by the foregoing expreſſion 2  * (g * the 


infinite ſeries 1 -T T TAF T — + &c, in the man- 
ner following. | | 
— — — 


ee. 


172. Let it be required to find the root of the equation x* — 63x 162 
by — LIE the tranſcendental expreſſion 2y* (g X the infinite ſeries 1 + 


c 2% LINES I z® L 239 *I * R 270 74 


3 


Here q is = 63; f is = 162; = or g, is = 81 8 or gg, is = 6561; 3 


is = 21; and Li is = 9261, which is greater than 6561, or =, Therefore this 
equation cannot be reſolved by Cardan's rule, but may by the expreſſion 


2+ 1e x3 gn 2 
2 v* (7 X the infinite ſeries 1 e ee her nnd a hes == 


&c, in caſe that ſeries is a converging one. 
4 Now, 
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Now, fince 2 is = 9261, and 25 or gg, is = 6561, we ſhall have 25 —＋ 
(= 9261 — 6561) = 2700, that is, * be = 2700, which is let s than 
6561, or gg, in the proportion of 100 to (As , or) 243. Therefore the ſeries 


1+ TT - I +55 = wan er Ee vill be a converging ſeries 


0 


equation K* — 63x = 5" 


= (= 2 = 


173. Since 2z is = 2700, and gg is ="6561, we ſhall have = 8855 


A ok = 0.411,522,633,7 3 
and conſequently = 7 42 — „ = = 0.411,522,633,7 X = 
3 — 41.152, 263, 370,0 _ 0.169,350,878,0; 


2 FT 2 
24 45 ZZ wr 20 100 x o. 169, 350, 878,ũ 


1 
and 7 6 75 X & = ION X 243 n 243 
2 = tote 


243 
E 100 — 109X 9:00%7523345 


ONE 18 20. eee 


Therefore < _ = will be (= C x 0.411,522,633,7 = ＋ X 0-41 1,522,633, 


= ) — _ a RAP" | | | 
* Rf 2 
4 B 2 an | 


| 243 
2 2 * , 
and 7 (= 7 * = = 0.069,691,719,3 4 = = — 193 = 
6. , 
— — 23%) = 0.028 ah ach 
and = (= - X = = = 0.028,679,719,8 * 7 = = EEE = 
2.867,971,980,0, — 
| 5 o. o 1 * 
and = (= = X _ = 0.011,802,353,3 X == — e e — 
1. 180, 23 5, 380, o 
7 3 nen | 
„ 2 * 2 100 X 0.0044445141310 | 
and n (= 55 X of = 0,445,430 X 3 = 263 = | | 
= VUTED) = = 0.001 . | 
and r (= A K == 0.001 $29,388,0 — ———— | 
85 o 88 =o 243 | 
0. 182, 938, 800, __ | 
- — e | 
| 
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3 | 
and — will be (= E x 0.169,350,878,0 = 25 * o. 169, 350, 878,0 = 


10 * 0. 169, 3 50, 8 f. o 1.693, 508,780,0, _ 
4 _— = ) = o. oo6, 969, 171,9; | 
and = will be (= G Xx 0.069,691,719,3 = 75 X o. 069, 691,719, 3 = 
a = 0.001,635,806,2 ; 
1%” » 1 
and I will be (= I X 0.028,679,719,8 = — * 0.028,679,719,8 = 


935 Xx 0.028,679,719,8 _ 26.01 $.63H013.0) 

5 59,049 59,049 
and === will be (= L x o. olf, 802 $ mm HEE. 8 * 
279 = 011, 802, 353,8 = 7782585 0.011, 802, 353,8 = 


55,913 X 0.011,802,353,8 = 659.905,008,019,4 "A | ' 
4.782, 909 4,782, 969 ) 0.000,T 37,969, 7 , 


= 0.000,454,123,43 


and 72 will be (N x o. oo4, 445, 413,0 = 12714163 * o. oo4, 445, 413, o 


We 1,179,256 X 0.004,445,413,0 — $+242-279,952,728,0, __ a 
129, 140, 103 129, 140, 163 ) = 9:000,0402593/.5 


w4 . 8,617,6 | 
and — will be (= P x 0.001,829,388,0 = e * o. ool, 829, 388, o 


— 8,617,640 x 0.001,829,388,0 __ 15765.007,204,320,0 


) d. ooo, o13, 564, o; 


: 1,162, 261,467 1,162,261,467 A 
1 * 
and 72 will be (= R Xx o. ooo, 7 52, 834, 5 23 X o. ooo, 752, 834, 5 

= 19493274782 xo. ooo, 752, 834, 5 = 146, 296.658, 598,079, o > 

* 31,381, 059, 609 35805909 a } e eee 
T 8 — 1 31,479, 
and Fr will be (= T x COIN - — EL, X o. ooo, 309, 
13,431,479,050 X o. ooo, 309, 808, 4 > I,185,034,114,020,0 
808,4. = = 2,5475805, 8283299 2.571,96, 828,325 © $000,001, 
637, 6; 


G 8 125% L 229 N * 


and conſequently the ſeries 1 + . ES. + — —- + — —7 
22 R 256 , b ow Fl 7 6 4 g 
— 1 —, — &c will be 


* 
1. ooo, ooo, ooo, o 
+ o. o4 5,724, 7370 — 0.006, 969, 171,9 
+ o. oo, 635, 806, 2 — o. o00, 454, 123,4 
+ o. ooo, 137,969, — o. ooo, o40, 593,7 
+ o. ooo, o1 3, 564, — o. ooo, oo4, 661, 9 
+ 0,000,001 563 7,0 — &c 


= 1.047, 513, 13,9 — 0.007,468, 550, 9 
1.040, o45, 163, o. 


Further, ſince g is = 81, we ſhall have E = v*ſ81 = 4.326, 49, and 


conſequently 2 N ( 2 Xx 4.326, 749) = 8.653,498. Therefore the tranſ- 
| cendental 
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2 212 14 226 19 
75 * 72 5 r — &c will be = 8.653, 498 X 1.040, 


045,163,0 = 9.000,028,737,9, and conſequently the root of the propoſed 
equation & — 63 x = 162 is equal to 9.000, o28, 737,9. Q, E. I. 


174. This number 9.000,028,737,9 1s true to five places of figures, the true 
value of x in the equation & — 63x = 162 being the whole number q, as will 
appear by ſubſtituting 9 inſtead of x in the compound quantity x* — 63 x. For, 
i've ſuppoſe x to be equal to 9, we ſhall have x3 = 729, and 63 * ( 63 Xx 9) 
= 567, and conſequently x* — 63x (= 729 — 567) = 162; and conſe- 
quently 9 is equal to the value of x in the equation x* — 63 x = 162. 

| Q. E. D. 


— — ——— 


A $SCHOLIVU . 


175. This reſolution of the equation x* — 63 x = 162 anſwers to Dr. Wallis's 
reſolution of it by extracting the cube-roots of the impoſſible binomial quanti- 
ties 81 +4 — 2700 and 81 - — 2700, in as much as both reſolutions are 
originally derived from Cardan's rule. But the difference between them is, that 
the method here delivered is intelligible in every ſtep of it, whereas Dr. Wallis's 
method treats of impoſſible quantities, or quantities of which no clear idea can 
be formed, in the whole courſe of the proceſs by which the value of x is inveſti- 
gated, though it concludes with a reſult that is intelligible, to wit, that x is 


equal to the ſum of the two impoſſible quantities 2 — -Z and 2 — 
— X y/ — 3, of which quantities the impoſſible members + = X — and 


— — X VZ are equal to each other, and are marked with the contrary ſigus 
+ and —, and therefore (when added together in order to obtain the ſum of the 
ſaid two impoſſible quantities 2 + > / — 3and 2 — > v/ — 3) will deſtroy 
each other, and leave us only the two poſſible members of the ſaid two quanti- 
ties, to wit, - and 2 „of which the ſum is the whole number 9. Doctor Wallis's 


method of finding 2 + = / — 3and 2 —— / — 3 to be the cube-roots of 


the impoſſible binomial quantities 81 + / — 2700 and 81 - 270, is 
conſidered by both Profeſſor Saunderſon and Mr. De Moivre as only tentative, 
and not likely to ſucceed in equations of which the roots are incommenſurable 
to unity, which is the caſe with ninety-nine equations out of a hundred, when 
the equations are taken at random, and not framed on purpoſe with rational 
numbers for their roots. But Mr. De Moivre has ſupplied this defect, and 
given à certain method of finding the cube-roots of ſuch impoſſible binomial 
quantities: but not without the triſection of an angle, or finding (by the help of 

a table 
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a table of fines, or otherwiſe) the coſine of the third part of a circular arc of 
which the coſine is given; by means of which triſection it is well known (inde- 
pendently bath of Cardan's rule, and of Mr. De Moivre's proceſs) that the ſe- 
cond caſe of the cubick equation y* — gy = r (in which 2 is leſs than 250 may 
be reſolved. So that Mr. De Moivre's method of doing this buſineſs, though 
more perfect than Dr. Wallis's, does not ſeem to be of much uſe in the reſolu- 
tion of theſe equations. And both methods are equally liable to the objection 
above - mentioned, of exhibiting to our eyes during the whole courſe of the pro- 
ceſſes, a parcel of algebraick quantities, of which our underſtandings cannot 
form any idea; though, by means of the ultimate excluſion of thoſe quantities, 
the reſults become intelligible and are true. It is by the introduction of ſuch 
needleſs difficulties and myſteries into algebra (which, for the moſt part, take 
their rife from the ſuppoſition of the exiſtence of negative quantities, or quanti- 
ties leſs than nothing, or of the poſſibility of ſubtracting a greater quantity from 
a leſſer) that the otherwiſe clear and elegant ſcience of algebra has been 
clouded and obſcured, and rendered diſguſting to numbers of men of learning, 
who are poſſeſſed of a juſt taſte for reaſoning, and could therefore, if they 
pleaſed, make great adygnces in the mathematical ſciences, but who are apt to 
complain of this branch of them, and deſpiſe it on that account. And, doubt- 
leſs, they have too much reaſon ta do ſo; and to ſay, in the words of the famous 
French mathematician and philoſopher, Monſieur Des Cartes, in his diſſertation 
De Methode, page 11-—Algebram verd, ut ſolet doceri, animadverti certis regulis et 
numerandi formulis ita efſe contentam, ut videatur potiùs ars quædam confuſa, cujus 
uſu ingenium quodam modo turbatur et obſcuratur, quam ſcientia, gud excolatur et per- 
ſpicacius reddatur. If this complaint was juſt in Des Cartes's time, there is cer- 
tainly much more reaſon for it now. | | 


176. The paſſage above alluded to in Dr, Wallis's Algebra, is in the 48th 
chapter, pages 179, 180, of the folio edition printed at London in 1685, And 
Mr. De Moivre's method of extracting the cube-root of an impoſlible binomial 

uantity, as 81 T — 2700, ora + / — 5, is publiſhed in the appendix to 

e ſecond volume of Profeſſor Saunderſon's Algebra, pages 744, 745, 746, 747. 
It is very ingenious, and ſhews that author's great {kill in the uſe and manage- 
ment of algebraick quantities. See alſo on this ſubject Monſieur Clairaut's 
Elemens d Algébre, and a paper of Mr. Nicole in the Memoirs of the French 
Academy of Sciences for the year 1738, pages 99 and 100. See alſo Mac 
Laurin's Algebra, part 1, the ſupplement to the 14th chapter, pages 127, 128, 
129, 130; and the Philoſophical Tranſactions, No. 451. 


Another | 
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Another expreſſion of the value of the root of the equation 


* — gx t, when t is leſs than 4 but greater 


than /2 X 55. or _ is leſs than 25 but greater tban 


£ or than 25 , derived from the foregoing expreſ- 


177. But there is another expreſſion for the value of the root x of the equa- 
tion * — gx = in the caſe here ſuppoſed, which, as it may be derived from 


the foregoing expreſſion of it, to wit, 2 4/* 2 x the infinite ſeries 1 + — — 


3 10 ln 14 rs 19 
„ * = e Xe, ought not, 1 


— — — 
10 12 14 is 


Kink, to be omitted. This expreſſion does not conſiſt entirely of an infinite ſe- 
ries (as the foregoing expreſſion does), but partly of a finite algebraick expreſ- 
ſion, and partly of an infinite ſeries; and fewer terms of the infinite ſeries are ne- 
ceſſary to be computed and added together in order to obtain the value of the 


ſeries to any propoſed degree of exactneſs, than of the ſeries 1 + 2 — _ + 


0 oO 12 4 | : A F 
5 —7 = * x" + &c, contained in the foregoing expreſſion. It is as 


4v* g * che ſeries — + 77 + = + = + = + &c 1s tranſcen- 
dental. l 0 
0 8 2 L 1¹⁰ P 27 

The terms of the ſeries _ + Ix * x + =p 


| 
from the ſeries that is equal toli + D 3, or the cube root of the binomial quan- 


. . . 3 24 5 26 
tity 1 + =, to wit, the ſeries 1 + ; rd — 1 1 
H 27 I z* K2? 1299 M 1K NA o 2/33 p 234 * R 2¹⁶ $ 7 


TI FFF 
— —=- + &c, ad inſnitum, by beginning with the third term, 2 and taking 


+ er + &c, are taken 


every fourth term reckoned from it. This mixt expreſſion X + 
G 29 Lu pa” a 


— . * . C22 
552 + * F N the nnn, + 7 + 7 + == + — 
&c, may be derived from the foregoing tranſcendental expreſſion 2 4/3 (F x the 
8 


G 2® L 29 N 2 pie — 
— 


- n P C Zz E 2+ 12 
infinite ſeries 1 c ĩ˙²˙ at . 


T 28 . . 
r — &c, in the manner following. 


FE 


The 


360 A METHOD OP EXTENDING CARDAN'S RULE 


The derivation of the mixt expreſſion of the value of the roat 
of the cubick equation x — g = t, given in the pre- 
ceeding article 177, from the former tranſcendental ex- 


preſſion of it. 


178. By the binomial theorem in the caſe of roots we have 4/* [1 73 


C 2% D 23 E 24 F 25 G 2 H 27 a. 


the infinite ſeries 1 38 2 E nl, 


x * L 259 M2! N 27% 0 23 Pp 2:34 Qz"5 R 26 s 27 T 29 


. ˙ —̃ßN p 
&c; and, by the reſidual theorem in the cafe of roots, we have /* [t — = = 


. BY en D 23 E 2+ F 25 oz* 9 us! I 
r . 
K 2? 2 MATT NN o 2¹ P 254 a R 2¹⁰ 8 2¹⁷ T 28 


ammun_y — — — —-— —ę—e— — — — ͥ — — — — — co os — wow — CO ———— x 


Fo 2 2 2 2 ** 2 g's — g*7 2 


two foregoing ſerieſes (which is equal to /* f — 70 to the former ſeries (which 
is equal toy? Jt + =), the ſums thereby obtained will be equal to each other ; 
that is, /* "4 ES ln = will be equal to the infinite ſeries 2 — = 


2 E ** * 212 2 L 29 2 N 22» 2 Þ 274 2 R 22s 2 T 28 


r 5 
and conſequently = x /? [t + += Xx N = — = will be equal to the in- 
fi c 2% E * * 12 L 20 N 272 p 2:14 R 276 

nite ſeries 1 — — „ bits e algo” boy x — — — 
T x? 2 6 2 2 L 2% 2 p 24 2 12 


rr r A = 
+ &c be added to both ſides of the laſt equation; and we ſhall have 2 * 


SI += + 2 K 4/3 |t — F 
G 25 5 L 


. T 7 
12 6 2376 18 
— 2 7 * 72 — + 72 — &c. Therefore * boch ſides by 
2 Jg) we ſhall bh, 2 Jg x = X /*Þ1 + = 5 + 2 f x 


vor — Ge. an EE + 1 8 ing 


2 Þ 2 2 


1 2 Lo 
e 5 F 
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** P 274 K 2:36 T x89 I 
- = += - = + + ir &c ad infinitum. But 2 f Xx => x 


Vo |. += ri (S VI x 1 = le > 1 + 7 = le +2; 
Mov Gx Ew 25 (= FIG WS = = 


Ve l =) = (e— 7 ant 1" x he es ES 4 122 


e + tenet 49g * the infinite ſeries — ＋ 


= + 5+ + + &c. messe v, EFS Gs 


EF? * 
Werne, — FF 
Le N z#* 


= =2y/'[e f X the . ſeries 1 + = — — = 1 8 * = +: == _ 
+ 2 72 + = — &c, and conſequently will 4 equal to 4 root of the 
equation & — gx = , when f is leſs chan To „but greater than y/2 * L47, or 

vhen > is leg than £, but greater than — «£, of or than . ad; 


An application of the laſt expreſſion of the value of the root 
of the equation x* — n = t to the reſolution of the 
above-mentioned numeral equations x* — 50 = 120, 


4 5 „* = 5X 4, and * — 63 * = 162, 


— — — 


179: This new expreſſion * 4 2 „EZ + 4y* (2 the infinite 
ſeries . + ** + = + = = + &c ad infinitum may be applied to 
the reſol lution 2 the * foregoing cubick equations * — 50 XK = 120, „ — x 
= =, — 5x = 4, and x — 63 x = 162, in the manner following. 

In the firſt equation x* = 50x = 120 we have ſeen above in arts 162, 163, 


that g is = 60, pr 22 is = 1029. e &c, and — — 0.031, 
778,692,2, and 2 _ is = 0.000,549,144,0, and => is = o. e and 


Ar is = 0.000.001 160%, and _ is = o. 000999081 and ig is = 


3-914,867,641,1. Therefore Pg ſeries —= 5 de = - + = 2 => + 


&c will be (= 0.031,778,692,2 + 0:000,840;144;0 + n 
+ o. ooo, oo 1, 160, ＋ o. ooo, ooo, o67, 6 + & c) = o. og 2, 351, 436,6 &c, and 
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562 A METHOD OF EXTENDING CARDAN'S RULE © 


49 will be (= 4 X 3-914,867,641,1) = 15.659,479, 564,4, and 4 (7 


x the ſeries —= + yo ob == + 4 + 7 + &c will be (= 15 659,470, 


564,4 X 0.032,351,436,6) =0.506,606,369,1. 
And z will be (= 029.629, 629, 629,629, &c) = 32.087,842,395,9; and 


' conſequently g + z will be (= 60 + 32.087,842,395,9) = 92-087,842,395,9, 


and g — 2 will be (= 60.000,000,000,0 — 32.087,842,395,9) = 27-912,157, 
604,1, and g + E will be (= V 92.087,842,395,9) = 4-515,793,760,9 
and / g— 2 will be (= V 27.912,157,604,1) = 3-033,410,154,2. There- 


fore Jg + 2 T Ng 2 + 4 /*[g x the irfinite ſeries — + += 
P 234 


18 a 
+ PI + 72 + &c will be = 4.513, 793,760, 9 + 3.033, 410, 154,2 + 0.506, 


606, 369, 1 = 8.055, 8 10, 284, 23 and conſequently the root of the equation x — 
50 * = 120 will be = 8.055, 8 10, 284, 2. Q. KE. 1. 


This value of x is exact in the firſt ſeven figures 8.055, 810, its more accurate 
value being 8.05 5, 8 10, 345,702. 


180. In the next equation x3 * = we have ſeen above, in art. 165, 166, 


thatg is = >, and 22 is = hp or 2885 and — = 7 and — is = 0.037, 
ox* . | Lz" , 
037,037, o, and . is = o. ooo, 869, 344, 5 and Ie is = o. ooo, o48, 10), o, 
1 18 
and = IS o. ooo, oog, 390, 2, and is = o. ooo, ooo, 268, 4, and that ſz 


is = ———, and 2 / (g is = Therefore the ſeries — 


G 2® 
1.817,121 817,121 2 + wy + 
R 252 P 25+ Tz 


$ * 
e 1 r ＋ r + &c is (= 0.037, 03), 37% + o. ooo, 869, 344,5 + 
o. oo, o48, 10), o ＋ o. ooo, oog, 390, 2 + o. ooo, ooo, 268,4 + &c) = 0.037, 


| 958,147,1 and conſequently 4 /* (g x the ſeries _ 4 5 + = + = + 


_ + &c will be (= 4 /*(s „ 0.037,958,147,1 = v* 4 X 4 X 0.037, 


958,147,1 = vg * 0.151,832,588,4 = === * 0.151,832,588,4 = 
0. 151,832, 588,4 : 
1.817721 ) = 0.083,556,674,7- 


And z will be (= Of = 4 0.009,259,259,2) = 0.096,225,044,8, and 


—_- 
conſequently g + z will be (= + + 0.096,225,044,8. = 0.166,666,666,6 + 
0.096,225,044,8) = 0.262,891,711,4, and g—2 will be (= 0.166,666,666,6 
— 0.096,225,044,8) = 0.070,441,621,8, and / g + z will be (= Vo. 262, 
891,711,4) = 0.640, 60%, 911,4, and / [g — 2 will be (= 4/* 0.070,441, 
621,8) = 0.412, 993, 403,9. Therefore /* g +2 + v* C—2 + 4 vx 
X 
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the infinite ſeries — + 5 + => += + + &c will be = 0.640, 
607,911,4 + 0.412,993,403,9 + 0.083,556,674,7 = 1.137,157,989,0; and 
conſequently the root of the equation x? — x = 7 will be = 1.137, 157,989, o. 


. E. I. 


This value of x is exact in the firſt fix figures, 1. 137, 15, its more accurate 
value being 1.137, 158, 164. 


181. In the third equation x? 3 5x = 4 we have ſeen above, in art. 168, 
169, that g is = 2, and J (7 is = 1.259,921,049,8, and zz is = 0.629,629, 
629,629, &c, and _= is = O. 157, 407, 40), 4, and _ is = 0.017,489,711,9, 


Lz®O, pz'4. 
po IS = o. ooo, 01, 129, 6, and FLY 18 = 


0.000,000,01 7,7, and =, is o. ooo, ooo, ooo, 3; and conſequently the ſeries 


2 219 214 gs © 
_ + 72 + 72 + = + — + &c will be (= 0.017,489,711,9 + 0.000, 


and = is = 0.000,091,543,2, and 


091,543,2 + 0.000,001,129,0 + 0.000,000,017,7 + o. ooo, ooo, ooo, 3 


&c) = 0.017,582,402,7 &c, and 4 / ſg x the ſeries — + _ + = + 


4 + = + &c will be (= 4 N 1.259,921,049,8 X 0.017,582,402,7 = 


4 
5.08 9,684, 199, X 0.017,582,402,7) = 0.088,609,7 57,0. 
urther 2 will be (= 4/ 0.629,629,629,629,629,629,629) = 0.793,492, 
047,6, and conſequently g + z will be (= 2 + 0.793,492,047,6) = 2.793, 
492,047,6, and g — 2 will be (= 2.000,000,000,0 — 0.793,492,047,6) = 


1.206,507,952,4, and / [g + 2 will be (= V 2.793,92, 47, 60) = 1.408, 
366,911,5, and /g —2 will be (= V 1.206,507,952,4) = 1.064,576, 


C zz 


143,3. Therefore Y (pF 2 + Vg + 4% (7 x the infinite ſeries = 
+ __ * — þ — + 2 + &c will be (= 1.408,366,911,5 + 1.064, 
576,143,3 + 0.088,609,757,0) = 2-501,552,811,8; and conſequently the 
root of the equation x — 5 x 4 will be = 2.561,552,811,8, . E. I, 


This value of the root of the equation * — 5 x 4, is exact in the firſt nine 
figures 2. 561, 552, 81, its more accurate value being 2.561, 552,8 12,8. See 
above, art. 170. 


182. In the fourth equation x — 63 x = 162 we have ſeen above in art. 172, 
173, that g is = 81, and /g is = 4.326,749, and zz is = 2700, and — is 


_ > and — is = 0:045,724,737,0, and = is = 0.001, 635, 906, 2, and ** 
Ws | is 
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is o. ooo, 137,969, ), and 7 = 0.000,013,564,0, and - = is = * 
001, 637, o. | 

Therefore the ſeries — + = fa _ = = —— = + &c will be (= 
0.045,724,737,0 + 0.001,635,806,2 + 0.000,137,969,7 + © 000,013,564,0 
SRC) 6e + Ke) = 0.047,513,713.9, and 4 9. g x the ſeries r 


T 2"? 
+ 2 2 by + => + &c vill be (= 4 /* [g x 0.047,513,713,9 = 


4 X 326,749 X 0.047,513,713,9 = 17.306,996 X 0.047,513,713,9) = 
0.822,319,656,4. 

Further z will be (= v/ 2700 = / ſoo x = + goo X v3 = 30 Xx v3 
=-30. X 1.332,050,807,5) = 51.901, 524, 22 5, o; and conſequently g + 2 
will be (= 81 + 51.961, 524, 22 5, ) = 132. 97,5242 5,0, and g— 2 will 
be (= 81. ooo, ooo, ooo, o — 51.961, 524, 225,0) = 29.038, 475,75, , and 
/'(g +2 will be (= V 132.961,524,225,0) = 5.103, 976, 447, 9, and 
v/ ? gz will be (= V 29.038,475,77 5,0) = 3. 73674295852. Therefore 


e eee z ＋ 49 ſs N the ſeries — + + 77 7 ＋ + => 


— &c ad infinitum will be = 5. 10 ON of * 00 2 + 


o. IEP 56,4 = 8.999,971,062,5 ; and conſequently the root of the equa- 
tion x? — 63x = 162 will be = 8.999,971,062,5. E- 1. 


WE 


This number 8.999,971,062,5 is exact in the firſt five figures, 8.9999, the 
true value of the root x in this equation being the whole number 9. See above, 


art. 174. 
End of the reſdlution of the four equations x* — 50x = 120, x* — x = 7. * 
— 54, and x* — 63x = 162, by means of the mixt expreſſion / > (FT + 
| 3 C 2% Pp 214 T 2219 
2 27 x 14 dag = + I++ + = 
. 


A third expreſſion of the value of the root of the equation 
** — gx = t, derived from the expreſſion obtained for it 


above in art. 139, 140, 141, Sc.. . 157. 
— —  —  — — 
183. We may alſo derive another expreſſion for the value of the root of the 


equation „ — gx = #, when 7 is leſs than 205. but greater than /2 Xx i, 


or when & f is leſs than 25 bur greater than = _ , from the former tranſcendental 


nn to wit, e L + 1 * * — 


12 


a 
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e e &c, which was obtained by the 


inveſtigation ſet forth in art. 139, 140, 141, &. . 157. This expreſſion 


is 4% (2 x the infinite ſeries 1 — £ £8 r — ere = = &c ad 
infinitum — / f +2 — /* [g — 2; which (like the ſecond expreſſion of the 
value of x given above in art. 177) is partly algebraick, and partly tranſcen- 
dental; but in this expreſſion the tranſcendental part, to wit, 4 ff x the in- 

"Ul F E 2+ 1 * 2%» R 23s w 239 4 F | 
finite ſeries 1 — om Saw Ts nw £29 &c ad infinitum, is greater 
than the algebraick part, to wit, /* (gp +2 + +/* [g — z, whereas in the ſecond 
expreſſion before-mentioned, to wit, the expreſſion / +2 + NV = + 


. . 3 25 0 14 16 
4 +* (g X the infinite ſeries = + * + == + 7.7 ＋ 2 + &c, the alge- 


braick part, y/* e ＋ ZT fi — Z, was greater than the tranſcendental part 


4 v* (7 x the infinite ſeries = + = + = + _ + = + &c ad infinitum. 
And, further, in the laſt, or third, expreſſion, to wit, 49 a x the infinite ſeries 


r= ESSE 2 it 


2 
is the difference of the tranſcendental part and the algebraick part, or the exceſs 
of the former above the latter, that is equal to the root of the equation x3 — gx 


= t; whereas in the former, or ſecond, expreſſion, to wit, /*[g +2 + 
P 24 T x7 


„et + n x the infinite ſeries = + — * — += += 
+ &c ad infinitum, it is the ſum of the algebraick and the tranſcendental parts 
of the expreſſion. that is equal to the root of the ſaid equation. In both expreſ- 
ſions the indexes of the powers of z and g in the numerators and denominators 
of the terms of the infinite ſerieſes contained in the tranſcendental parts of them, 
mcreaſe continually by 4. 

nx* 1% wa" 


This third expreſſion 4 Y eg x the infinite ſeries 1 — 7 


n 225 xo hoe ad infinitum 1 * 4122 5 ＋ — ⁊, may be derived 


FR 
* of the foregoing tranſcendental expreſſion 2 y/? 4 x the infinite ſeries 1 + 
C zz 


E 2+ G 26 1 z* L 239 N 2 p 24 R 236 T 2 


＋ irie = ad infi- 


& .8 a” 
nitum in the manner following. 
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The Derivation of the third expreſſion of the value of the 
root of the equation x* — gx , given in the pre- 
ceeding article 183, from the former tranſcendental ex- 


preſſion of it. 


—  —— —— 


184. Since 4/? += is (S VF x NV | + =) = (by the binomial the- 


orem in the caſe of roots) 2 (g the infinite ſeries 1 + 2 + 9 


E 2 F 25 G 2⁰ H 27 Iz K 2? L 2% M2. N. 0 223 p 2/74 
TTA TT-AF T-MT 
8 — * 1 gf 25 4 g* _ 


V 239 w 29 . 
Fre- c, and g- is (= 
WA F x Af a 7) _ (by the reſidual theorem in the caſe of roots) * ls 


BY C22 D * E 24 F 25 G 2 H 27 123 


K 29 2 M211 N - 213 p 2:14 2 2 K 256 $ 2¹ T 233 
r 00> 3 7.08 
v 279 w 232 


F Ec, it follows chat * ls + z + /*[g—zwillbe = Vg x 


: * a $ 0 12 14 
the infinite ſeries 2 — ZE — . — r — f a 20a. aps 


6 T 259 20 a * * 8 
c. Now the ſeries 22 -- 


208% 218% —. e 28 4 awe” &c ad 
„ 


: SP" 8 2£2x* 21% 2Nz* 21316 
infinitum is evidently leſs than the ſeries 2 — ents arr a whey 


. — &c ad infinitum, and therefore, à fortiori, is leſs than twice that ſeries, 
or than the ſeries 4 — Lr — f. — EEE — EL — LEED — &c ad infi- 
12 216 
nitum. Therefore * {7 x the ſeries 4 — . — L. — . — BD 
WE &c ad inſnitum will be greater than / ſg x the ſeries 2 * — 
263% 2% 212% 2 2 2225 2965 
T TT. 


4 
— &c ad infinitum, and conſequently will be greater alfo than Y g + 2 + 
/* [7 — =, which is equal to that quantity. Let /*(g+z + Vg , 


and, its equal, the quantity / (7 x the infinite ſeries 2 _—— —= 15 
20 2128 2 Lax 2 N 23 2 Þ 24 2 k 2's 2 T x8 2 w 229 & = 
——” — — N TT jj] —— -E-- - & ad 


4 4 g** * * 4 A 
infitum, be ſubtrated from the quantity / {g X the infinite ſeries 4 — 


WW Jus” ans” a4wa® 


tg — — & ad infinitum; and the remainders 
will 
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will be equal to each other; that is, 4/* 7 x the infinite ſeries 4 — — 
e eee = 1 HE = EET 


2 E21 2020 212 2 12”. 


, 3 — — — — —— 
MY equal p * e wy 3 +>, = + = 15 + = 
* 2 Þ 2** * r 230 - 5 
2 + moe en IG + Ws nk + &c ad TRY and m 
quently to 2 v/? [7 x the ſeries 1 + A — + Sm = += 755 r r 
. — nu + . cs e + &c ad infinitum, or to — ä EX» 


bene 1 the cove of the equation x* g = f diſcovered by the inveſtiga- 


tion contained in art. 139, 140, 141, &c. * 157. Therefore the expreſſion 
4 E x „ 4 N πο². g: 4 R * 5 4 W 229 

ig x the infinite ſeries 4 E 

&c ad infinitum — /* (7 + 2 = +/* (£3, or the expreſſion 4 / (7 X the in- 


k z* N 22 A w 239 
e 9 — &c ad infinitum — 
Vg TZ - +* [g—2, will be equal to2+* [g x the infinite ſeries 1 + 


4 


Fr r e 
g* g g g T_T 
ad info, or to the root of the equation xy? — gx = 7 4 E. Ds 


An application of the laſt, or third, expreſſion of the value 
of the root of the equation x* — gx = #t to the reſolution 
of the W rl numeral equations x* — 50x = 


120, & —x = Ty * — 5% = 4, and * — 63 * 


= 162. 
185. This laſt expreſſion, 4 v/* [g x the infinite ſeries 1 — = — 5 — 
r ec ad infnium — f T — = may be 


applied to the reſolution of the foregoing equations x* — 50 K 120, #3 — x 
= =, #3 5 =4, and x* — 63x = 162 in the manner following. 
In the firſt equation & — 50x = 120 we have ſeen above, in art. 162, 163, 


that g is = 60, and zz is = 1029.629,629,629,629, &c, and = is 0.003,366, 


284,2, an and r is o. ooo, 105, 952,9, and = is = 0.000,004,998,2, and 
— — o. ooo, ooo, 277, 2, and that y/? Cm = 3.914,867,641,1. Therefore 


the ſeries 1 — EE — 1 — &c will be (= 1.000,000,000,0 


2 — 0.003, 
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— 0.003,366,284,2 — O. 000,104,952,9 — 0.000,004,998, 2 — 0.000,000, 
277,2 — &C = 1.000,000,000,0 — o. 003,477512,5) = = 0. 996, 522, 487, f, 
and 4 4? 7 will be (= 4 X 3. 914,867,641) = "mM 659,470, 564, 4, and 
4% fg * the infinite ſeries 1 — = —＋ 25 Be ad infinitum 
will be (= 15.659,470,564,4 X 0.996,522,487,5) = 15. 5.605,014, 559, 7- 
And we have ſeen above, in art. 179, that g + z is 92.087, 842, 395,9, 
and g — z is 27.912, 157, 604, 1, and y/* 2 +21s = 4.5 15,793, 760, 9, and 
/S*(g—2 is = 3.033, 410, 154, 2. Therefore /*lg TZ + Vg will 
be (= 4:515,793,760,9 + e 2 40 0,91 591, and 


4% (7 x the infinite ſeries 1 — r — . — — ==> = &c ad infinitum 


— g +2 — /*(p—2 will be (= 15. We — 7.549, 203, 
915,1) = 8.055, 8 3 Therefore the root of the equation x* — 50 * = 
120 will be = 8.055, 8 10, 644, 6. | | . E. 1 


_ This value of x is exact in the firſt ſeven figures 8.055, 8 to, its more accurate 
| value being $.056,810,345,702. 


1386. In the next equation ** 22 1 have ſoon above, in art. 165, 
166, that g is = em = T7 —_ or — who _ and ＋ is = 
0.004,572,47 3,7, and = 4 is = 0.000,195,485,2, and i is = 0.000,012, 


526,1, and = is = 0.000,000,943,8 and ſz i 1s = Rag Therefore 


the ſeries 1 ZZ — = — — &c will be (= 1. ooo, ooo, ooo, o 


4 
9.004, 572,473, — 0.000, 195,485, — o. oo, 12, 526,1 — o. ooo, ooo, 


943,8 — &Cc = 1. ooo, ooo, ooo, o — 0.004,781,428, 9 2 9˙995, 218,571, 2, 


and 4 / [g x the ſeries 1 — 1 — &c will be 


8 4 g X o. 995,218,571, 2 = = 4 NX e X 0.995, 218,571, 2 — 


2 8. 874,28 
Rr - LEST) ) = 2.190, 759, 053, o. 
And we have ſeen in art. 18 1 that z is = 0.096,225,044,8, and g ＋ 2 is = 


0.262,89 111,4, and g — 2 is = o. 070, 441, 621,8, and /* ſg ＋ 2 is = 
o. 640, 60%, 91 1, 4, and 4/* e — 2 is . 412, 993,403, 9. Therefore / [g + 2 
+ - 2 will be (= o. 640, 60, 911,4 + 0. -412,993,40329) = = 1.053,601, 


Ek 2* N 232 R 220. 


315, 3, and 4 v/* 7 x the ſeries 1 — F — r r _— &c ad infi- 


nitum — Vg +2 — /* [g — 2 will be (= 2.190,759,055,0 — 1.053,601, 
315-3) = 1.137,157,739,1; and conſequently the root of the equation x* — x 


= > will be = 1.137,157,7391+ Q. E. D. 
| This 


* 
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This value of is exact in the firſt fix figures, 1.137,15 its more accurate 
value being 1.137, 158, 104. 


| 187. In the third equation x — 5 * = 4 we have ſeen above, in art. 168, 
169, that g is = 2, and / g is = 1.259,921,049,8 and zz is = 0.629,629, 
629,029, &c, and — i is = 0.1 TY and 77 is o. 001, 019, 633, 4, 
and - _ k= n and = = is = 0.000,000,138,8, and = * 

E 2* 1 _ 
0-000,000,002,3. Therefore the ſeries 1 — =. r Og. 15 75 &c 


c. ooo, ooo, 1 38,8 — 0. oo, O0, o, 3 — & = 1 Goma — 0.001, 
029,495,2). = 0.998,970,504,8, and 4 /* [7 Xx the ſaid ſeries will be (= 
4v*(7 x 0.998,970,504,8'= 4 X 1.259,921,049,8 X 0.998,970,504,8 = 
5.039,084,199,2 X 0.998, 970, 504, 8) = 5.034,495,868,5. | 

And we _ ſeen in art. 181 that fz i is = 1.408,366,911,5, and. 
that at ff (g—z is = 1.064, 576, 143,3. Therefore 4 g X the ſeries 1 — 


r —= ff V E vil be = 5.034, 
495,868,5 — 1.408, 366, 911,5 — 1.064, 576, 143,3 = 5.034, 493,868, — 
2. 472,943,054, 8 = 2.561, 552,813, 7; and conſequently the root of the — 
tion x* — 5x = 4 will be = 2.561,552,8 13,7. . E. 


This value of x js exact in the firſt nine figures 2.561,552,81, * more ac- 
curate vajue of it being 2.561,552,812,8. See above, art. 170, 


188. In as 4th and laſt equation x* — 63x = 162 we have ſeen 4 in 
art. 172, 73, l is — 81, and e is = 4.326, 749, and 2218 = 2700, 


and — is = 255 and r is o. o06, 969, 171,9, and .- = is =, 0:000,454, 


. 225 * 

123,4, and = is — O. O00, 40, 593, 7, and = 18 — o. ooo, oo, 66 1,9. , 
"_—_ . 1% ' 12% mas 16 

Fherefore the infinite ſeries 1 — 1 3 = — &c wilt be (= 


I ooo, ooo, ooo, o — o. oo6, 969, 171,9 — 0. 0, 454, 123,4 — o. oOo, 40, 593,7 


— o. ooo, oo4, 661, — &c = 1. ooo, ooo, ooo, — 0.007,468,550,9) = 
* 2 


0.992, 53 1, 449,1, and 4  * (g * the ſeries 1 — — 5 — 
— &c ad infinitum will be (= 4 C x e xmas = 4 x 4. 3 
X 0. 992,531,449,1 = 17.306,996 X 0.992,531,449,1) = 17.177,737,819,4- 

And we have feen in art. 182, that W* ſg + 2 is = 5.103,976,447,9, and 
that g —z is = 3.073, 674,958, 2. Therefore V/* ſp +2 TN E= 
will be (= 5. 103, 976, 447,9 + 3- 073,674,958, 2 8.177,65 T, 406, 1. There- 
fore 4 y* [g Xx the ſeries 1 — A — &c ad infinitum — 

on”. 


Vor. II. * 
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E Tz r will be = 11.1777 7819-4 — 8.177,61, 406, 1 = 
9. ooo, o86, 413, 3; and conſequently the root of the equation x* = 64x = 162 
Will be = 9. ooo, o86, 413, 3. . I. 

This value of x is exact in the firſt five places of figures, 9.0000, the true 
value of x _ the whole number 9. 


A bart view of the three expreſſions that have been here 
obtained for the value of the root of the cubick equation 
„* gt. 


th. i 


189. It appears therefore that the root bg xx woes t, 
when 7 is leſs than , but greater than 2 x 12, or when — is leſs than 


55 but greater chan = Will be equal to either of the three following exprel- 
ſions; to wit, 


k 2+ * 
223 cn Bee the dg ſeries 1 + 28772 —＋ += 
= om =" 7 _— — &c ad infinitum ; which is an expreſſion 
ECT oy tranſcendental; 


And, 2dly, to the expreſſion * fr +z+4/* (—Z +4y* [7 * the 1 in- 

finite ſeries <= + <Z 1 A + &c ad infinitum ; which is an 
BEE ond: 

expreſſion partly algebraick and partly tranſcendental, and in which the tran- 

ſcendental part is added to the algebraick part; 


And, 3dly, to the expreſſion 4 4/3 {g x the infinite ſeries 1 — =O 
c ad init — /. (g + — V* (p—z; which is alſo an 


expreſſion partly tranſcendental and partly algebraick, but of which the greater 
part is tranſcendental, and the algebraick part is ſubtracted from the tranſcen- 
dental part. 

And we may obſerve that the algebraick part of the two latter expreſſions, 
to wit, the quantity /*ſg + z + /* ſg — 2; is ſimilar to the algebraick ex- 
preſſion /*[e + 5 + /e — 5, given by Cardan's ſecond rule for the root 


of the equation y* — gy r, when r is greater than 7, or when is greater 
than 25 See on this ſubject Monficur Clairaut's Eines d Algtbre, pages 282, 


283, &c, to page 297. 


of 
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Of the reſolution of the equation y — y3 = r by means of 
either of the three foregoing expreſſions of the value of 
the root of the equation x* — gx = t, when | i 190 


29x/ v9 , 
than e, but greater than /2 X ol, 


190. The greateſt poſſible magnitude of the abſolute term r in the equation 
gy — 95 =r is 11, which is the value of the compound quantity gy — y* when 


7 
FRA Lf, And, when r is equal to this quantity 7, the equation gy — y* 
x will have but one root, to wit, CLE and, when 7 is leſs than e the 
equation gy - = 7 will have two roots, of which the leſſer will be 1245 chan 
5. and the greater will be greater than 2 but leſs than /g. See my Diſſer- 


tation on the Uſe of the Negative Sign in Algebra, art. 114, page 92. There- 
fore, whenever we have an equation of this form, gy — y* = 7, propoſed to us 
to be reſolved, the abſolute term r of ſuch equation will be always equal to the 
abſolute term ? of ſome equation of the oppoſite form x* — gx f, in which the 


abfolute term # js leſs than 5, and which therefore cannot be reſolved by 


means of the expreſſions given by Cardan's ſecond rule; and conſequently we 
may ſuppoſe the compound quantity gy — y?*, which forms the firſt fide of the 
equation gy ——y* r, to be equal to the compound quantity x*— gx, which 
forms the firſt ſide of the equation & — gx = . Now, upon this ſuppoſition 
that gy — is equal to & — gx, we may reduce the equation gy - r to a 
quadratick equation, and derive the values of its two roots from the value of x 
(the only root of the equation x — qx = #) by proceeding in the manner fol- 
lowing. 

Since 9 —y* is (=r == = gx, add y* to both fides; and we ſhall 
have gy = * — gx + y*. Now let gx be added to both ſides; and we ſhall 
have gx + 9y = ＋ y*. Therefore 2 will be = — — , and conſequently 
g will be = xx — xy + yy. Add ꝙ to both fides; and we ſhall have q + xy 
== xx + yy, and (ſubtracting yy from both fides) 3 + xy —yy = xx. Further, 
ſince q is leſs than xx, and conſequently than the other fide of the equation, let it 
be ſubtracted from both ſides; and we ſhall have xy — yy = xx — g. And, becauſe 


—s or the ſquare of —, is greater than x —J) x ,y, or than xx — xy, and conſe- 
quently than the other fide of the equation, both ſides may be ſubtracted from 
5 Let them be ſo ſubtracted; and we ſhall have — — xy + (== — XX 


+ yy will be = £4238, But the quantity _ — Xy + y has two ſquare» 
4 D 2 roots, 
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roots, a greater and a leſſer, to wit, = —7 and y — =, according as = is 
greater, or leſs, than y. Therefore for the determination of the greater value of 
2 we ſhall have the equation y — = = E, and conſequently y = 


— fF and for the determination of the leſſer value of y we ſhall have 


— 


the equation = — 5 = , and conſequently = =y + LA, and 


33 = LY — —. And conſequently the greater root of the cubick equation 


gy 9 Dr will be LH , and the leſſer root of the ſame equation will 


be E. Therefore, if t, or r, is leſs than 8 but greater than 2 
* 255 or if 3 or T, is leſs than 85 but greater than L, we may obtain the 
values of the two roots of the cubick equation gy - = r by firſt computing 


the value of the root x of the oppoſite equation x3 — gx = I by means of either 
of the three expreſſions ſet down in the preceeding article 189, and then com- 


* + / ag — 3% and *=& — 
2 2 


puting the two quadratick expreſſions 
Q. E. I, 


Of the Triſection of a circular arc by means of either of 
the three foregoing expreſſions for the value of the root of 
the cubick equation x* — g = t, when t is leſs than 


2/7 A* Sis 
507,» Out greater than v2 X J: er when 7 * leſs 


3 3 
than , but preater than . 
e 54 


191. If a be the radius of a circle, and conſequently 2 à be its diameter, and 
E be the chord of any arc in it, and y be the chord of the third part of the leſſer 
of the two arcs whereof & is the common chord, the relation between the chords 
k and y will be expreſſed by this equation 3 24 — y? = aak, of which the ſaid 
chord y will be the leſſer root; as is demonſtrated in many books of mathema- 
ticks, and, amongſt the reſt in my Diſſertation on the Uſe of the Negative Sign 
in Algebra, publiſhed in the year 1758, pages 183, 184, art. 220, 221. Now 
let q be ſubſtituted in this equation inſtead of 3 44, and let r be ſubſtituted in it 
inſtead of ack; and the equation 3 445 —y* = aak will thereby be converted 


into the equation gy —y* = x, in which A will repreſent a, or the radius of the 
circle, and 4 will repreſent 2 a, or the diameter of the circle, and (= or r di- 
vided 
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vided by L, or r x A, or) i will repreſent i, or the given chord of the greater 
arch, which is to be trllected, or of the third part of which we ate to find-the 
chord y; and the chord y will be the leſſer root of the ſaid equation gy —y* = r. 
We mult therefore endeavour to find the leſſer root of this equation gy - = r. 


Now it appears from the foregoing art. 190, that, if the abſolute term f of the 
equation & — gx = 7 be equal to the abſolute term r of the equation gy — y* 


= 7, the leffer root of the equation gy — y* er will be equal to the quadratick 


_ expreſſion £26 2 . Therefore the value of the chord of the are which is 
equal to one third part of the leſſer of the two arcs of which the given chord k, 
or = is the common chord, in the circle of which a, or Yd, is the radius, 


and 2 4, or , is the diameter, will be equal to the quadratick expreſſion 


v3 
SN - . Therefore, if r, or t, is leſs than 27, but greater than V2 * 


7, or if aak is leſs than 2 4, but greater than V2 Xx 4, or if & is leſs than 


==, or) 2 a, but greater than (LA X =, or) Va Xx a, that is, if the given 
chord E is leſs than the diameter 24, but greater than y/2 Xx a, or the chord 
of a quadrantal arc, or of an arc of go degrees, or, if the given arc that is to be 
triſected, is leſs than the ſemicircumference, but greater than the arch of a qua- 


drant, we may find the value of the chord y by firſt finding the root x of the op- 
poſite equation x? — gx , by means of one of the three expreſſions ſet down 


in art. 189, and then computing the quadratick expreſſion 2 — =, 
q. E. 1. 


of the analogy, or harmony, between circular arcs and lo- 
garithms, or between the meaſures of angles and the 
meaſures of ratios. : 
— —— — 
192. This application of the expreſſions obtained in the foregoing articles to 
the triſection of a circular arc is an inſtance of the analogy, or harmony (as 


Mr. Cotes calls it) that ſubſiſts between logarithms and circular arcs, or between 
the meaſures of ratios and the meaſures of angles, For from the expreſſion 


* [le +5 + y* [e— given by Cardan's ſecond rule for the root of the equa- 


tion y*? — gy = 7 in the firſt caſe of that equation, or when 7 is greater than 


A, or — is greater than 2 (the value of which expreſſion is to be obtained by 


34/3 . 4 4 . EY . . 
extracting the cube-roots of the given quantities e + s and e - , that is, by tri- 


ſecting the ratios of e + 5 to 1 and of e to i) we have derived the three ex- 
preſſions ſet down in art. 189, by either of which we are enabled to find the value 


of 
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- 


of the root x of the equation x — gx = 2, when 7 is leſs than 247, but greater 


than 2 * LY, from which value we may afterwards, by computing the qua- 


dratick expreſſion E, obtain the value of the lefler root of the equa- 
tion gy - r, or che value of the chord of an arc that is S to the third 
part of the leſſer of the two arcs of which the given quantity = 75 or &, is the com- 


mon chord, in a circle of which the given quantity 1 . is the radius; or, 


in other words, may triſect the ſaid leſſer of the two arcs of which F or E, is the 


common chord; provided that the ſaid arc is greater than the arch of a quadrant. 
And conſequently problems that require the triſection of a circular arc, or of an 
angle, may, by means of the method here explained, be ſolved by the triſection 
of a ratio, or by the help of a table of logarithms. 


the reſolution be endick equation * — qx = 
1 3 rep Cardan's 2 = 


1 leſs than Va K Wi, or — is h, than © 


— 2 


193. When the abſolute term # of the equation x* — gx = ?, or the * 
term r of the oppolite equation gy - =, is leſs than /2 Xx 177 or — = or 


E is Jeſs than £, the leſſer root of the equation gy — y7 e e by 


means of the expreſſions inveſtigated in the preceeding diſcourſe contained in 
pages 379, 380, 381, &.. . 440 of this volume of tracts; which expreſſions. 
are derived from the expreſſion given by Cardan's firſt rule for the reſolution of 
the cubick equation y* + r, or h +3* =r: and, when the value of the 
faid leſſer root of the equation gy — y* = r has been ſo obtained, the value of 
the root x of the equation x* — qx may be derived from it by computing. 


the quadratick expreſſion ern For, ſince K —qxis (t = r) = 
gy =, we ſhall (by adding y* to both fides) have x* — gx + y* = O, and 
(by adding gx to both ſides) à* + 5 = qu +9gy=9q x (x + 3. Therefore 
ZE vill be = = that is, xx — — xy + y will be = q; and Se. - 


— ſubtracting yy (which is leſs than 9, and therefore than the other fide 
of the equation) from both fides, we ſhall have xx — xy = q — Y, or xx — 9 


=9 —27; and (adding = to both fides) ax —yx + = = 2 — yy + == 


4q = 4yy +3» 
4 
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— — = 1—＋ E. Therefore x — Z will be = CHW, and x will be 
= £ + L4=W, or ES HWP, | q E. v. 


\ 


Concluſion concerning both branches of the ſecond or irre- 
ducible caſe of the cubick equation y* — qy r. 


194. It appears therefore that in both the branches of the equation x? — gx 
S 7, or of the ſecond caſe of the cubick equation y3 — gy = r, that is, both 


when t, or r, is leſs than Ivy, but greater than 4/2 X i, and when it is leſs 


1/9 * 1 9 C 
than 4/2 X 3 or both when 7 r , is leſs than 255 but greater than 85 


and when it is leſs than ©, the value of the root e, or y, of the equation x? — 


gx =t, or y* — qy =r, may always be found by means either of the expreſſions 
derived in the preſent diſcourſe from Cardan's ſecond rule, given for the reſolu- 
tion of the equation y* — gy r in its firſt caſe, or of the expreſſions derived 
in the laſt preceeding diſcourſe in this volume of tracts from Cardan's firſt rule, 
given for the reſolution of the equation gy + y* = x, or y* + gy =r. And 
thus that which is called the irreducible caſe of the equation y* — gy = r is ſhewn 
to be always capable of being reſolved by means of expreſſions derived from 
one or other of Cardan's rules by the help of Sir Iſaac Newton's binomial and 


reſidual theorems, which therefore ſeem to form a ſort of bridge of communica- 


tion between the problems belonging to the triſection of a ratio, and the pro- 
blems belonging to the triſection of an angle, or between the problems depend- 
ing on, or reſolvable by means of, the aſymptotick areas of an hyperbola, or a 
table of logarithms, and the problems depending on, or reſolvable by means 
of, circular arches, or a table of fines and tangents. 


_—_y 


aA LEMSGSLIVV Ih 


195. The firſt perſon who ſeems to have diſcovered the poſſibility of thus ex- 
tending Cardan's rules to the ſecond, or irreducible, caſe of the cubick equation 
5 — gy = r, was the famous German mathematician and philoſopher, of the 
latter part of the laſt century, Mr. Leibnitz of Hanover, as is ſhewn in the ſcho- 
lium at the end of che laſt preceeding diſcourſe in this volume of tracts, pages 
438, 439, 440. But he has done it by the means of what are called impoſible 
quantities, or quantities involving the ſquare- roots of negative quantities, which, 
in the expreſſions to which his calculations lead him, are of ſuch magnitudes, 
and ſo connected by the ſigns + and —, as ultimately to deſtroy, or expunge, 
each other; whereas in this and the preceeding tract I have carefully avoided all 
mention of theſe unintelligible myſteries, 
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CONCERNING THE METHOD By Wc 
CAR DA N Rk U LAS 


FOR RESOLVING 


The Cubick Equation x* +.qx = r in all Caſes (or in all 
Magnitudes of the known Quantities q and r ) 


And the Cubick Equation x* — g = r in the firſt Caſe of * 
; , or Li 5 
(or when r is greater than 3% i greater than= 
were probably diſcovered by Scipio Ferreus of Bononia, and 
Nicholas Tartalea, or whoever elſe were the firſt Inventors 
of them. 


— 
— —— 
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N. B. This Tra& was firſt publiſhed in the Philoſophical Tranſactions for the year 1780. 
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tive mind, in the ſtudy of the ſciences of Geometry or Algebra 

(for, if we baniſh from it the ridiculous myſteries arifing from the ſuppoſition of 
negative quantities, or quantities / than nothing, the latter may deſerve the name 
of a ſcience as well as the former), than to contemplate the methods by which the 
ſeveral ingenious and ſurpriſing truths that are delivered in the books that treat 
of them were firſt diſcovered. This we are ſometimes enabled to do by the au- 
thors themſelves to whom we are indebted for theſe diſcoveries, who have can- 
didly informed their readers of the-ſeveral ſteps, and ſometimes of the accidents, 
by which they have been led to them: but it alſo often happens, that the au- 
thors of theſe diſcoveries have neglected to give their readers this fatisfaftion, 
and have contented themſelves with either barely delivering the propoſitions 
they have found out, without any demonſtrations, or with giving formal and po- 
ſitive demonſtrations of them, which command indeed the aſſent of the under- 
ſtanding to their truth, but afford no clue whereby to diſcover the train of rea- 
ſoning by which they were firſt found out ; and conſequently contribute but 
little to enable the reader to make ſimilar diſcoveries himſelf on the like ſub- 
Jets. This ſeems to be the caſe with thoſe ingenious rules for the reſolution of 
certain cubick equations, which are uſually known by the name of CarDan's 
Rules. We are told to make certain ſubſtitutions of ſome quantities for others 
in theſe equations * + gx = r and * — gx =r (which are the objects of thoſe 
rules), and certain ſuppoſitions concerning the quantities fo ſubſtituted ; by do- 
ing which, we find that thoſe equations will be transformed into other equations 
which will involve the fixth power of the unknown quantity contained in them, 
but which (though of double the dimenſions of the original equations x* + gx 
Dr and x* — gx = r,, from which they were derived) will be more eaſy to re- 
ſolve than thoſe equations, becauſe they will contain only the ſixth power and 
the cube of the unknown quantity which is their root, and conſequently will be 
of the ſame form as quadratick equations; ſo that by reſolving them as quadratick 
equations we may obtain the value of the cube of the unknown quantity which 
is their root; and afterwards, by extracting the cube root of the ſaid value, we 
4 E 2 may 


Art. 1. Tire is nothing more amuſing, or more grateful to an inquiſi- 
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may obtain the value of the ſaid root, or unknown quantity, itſelf; and then, at 
laſt, by the relation of this laſt root to x, or the root of the original equation 
(which relation is derived from the ſuppoſitions that have been made in the 
courſe of the preceeding transformations), we may determine the value of x. 
And, if we pleafe to examine the ſeveral ſteps of this proceſs with ſufficient at- 
tention, we may perceive, as we go along, that all theſe ſubſtitutions are legiti- 
mate and practicable, or are founded upon poſſible ſuppoſitions ; though I can- 
not but obſerve, that the writers on algebra, for the moſt part, have not been ſo 
kind as to ſhew us that they are ſo. But till the queſtion recurs, How came 
« Scipro FERREVS, of Bononia (who, as CAR DAN tells us, was the firſt in- 
« yentor of the former of theſe rules, and NIicHOLAS TARTALEA, who was the 
« firſt inventor of the latter of them), or the other perſons, whoever they were, 
e that invented them, to think of making theſe lucky ſubſtitutions which thus 
te transform the original cubick equations into equations of the ſixth power, 
«© which contain only the ſixth and third powers of the unknown quantities 
« which are their roots, and conſequently are of the form of quadratick equa- 
« tions?” To anſwer this queſtion as well as I can by conjecture (for I know 
of no hiſtorical account of this matter in any book of algebra), and in a man- 
ner that appears to me to be probable, is the deſign of the following pages. 


Art. 2. The moſt probable conjecture concerning the invention of theſe rules, 
called CaRDpAxN's Rules, by Sci 10 FERREVUs, of Bononia, and by Nicho- 
Las TARTALEA, or whoever elſe were the inventors of them, ſeems to be this : 
that the ſaid inventors tried a great variety of methods of reducing the three cu- 
bick equations of the third claſs, to wit, x* + gr = r and & —qx = 7, and 

„„ r (to ſome one of which all other cubick equations may, by proper 
abcdeutions, be reduced), to a lower degree, or to a more ſimple form, by ſub- 
ſtituting various quantities in the ſtead 1 x, in hopes that ſome of the terms ariſ- 
ing by fach ſubſtitutions might be equal to others of them, and, having contrary 
ſigns prefixed to them, might deſtroy them, and thereby render the new equa- 
tion more ſimple and manageable than the old one. And, amongſt other trials, 
it ſeems natural to imagine, that they would ſubſtitute the ſum or difference of two 
other quantities inſtead of x, as being the moſt ſimple and obvious ſubſtitutions. 
that.could be made. And, by making theſe ſubſtitutions, the above-mentioned 
rules would of courſe come to be diſcovered, as well as the aforeſaid limitation 
of them in the reſolution of the equation x* — gx = r (which reſtrains the rule to 
thoſe caſes only in which er is greater than 2297 or * is greater than 70. and 


. | 34/3. 
their utter inutility in all the caſes of the equation q — x* = r. This will ap- 


pear by examining each of theſe equations ſeparately in the following manner. 
| — — ————— 


Of the equation x + gx Sr. 


Art. 3. In the equation x* + r the inveſtigator of theſe rules would 
naturally be inclined to ſubſtitute the difference of two quantities (which we will 


here 


THE INVENTION OF CARDAN'S RULES, &c, 591 


here call y and z, and of which we will ſuppoſe y to be the greater) inſtead of u, 
rather than their ſum, or would ſuppoſe x to be equal to y — z, rather than to 
y + 2; becauſe, if he was to ſuppoſe x to be equal to the ſum of the two quan- 
tities y and 2, and was to ſubſtitute that ſum, or the binomial quantity y + x, 
inſtead of æ in the equation & + g r, it is evident that (as the ſigus of & 
and gx are, both of them, affirmative) the terms of the new equation, ariſing 
from ſuch ſubſtitution, would all of them be likewife affirmative; and conſe- 
quently none of them, though they ſhould happen to be exactly equal to each 
other, could exterminate each other, and thereby render the new equation more 
ſimple than the old one, which was the only view with which the ſubſtitution 
would bave been made. He would therefore fuppoſe x to be equal to y — z; 
and by ſubſtituting this quantity inſtead of x in the original equation x* + gx 
= 7, he would transform that equation into the following one, to wit, 
Y — 3992 + 392z —2 + gy —q2=r, 
or — 3% X L - + KH Ar. 
Now in this equation it is evident that the terms 35 Xx y 2 and g & 2 
have contrary ſigns; and therefore, if their co-efficients 3yz and ꝗ can be ſup- 
poſed to be equal to each other, thoſe terms will mutually deſtroy each other, 
and the equation will be reduced to the following ſhort one, 3 — z* r. And, 


if in this equation we ſubſtitute, inſtead of z, its value = derived from the ſame 


ſuppoſition of the equality of q and 3 yz, the equation will be“ — = =.” 


and, by multiplying both fides by y?, it will be y* — - ; and, by adding 


2 to both fides, it will be y* = ry* + 25 and, by ſubtracting y from both 


ſides, it will be y* — 9 = 25 which equation, though it riſes to the ſixth 


power of the unknown quantity y, is evidently of the form of a quadratick equa- 
tion, and may therefore be reſolved, fo far as to find the value of the cube of y, 
in the ſame manner as a quadratick equation; after which it will be poſſible to 
find the value of y itſelf by the mere extraction of the cube root; and then at 
laſt, from the relation of y to x (derived from the foregoing ſuppoſitions that 
- was equal to x, and that 3yz was equal to , and conſequently z equal 


to 205 we ſhall be able to determine the value of-x. 


Art. 4. It would therefore remain for the inveſtigator of this method to en- 
uire, whether or no the ſuppoſition ** that gz was equal to , was a poſſible 
— that is, whether it was poſſible (whatever might be the magnitudes 
of q and r) for two quantities, y and , to exiſt, whoſe nature ſhould be ſuch that 
their difference) — z ſhould be equal to the unknown quantity x in the equa- 
tion x* + gx = 7, and that three times their product ſhould at the ſame time be 
equal to 4, or their ſimple product to the third part of g. And this ſuppoſition 
he would ſoon find to be always poſſible, whatever may be the magnitudes of 
g and r; becauſe, if the leſſer quantity z is ſuppoſed to increaſe from o ad infini- 
tum, and the greater quantity y is likewiſe ſuppoſed to. increaſe with equal ſwiſt- 
nels, 
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neſs, or to receive equal increments in the ſame times, and thereby to preſerve 
their difference y — z always of the ſame magnitude, or equal to x, it is evident 
that the product or rectangle yz will increaſe continually at the fame time from 
0 ad infinitum, and conſequently will paſs ſucceſſively through all degrees of 
magnitude, and therefore muſt at one point of time during its increaſe become 


equal to rY | 
And having thus found this ſuppoſition of the equality of yz and To or of 


33z and g, to be always poſſible, whatever might be the magnitudes of q and x, 
our inveſtigator would juſtly conſider his ſolution of the equation & + gx = r 
(which was founded on that ſuppoſition) as legitimate and complete. And thus 
we ſee in what manner it ſeems probable, that CAR DAx's rule for reſolving the 
cubick equation x* + gx = 7 may have been diſcovered. 


Of the equation x — gx = r. 


— — — — — — __—_ — 
* 


Art. 5. In this ſecond equation x* — gx r, in which the ſecond term gx is 
ſubtracted from the firſt, or marked with the fign —, it ſeems to have been na- 
tural for the perſon who invented theſe rules to ſubſtitute the /um as well as 
the difference of two other quantities, y and 2, inſtead of x, in the terms x* and 
gx, in hopes of ſuch an extermination of equal terms, and conſequential reduc- 
tion of the equation to one of a ſimpler and more manageable form, as was 
found to be ſo uſeful in the caſe of the former equation K* + gx = r. We will 
therefore try both theſe ſubſtitutions ; and, as that of the difference y — z has in 
the former caſe proved ſo ſucceſsful, we will begin by that. 7 


Art. 6. Now, by ſubſtituting the difference y — 2 inſtead of x in the equa- 
tion x* qx = r, we ſhall transform it into the following equation, to wit, 


y* = 392 + 3922 2 —=qxly—2=r,ory* — n XK [y—2z—2* —g 
Xy—2z =7; in which the terms 353 X y 2 and g Xx - 2 have both of 
them the ſame fign — prefixed to them, and conſequently can never extermi- 
nate each other, whether 3yz be equal or unequal to 3. This ſubſtitution 
therefore is in this caſe of no uſe. | 


Art. 7. We will now therefore try the ſubſtitution of the ſum of y and 2, in- 
ſtead of their difference, in the equation x* — gx = 7. 

Now, if x be ſuppoſed to be equal to y + 2, and y + 2 be ſubſtituted inſtead 
of it in the equation K — gx = 7, that equation will be thereby transformed 
into the following one, to wit, 

5 + 302 + 39% z T2 —qX yy +2=xr, 

or y* + 3% XJ+2+2* —qX y + z=7. 
Now in this equation, the terms 33z x[y z and g Xx y + z have contrary 
ſigns. Conſequently, if they can be ſuppoſed to be equal to each other, they 
will deſtroy each other, and the equation will be thereby reduced to the follow- 


ing 


ing ſhort one, y* + 2 = 7; that is, if 3yz and g can be ſuppoſed to be equal 
to each other, or if yz can be ſuppoſed to be equal to £, the equation will be re- 
duced to the ſhort equation y* + z* =r. And, if in this ſhort equation we 


ſubſtitute inſtead of z its value 75 (derived from the ſame ſuppoſition of the 


equality of 352 and ), the equation thence reſulting will be y* + 755 S ; and 
by multiplying both ſides by ye, it will be y* + - = 19" and, by ſubtract- 
ing y* from both fides, it will be h — y* = L . which, though it riſes to the 


| 2 
ſixth power of y, is evidently of the form of a quadratick equation, and conſe- 
quently may be reſolved in the ſame manner as a quadratick equation, ſo far as 
to find the value of 55, or the cube of the root y; after which it will be poſſible 
to find the value of y itſelf by the mere extraction of the cube root; and, laſtly, 
from the relation of y to x (contained in the two ſuppoſitions, that y + 2 is equal 


to x, and that 35 is equal to 3, and conſequently that z is equal ) we may 
9 85 | 3y 
determine the value of x. | 
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Art. 8. The only thing, therefore, that would remain for the inveſtigator of 
theſe rules to do, in order to know whether the foregoing method of reſolving 
the equation x* — gx = 7 was practicable or not, would be to enquire, whether 
it was poſſible in all caſes, that is, in all magnitudes of the known quantities q 
and r, for 3 yz to be equal to g, or for yz (or the product, or rectangle, of the two 


quantities y and z, whoſe ſum is equal to x) to be equal to 4; and, if it was 


not poſſible in all caſes, but only in ſome, to determine in what caſes it was poſ- 
fible, or what muſt be the relation between 9 and 7 to make it poſſible. 


Art. 9, Now, in order to determine this queſtion, it would be proper and na- 
' tural to obſerve, that the quantity yz, or the product of the multiplication of the 
two quantities y and z, whoſe ſum is ſuppoled to be equal to-x, can never be 


greater than the ſquare of half that ſum, that is, than the ſquare of = or than 
= by El. 2, 5, but may be of any magnitude that does not exceed that ſquare. 
Therefore, if 4 is greater than = it will be impoſſible for yz to be equal to it; 
but, if £ is either equal to, or leſs than, _ it will be poſſible for yx to be 


equal to it; and, if 4 is exactly equal to 2 2 will be exactly equal to 5, and 


each of them equal to one half of x. We muſt therefore enquire what is the 
XX 


magnitude of x when 4 is equal to I Now, when = 12 7 xx will be = 


* and x = =; therefore, when & is leſs than =, it will be impoſſible for 


Yy 
2 
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| yz to be equal to 75 but when x is greater than 7, it will be poſſible for 72 
to be equal to To i 
| | i = *. 3 wi Boy! I = 2142 

But when x is = 2, #* will be = 27, and gu will be A or 2, 


and conſequently x* — gx will be = 244 A =... 
| ;S 3/ 34/3 3. Ng 
Therefore, if it be true (as we ſhall preſently ſee that it is) that, while x in- 


creaſes from being equal to V (which is evidently its leaſt poſſible magnitude) 
to any other magnitude, the compound quantity x? — gx, or the excels of x3 
above qx, will alſo continually increaſe from o (to which it is equal when x is = 
VI, or xx is = 9) to ſome correſpondent magnitude without ever decreaſing ; 
it will follow that, when x is leſs than 7, the compound quantity x — gx will 
be leſs than of and when x is greater than 2 the compound quantity x* 
— gx will be greater than 27; and, 2 converſo, if the compound quantity x* 


— gs is leſs. than 22, & will be leſs than _ ; and, if the compound quantity 


* — gx is greater than 7, x will be greater than 5 Conſequently, if the 
compound quantity x* — gx, or, its equal, the abſolute term r in the equation 
8? —qx = is leſs than 237, or S is leſs than £, it will be impoſſible for yz 


to be equal to +1 but if x* — gx, or r, is greater than 254 or 5 is greater 


than 25 it will be poſſible for yz to be equal to ry Therefore, it x* — gx, or r, 


is leſs than LLL, or f is leſs than E, the foregoing method of reſolving the 
. 39/3 are 9H ; 

cubick equation #* — gx = 7 will be imprafticable ; but, if #* — gx = 7, or x, 

is greater than £37, or is greater than 25, it will be practicable. | 
Art. 10. It now only remains to be proved, that while x increaſes, from be- 

ing equal to of ad infinitum, the compound quantity & — gx will likewiſe in- 

creaſe from o ad infinitum, without ever decreaſing. Now this may be demon- 

ſtrated as follows., 


Art. 11. It is evident that while x increaſes from being equal to V ad ini. 
nitum, both the quantities x? and gx will increaſe ad inſinitum likewiſe. But it 
does not therefore follow, that the exceſs of x above gx will continually increaſe 
at the ſame time. This will depend upon the relation of the contemporary in- 
crements of & and gx: if the increment of x* in any given time is equal to the 
contemporary increment of gx, the compound quantity x* — gx will neither in- 
- creaſe nor decreaſe, but continue always of the ſame magnitude during the ſaid 

time, notwithſtanding the increaſe of x; if the former increment is leſs * the 
2 ter, 
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latter, the ſaid compound quantity will decreaſe; and if it is greater, it will in- 
creaſe, We muſt therefore enquire whether the increment of x* in any given 
time is greater or leſs than the contemporary increment of gr. 


Art. 12. Now, if x be put for the increment which x receives in any given 


time, the increment of x* in the ſame time will be the exceſs of x + x}* above 
x*, that is, the exceſs of x* + 3x*X + 3xx* + N above x? ; and the incre- 
ment of gx in the ſame time will be the exceſs of g x x + &, or qr + , above 
2 that 1s, the increment of x* will be 3x*X + 34 u *, d of a will 
. Now in the equation x? — gx = r it is evident that xx muſt be greater 
than q ; for otherwiſe x* would not be greater than gx, as it is ſuppoſed to be. 
Conſequently, xx Xx & muſt be greater than c; and, 4 fortiori, 3x*X + 3 
+ X* (which is more than triple of .x*x) muſt be greater than gx; that is, the in- 


crement of x will be greater than the contemporary increment of gx. Therefore 


the exceſs of above gx, or the compound quantity x* — gx, will increaſe” con- 
tinually, without decreaſing, while » increaſes from V ad infinitum.. d. E. D. 


Art. 13. It follows, therefore, upon the whole of theſe enquiries, that, if the 
compound quantity x — gx, or, its equal, the abſolute term , is leſs than 
2v7, or — is leſs than 25 it will be impoſſible for yz to be equal to 25 and 


34/3 4 6 
conſequently the foregoing method of reſolving the equation x* — gu = r wilt 


be impraRicable ; but, if x* — gr, or 7, is greater than Bn or = is greater 


than 25 it will be poſſible for yz to be equal to 1 and conſequently, the fore 


going method of reſolving the equation x* — gx r will be practicable. And 
thus we ſee in what manner it is probable that CarDan's rule for refolving the 
cubick equation x* r in the firſt caſe of it, or when r is greater than 


2297, or — is greater than 25 together with the reſtriction of it to that firſt 


4/3? 7 
Ale, may have been diſcovered. | | 
S__———w———_—_——C —_—_—_——_— 
Of the Equatim qx * r. ; 


* "= TY n 
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Art. 14. In the third equation x - = r the terms à and gr have diffe- 
rent ſigns, as well as in the ſecond equation x* — 4 r; and therefore it ſeems 
to have been natural for the inventor of CAR DAx “'s rules to try both the ſubſti-- 
tutions of y 2 and y + Z inſtead of x in this equation, as well as in that ſe- 
cond equation, in hopes of an extermination of equal terms that are marked with: 
contrary ſigns, and a conſequent: reduction of the equation to another which, 
though of double the dimenſions of the equation gx — * r, ſhould: have 
been of a ſimpler form, and more eaſy to be reſolved. But it will be found, upon 
trial, that neither of.theſe ſubſtitutions will anſwer the end propoſed; 

Vol. II. 4 F Art. 15. 
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Art. 15. For, in the firſt place, let us ſuppoſe x to be 2 - z. Then we 
ſhall have * =y* — 3% + 39% =2 =o = 2392 X 2 — 23, and r 
SN and conſequently gx —x*=qx y—2—y + 33z X 0 — 2 
+ 2%. Therefore, 4 X 2 - + ) Xp —z ＋ 2 will be r. Now 
in this equation it is evident, the terms q x ſy — z and 3.yz X ly — 2 have the 
ſame ſigns, and therefore can never deſtroy each other. Therefore, no ſuch me- 
thod of reſolving this equation gx - = r as was found above for reſolv- 
ing the two former equations & + gy =r and x —gx= r, can be obtained by 
ſubſtituting the difference y — ⁊ in it inſtead of x, "AE" | 


Art. 16. We will now try the ſubſtitution of y + z inſtead of x in the term 
of this equation. e 25 
Now, if x be ſuppoſed to be = y + 2, we ſhall have x* 9 + 3392 + 30% 
+? =y* zz x y +2 + 2, and gr = 9 X T 2, and conſequently gs 
= XY TZ - iz XZ - Therefore, q x 2 - 
— 30% e 3 +2—2 will be = r. | | 
In this equation it is true indeed that the terms ꝓ Xx y +z and 39z X y — 2 
have different figns. But they cannot be equal to each other: for, ſince the 
three terms y and 3yz * Z and 27 are all marked with the fign —, or are 
to be ſubtracted from the firſt term X JZ, and the remainder is = r, it is 
evident that & y +'z mult be greater than the ſum of all the three terms 5, 
30% X y + 2, and 2?, taken together, and therefore, 2 fortiori, greater than 
3% X T z alone. Therefore, no ſuch extermination of equal terms marked 
with contrary ſigns as took place in the transformed equations derived from the 
two former equations x? + gx =r and #*— gx = 7, can take place in this 
transformed equation derived from the equation gx = #*-= 7 by ſubſtituting 
3 +zin its terms inſtead of x ; and conſequently no ſuch method of reſolving 
the equation gx * = 7 as has been found for the reſolution of the equations. 
** +qx = rand & — gx r, can be obtained by means of that ſubſtitution. 


Art. 17. Theſe are the methods of inveſtigation by which I conceive it to be 
probable that CAR DAx 's rules for the reſolution of the cubick equations x + 
gx = r and x — gx = r, together with the limitation of the rule relating to 
the latter of thoſe equations, and their inapplicability to the third equation gx 
—#7 = 7, may have been diſcovered by the firſt inventors of them. | 
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Containing an Inveſtigation of the Law by which the co- 
efficients of the third and fourth and other following terms 
of the ſeries which is equal to any integral power of 4 
binomial quantity, are derived from the. co-efficient of the. 
ſecond term of the ſaid ſeries, grounded on. a probable in- 


dufion from particular examples. 
By FRANCIS MASERES, Esq. F. R. S. 
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Art. 1. II is ſhewn in art. 5 of the foregoing tract, pages 155, 156, that, in 
| all integral powers whatſoever of the binomial quantity @ + , the 


literal parts of the terms of the ſeries which is equal to a + #)® (in which the 
letter n denotes any whole number whatſoever), will always be 4, 4 , 
4 52 4 33, &c, of which every term is generated from the next be- 
fore it by the multiplication of the fraction =, And it is alſo ſhewn in art. 6 
of the ſaid tract, page 156, that the numeral co-efficient of the firſt term of 


the ſeries that is equal to a T“ muſt always be 1, or that the firſt term of the 


ſaid ſeries will always be 4, and that the numeral co- efficient of the ſecond: 
term of the ſaid ſeries will always be n, or the index of the power to which @ + 3 


is raiſed, or that the ſecond term of the ſaid ſeries will always be mx @® 5, 
to whatever whole number the letter m may be ſuppoſed to bet equal. 


Art. 2. And it is further ſhewn in the ſaid tract that the numeral co- efficients of | 


the third, and fourth, and fifth, and other following terms of the. ſeries which is 


4 F 2 equal. 


A. 
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equal to a + * may always be derived from m, the co- efficient of the ſecond 
term of the ſaid ſeries, by the continual multiplication of the following fractions, 


to wit, — 757 —, . , &c, till we come to the fraction = 


which is = o, or till the ſaid ſeries, of fractions is terminated or exhauſted ; 


which fractions, —=, = —, 22 —j &c, are therefore called the ge- 


nerating fractions of the co-efficients of the third and other following terms of 
the ſeries which is equal to a + #®, 


Art. 3. And the method by which it is ſhewn in the ſaid tract that the ſaid frac- 


tions — . _ <—— —— &c, are in all caſes, or when m is ſuppoſed 


to repreſent any whole number whatſoever, the generating fractions of the co- 


efficients of the terms of the ſeries that is equal to @ + , or the fractions by 
which the co-efficients of the third and fourth, and other following terms of the 


ſaid ſeries, are derived from m, the co-efficient of the ſecond term ] , 
conſiſts of the three following parts ; to wit, firſt, of a demonſtration that, if it 
be true that theſe are the generating fractions of the co-efficients of the third and 


other following terms of the ſeries that is equal to a N“ when m is equal to 
any one whole number whatſoever, it will alſo be true that they will be the gene- 
rating fractions of the co-efficients of the third and other following terms of the 


ſeries that is equal to @ + N“ when m is equal to any other whole number greater 
than the former; and, ſecondly, of a proof, by actual trials of the co-efficients 


of the terms of the ſeveral ſerieſes that are equal to a , a + 2, , 
and @ + A=, that in theſe four ſerieſes, or when m is equal either to the number 2, 


or the number 3, or the number 4, or the number 5, the ſaid fractions — 


= = and ==>, are the generating fractions by which the co-efficients of 


the third and other following terms of the ſaid ſerieſes (that are equal to @ + a, 


a + 2 3.4 + *. and @ + 5) are derived from the co-efficients of the ſecond 
terms of the ſaid ſerieſes reſpectively; and, thirdly, of a concluſion evidently 
following from the former two propoſitions, to wit, that, to whatever whole 
number the index m be ſuppoſed to be equal, it will always be true that the 


ſaid fractions ==, TID 82 X . — &c, will be the generating fractions 


by the continual multiplication of which the co- efficients of the third and other 


following terms of the ſeries that is equal to a + a" will be derived from m, 
the co-etficient of the ſecond term. Theſe reaſonings I take to be juſt and 
clear, and ſuch as muſt give every reader full ſatisfaction as to the truth of the 
propoſition, or concluſion, obtained by means of them. Ft | 

rt. 4. 
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Art. 4. But it may be aſked, © How came it to be ſuſpected that the fractions 


ce = = =, _ , &c, were the generating fractions by which the 


te co-efficients of the third and other following terms of the ſeries that is equal 


* to a TN“ are derived from m, the co- efficient of the ſecond term, in*any 
one value of the index m, ſince it is by no means apparent from the mere 


© inſpection of the terms of the ſerieſes that are equal to a + A” when m is 
& equal to the ſmall numbers 2, 3, 4, and 5?” 

This is a very natural and reaſonable queſtion, and well deſerves to be con- 
ſidered ; more eſpecially if we recolle& that Dr. Wallis informs us that he had 
ſought for theſe generating fractions without being able to diſcover them. And 
till a perſon had firſt ſuſpected, and then found upon trial, that theſe are the ge- 
nerating fractions of the co-efficients of the terms of the ſeries that is equal to 


a + N“ in ſome of the lower values of m, he could never think of ſhewing, in 
the method above deſcribed, that the ſame generating fractions would enable 
us to find the co-efficients of the terms of the like ſerieſes in all other integral 
values of m. 


Art. 5. Now, in anſwer to this queſtion it may be obſerved, that theſe fractions 
will occur to our notice as the generating fractions of the co-efficients of the 


third and other following terms of the ſerieſes that are equal to a + ® in ſome 

of the lower values of n, if we divide the ſeveral ſucceſſive terms of theſe ſe- 
rieſes by the terms next before them, in order to diſcover the generating frac- 
tions by which they are derived one from another, and then reduce the gene- 
rating fractions ſo obtained to their loweſt denominations. Thus, for example, 
the ſixth power of the binomial quantity a +4 is 4 + 64h + 15 4** 
+ 204%} + 154*b* + 6445 + 3 of which terms if we divide the ſecond 


term 6439 by the firſt term 4a*, the quotient will be ver 


or 6 x =; and, if 


ve divide in like manner the third term by the ſecond, and the fourth term by 


the third, and the fifth term by the fourth, and the ſixth term by the fifth, and 
the ſeventh; or laſt, term by the ſixth, the quotients will be - or = X =; 
d 20 4553 20 b 4 15 4 15 5 6 ah5 6 5 | 


or 25 * 2, and %, ar 2 * go and v. dt if & an 


bs Ok > A And conſequently, if we multiply the firſt term 4“ by the 


quotient 6 X = we ſhall thereby produce the ſecond term 6 454; and, if we 


multiply the ſecond term 6 4˙ by 5 * =, we ſhall thereby produce the third 


term 15444* ; and, if we multiply the third term 15 4 by - X =, we 


ſhall thereby produce the fourth term 20 495; and, if we multiply the fourth 
term 20 49 by — X =, we ſhall thereby produce the fifth term 15 4*4+ 3 and, 
2 ; 3 
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if we multiply the fifth term 1 5 4˙ł5. by = X =, we ſhall thereby produce the 


fixth term 6 abs; and, if we multiply the fixth term 6 4 by — * 25 we ſhall 


thereby produce the ſeventh, or laſt, term 3. Therefore the generating frac- 
tions, by the continual multiplication of which the ſecond, and other following 
terms of the ſeries a* + 62 + 154%5* + 204%* + 154*b* + 64b* 


+ 3 (which is equal to @ + Ne) are derived from the firſt term 4%, are > 


5 6 b A. b A b 
* 2 5 x = = * =, — * , — X 2, and Xx —; and conſequently 
the generating fractions, by the continual multiplication of which the numeral 
_co-efficients of the ſecond and other following terms of the ſaid ſeries a* + 
645b + 154% + 204% + 154*b* + 6ab* + b* (independently of the 
literal parts of the ſaid terms) are derived from 1, the numeral co-efficient of 
the firſt term e, will be =, 75, 22, 2 =, and g. Now let theſe co-efli- 
cients be-reduced to their loweſt terms; and they will then be 2, 2 Fo 7 
= 7 of which the numerator of the firſt term - is the index 6 of the power 


of the binomial quantity to which the ſaid ſeries of terms is equal, and the nu- 
2 


merators of the following fractions 2, IT = are derived from the ſaid 
index 6 by the continual ſubtraction of 1, and the denominators of the ſaid frac- 
tions are the natural numbers 1, 2, 3, 4, 5, 6, which begin with an unit, and 
increaſe by the continual addition of 1. This obſervation on the increaſe and 


decreaſe of the denominators and numerators of the fractions — =, 25 Do and 


= and their derivation from the index 6, or -, in the caſe of the ſeries which 


is equal to 2 + Ne, is ſufficient to have induced the perſon who ſhould. have 
made it, to conjecture, that poſſibly, when the index mz was equal to any other 
number (ſuch as 5, or 4, or 7, or 8), the generating fractions whereby the nu- 
meral co-efficients of the third and fourth and other following terms of the ſeries 


that was equal to @ N“, were derived from the numeral co- efficient m of the 
ſecond term, and from each otber, might likewiſe, when properly reduced, be 
found to conſiſt of numerators and denominators that did in like manner de- 
creaſe. from the index m by the continual ſubtraction of an unit, and increaſe 


from 1 by the continual addition of an unit; or, in other words, might be equal 
to —— ==, , , — » &c, And this conjecture might have pro- 
Juced a trial whether this rule took place in ſome particular examples, and more 


:ſpecially in the ſerieſes that were equal to a + A, 4 + I, a T A, a+), 


a+d*, 2 T', and 2 + A, and perhaps a few more of the lower inte- 
gral powers of @ + 5; after which trials, and the ſucceſs that would have at- 
tended them, it would have become ſo highly probable. that the ſame rule would. 

| take 
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take place in the ſerieſes that were equal to any other integral powers of a + 5, 
that it would have been almoſt im poſſible to doubt of it. And then it would 
have been natural to endeavour to find ſome general demonſtration of the truth 
of the rule in all integral powers of the binomial quantity a + & whatſoever, 
which might have led to ſuch a demonſtration as that which is given in the tract 
above-mentioned, which is contained in pages 153, 154, 155, &.. . « 169, 
of this volume, | 

N. B. This method of diſcovering (by a conjecture grounded on a trial or two, 
in ſome particular examples), that the generating fractions by which the co- effi- 
cients of the third and fourth and other following terms of the ſeries that is equal 


to 2 + A" (or any integral power of the binomial quantity à + 5) are derived 
from m (the index of the power to which the ſaid binomial quantity is raiſed) 


or from the co-efficient of the ſecond term of the ſaid ſeries (which is equal to 
the ſaid index) are , , =>, , N, &c, is ſuggeſted by profeſſor 
Saunderſon, in the ſecond volume of his Algebra, in the chapter on the bino- 
mial theorem, where the reader will find a good explanation and illuſtration of 
the ſaid celebrated theorem, by a variety of examples, both in the caſe of inte- 
gral powers and in the caſe of roots, and other fractional powers, and even in 
the caſe of negative powers, and of powers that are both fractional and negative; 
but no demonſtration of it in any caſe, not even in that of integral and affirma · 
tive powers. : 


F I N I S. 


